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THE VAISMAN CONNECTION ON THE VERTICAL BUNDLE OF
A FINSLER MANIFOLD

Adelina MANEA1

Abstract
The slit tangent manifold of a Finsler manifold is endowed with two foliations:

the vertical foliation and the Liouville foliation, the last being a subfoliation of the
first one, [1]. We give an adapted basis on the vertical bundle of such a manifold. In
this paper we give the Vaisman connection on the vertical bundle with respect to the
Liouville foliation and we compute its coefficients with respect to that adapted basis.
We prove that the leaves of the vertical foliation are Reinhart spaces.
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1 Preliminaries

We present two foliations on the slit tangent manifold TM0 of a n-dimensional Finsler
manifold (M,F ), following [1]. In this paper the indices take the values i, j, i1, j1, ... = 1, n
and a, b, a1, b1, ...= 1, n− 1.

Let (M,F ) be a n-dimensional Finsler manifold and G the Sasaki-Finsler metric on its
slit tangent manifold TM0. The vertical bundle V TM0 of TM0 is the tangent (structural)
bundle to the vertical foliation FV determined by fibers π : TM0 → M . If (xi, yi)i=1,n

are local coordinates on TM0, then V TM0 is locally spanned by { ∂
∂yi }i. A canonical

transversal (also called horizontal) distribution is constructed in [1] as follows. We denote
by (gij(x, y))i,j the inverse matrix of g = (gij(x, y))i,j , where

gij(x, y) =
1
2

∂2F 2

∂yi∂yj
(x, y), (1.1)

where F is the fundamental function of the Finsler manifold. Obviously, we have the
equalities ∂gij

∂yk = ∂gik

∂yj = ∂gjk

∂yi .
Then locally define the functions

Gi =
1
4
gik

(
∂2F 2

∂yk∂xh
yh − ∂F 2

∂xk

)
, Gj

i =
∂Gj

∂yi
.
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There exists on TM0 a n distribution HTM0 locally spanned by the vector fields

δ

δxi
=

∂

∂xi
−Gj

i

∂

∂yj
, (∀)i = 1, n. (1.2)

The Riemannian metric G on TM0 is satisfying

G(
δ

δxi
,

δ

δxj
) = G(

∂

∂yi
,

∂

∂yj
) = gij , G(

δ

δxi
,

∂

∂yj
) = 0, (∀)i, j. (1.3)

The local basis { δ
δxi ,

∂
∂yi }i is called adapted to the vertical foliation FV and we have the

decomposition

TTM0 = HTM0 ⊕ V TM0. (1.4)

Now, let Z be the global defined vertical Liouville vector field on TM0,

Z = yi ∂

∂yi
, (1.5)

and L the space of line fields spanned by Z. We call this space the Loiuville distridution
on TM0. Yhe complementary orthogonal distributions to L in V TM0 and TTM0 are
denoted by L′ and L⊥, respectively. It is proved, [1], that the both distributions L′ and
L⊥ are integrable and we also have the decomposition

V TM0 = L′ ⊕ L. (1.6)

Moreover, we have, [1]:

Proposition 1.1. a) The foliation determined by the distribution L⊥ is just the
foliation determined by the level hypersurfaces of the fundamental function F of the Finsler
manifold.

b) For every fixed point x0 ∈ M , the leaves of the Liouville foliation FL′ determined
by the distribution L′ on Tx0M are just the c-indicatrices of (M,F ):

Ix0M(c) : F (x0, y) = c, (∀)y ∈ Tx0M. (1.7)

c) The foliation FL′ is a subfoliation of the vertical foliation.

2 An adapted basis on V TM 0

As we have already seen in the previous section, the vertical bundle is locally spanned
by { ∂

∂yi }i=1,n and it admits decomposition (1.6). In this section we give another basis on
V TM0, adapted to FL′ .

There are some useful facts which follow from the homogenity of the fundamental
function of the Finsler manifold (M,F ). By the Euler theorem on positively homogeneous
functions we have, [1],

F 2(x, y) = yiyjgij(x, y),
∂F

∂yk
=

1
F

yigki, yi ∂gij

∂yk
= 0, ∀k = 1, n. (2.1)
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Hence it results

G(Z,Z) = F 2. (2.2)

We consider the following vertical vector fields:

Xk =
∂

∂yk
− tkZ, k = 1, n, (2.3)

where functions ti are defined by the conditions

G(Xk, Z) = 0,∀k = 1, n. (2.4)

The above conditions become

G(
∂

∂yk
, yi ∂

∂yi
)− tkG(Z,Z) = 0,

so, taking into account also (2.1) and (2.2), we obtain the local expression of functions tk
in a local chart (U, (xi, yi)):

tk =
1

F 2
yigki =

1
F

∂F

∂yk
, ∀k = 1, n. (2.5)

If (Ũ , (x̃i1 , ỹi1)) is another local chart on TM0, in U ∩ Ũ 6= � we have:

t̃k1 =
1

F 2
ỹi1 g̃i1k1 =

1
F 2

∂x̃i1

∂xi
yi ∂xk

∂x̃k1

∂xi

∂x̃i1
gki =

∂xk

∂x̃k1
tk,

so we obtain the following changing rule for the vector fields (2.3):

X̃k1 =
∂xk

∂x̃k1
Xk, ∀k = 1, n. (2.6)

By a straightforward computation, using (2.1), it results:

Proposition 2.1. The functions {tk}k=1,n defined by (2.5) are satsfying:

a) y i ti = 1 ; y iXi = 0 ; (2.7)

b)
∂tl
∂yk

= −2tk tl +
1
F 2

gkl , Ztk = −tk , ∀k , l = 1 ,n; (2.8)

d) yj ∂tj
∂yi

= −ti, ∀i = 1, n, yi(Zti) = −1, yi(ZXi) = 0.; (2.9)

Proposition 2.2. There are the relations:

[Xi, Xj ] = tiXj − tjXi, (2.10)

[Xi, Z] = Xi, (2.11)

for all i, j = 1, n.
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By conditions (2.4), {X1, ..., Xn} are n vector fields orthogonal to Z, so they belong
to the (n − 1)-dimensional distribution L′. It resuls that they are linear dependent and
from (2.7)

Xn = − 1
yn

yaXa, (2.12)

since the local coordinate yn is nonzero everywhere.
We could also prove that

Proposition 2.3. The system of vector fields {X1, X2, ..., Xn−1, Z} of vertical vector
fields is a locally adapted basis to the Liouville foliation FL′, on V TM0.

The entire proofs for propositions from this section are given in [4].
The Riemannian metric induced by G on V TM0 has the matrix

h =
(

(hab)a,b 0n−1

0t
n−1 F 2

)
, hab = G(Xa, Xb) = gab − F 2tatb, (2.13)

with respect to the adapted basis {X1, X2, ..., Xn−1, Z}.

3 The Vaisman connection on V TM 0

Let (M, g) be a Riemannian foliated manifold, with D′, D, the structural and transversal
distributions, respectively. The Vaisman connection on M is a connection ∇v on TM
uniquely defined by the following conditions, [7]:

a) If Y ∈ D′ (respectively ∈ D), then ∇v
XY ∈ D′ (respectively ∈ D), for every vector

field X.
b) v(T v(X, Y )) = 0, (respectively h(T v(X, Y )) = 0) if at least one of the arguments is

in D′, respectively in D, where v, h are the projection morphisms of TM on D′ and D,
respectively.

c) The induced connections on D′ and D are metric connections.
The foliated manifold (M, g) is called a Reinhart space if

(∇v
Xg)(Y, Y ′) = 0, (∀)X ∈ D′, Y, Y ′ ∈ D. (3.1)

We return now to the Finsler manifold (M,F,G). Let v : V TM0 → L′, h : V TM0 → L be
the projection morphisms. We search for a connection on V TM0 with the same properties
as the Vaisman connection:

a) If Y ∈ L′ (respectively ∈ L), then ∇v
XY ∈ L′ (respectively ∈ L), for every vertical

vector field X.
b) v(T v(X, Y )) = 0, (respectively h(T v(X, Y )) = 0) if at least one of the arguments is

in L′, respectively in L, where T v is the torsion of the connection ∇v.
c) For every X, Y, Y ′ ∈ L′ (respectively ∈ L),

(∇v
Xg)(Y, Y ′) = 0. (3.2)
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d) Moreover, we need to give ∇v
XY for every X ∈ HTM0 and we put the above a), b)

conditions also for X an horizontal vector field.
We request the above conditions on the adapted basis {X1, ..., Xn−1, Z} and let sc

ab, s
c
a, sa, s,

be the local coefficients of ∇v, which means:

∇v
Xb

Xa = sc
abXc; ∇v

ZXa = sc
aXc; ∇v

Xa
Z = saZ; ∇v

ZZ = sZ, (3.3)

for all a, b, c = 1, n− 1. Taking into account Proposition 2.2, we compute

T v(Xa, Xb) = (sc
ab − sc

ba)Xc − taXb + tbXa ∈ L′, (3.4)

and by condition b) it results

sc
ab = sc

ba, (∀)c 6= a, b, sb
ba = sb

ab + ta, (3.5)

for all a, b, c = 1, n− 1. We also have

T v(Xa, Z) = saZ − sb
aXb −Xa = 0,

hence

sa = 0; sb
a = 0, (∀)b 6= a; sa

a = −1, (∀)a = 1, n− 1. (3.6)

Since now we have

∇v
Xa

Z = 0; ∇v
ZXa = −Xa, (∀)a = 1, n− 1. (3.7)

By conditions c) and (2.2),

(∇v
ZG)(Z,Z) = 0 ⇒ Z(F 2) = 2sF 2 ⇒ s = 1,

since Z(F 2) = yi ∂
∂yi (yjykgjk) = 2F 2. We also have

(∇v
Xa

G)(Xb, Xc) = 0 ⇒ Xa(G(Xb, Xc))−G(∇v
Xa

Xb, Xc)−G(∇v
Xa

Xc, Xb) = 0,

for all a, b, c = 1, n. We compute Xa(G(Xb, Xc)) = ∂gbc
∂ya − tchba + tbhca, where hab are

given by (2.13). Using the same method while we determined the Christofell’s symbols,
we obtain:

2G(∇v
Xa

Xb, Xc) =
∂gbc

∂ya
− 2tbhca,

hence

2sd
bahdc =

∂gbc

∂ya
− 2tbhca. (3.8)

Let (hab)a,b=1,n be the inverse of the matrix h from (2.13). Finally, we have

sd
ba =

1
2
hdc ∂gbc

∂ya
− tbh

dchca =
1
2
hdc ∂gbc

∂ya
− tbδ

d
a,
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which means

sd
ba =

1
2
hdc ∂gbc

∂ya
, (∀)d 6= a, sa

ba =
1
2
hac ∂gbc

∂ya
− tb, (3.9)

One can see that the conditions (3.5) are also satisfied.
The conditions d): Let βb

ai, βi be the coefficient functions

∇v
δ

δxi
Xa = βb

aiXb, ∇v
δ

δxi
Z = βiZ,

the rest being zero.
We have [ δ

δxi ,
∂

∂yj ] = ∂Gk
i

∂yj
∂

∂yk , so we can compute

[
δ

δxi
, Z] = 0, [

δ

δxi
, Xa] =

∂Gj
i

∂ya

∂

∂yj
− δta

δxi
Z.

If we request similar conditions with b), we have

βi = 0, βb
aiXb =

∂Gj
i

∂ya
Xj , (3.10)

taking into account (2.12)

Proposition 3.1. The local coefficients of the connection ∇v on V TM0 defined
by conditions a), b), c), d) described above are given with respect to the adapted basis
{X1, ..., Xn−1, Z} by the relations (3.6), (3.9), (3.10) and ∇v

ZZ = Z.

Now, for every fixed point x0 ∈ M , the leaf Tx0M of the vertical foliation FV is also a
Riemannian foliated manifold by L′, see Proposition 1.1. The Riemannian metric is

hx0 ==
(

(hab(x0, y))a,b 0n−1

0t
n−1 F 2(x0, y)

)
.

The connection ∇v is exactly the Vaisman connection on (Tx0M,hx0 , L
′) and we have:

Proposition 3.2. For every fixed point x0 ∈ M , (Tx0M,hx0 , L
′) is a Reinhart space.

Proof: Indeed, we can compute

(∇v
Xa

G)(Z,Z) = Xa(F 2)− 2G(∇v
Xa

Z,Z) = Xa(F 2) =
∂F 2

∂ya
− taZ(F 2) = 0,

for every a = 1, n− 1, since Z(F 2) = 2F 2, and we have (2.1), (2.5).
In the end, we have to remark that the Levi-Civita connection ∇ of G on TM0 also

induces a connection ∇′ on the vertical bundle by

∇′
X(V Y ) = V (∇X(V Y )), V : TTM0 → V TM0.
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This connection has the well-known locally expression

∇′
∂

∂yj

∂

∂yi
= Ck

ij

∂

∂yk
, Ck

ij =
1
2
gkh ∂gij

∂yh
.

We obtain
∇′

ZXa = 0,

which is different by ∇v
ZXa = −Xa. In conclusion we give a new connection on the vertical

bundle of a Finsler manifold.
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