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THE VAISMAN CONNECTION ON THE VERTICAL BUNDLE OF
A FINSLER MANIFOLD

Adelina MANEA'!

Abstract

The slit tangent manifold of a Finsler manifold is endowed with two foliations:
the vertical foliation and the Liouville foliation, the last being a subfoliation of the
first one, [1]. We give an adapted basis on the vertical bundle of such a manifold. In
this paper we give the Vaisman connection on the vertical bundle with respect to the
Liouville foliation and we compute its coefficients with respect to that adapted basis.
We prove that the leaves of the vertical foliation are Reinhart spaces.
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1 Preliminaries

We present two foliations on the slit tangent manifold 7MY of a n-dimensional Finsler
manifold (M, F'), following [1]. In this paper the indices take the values i, j, 41, j1,... = 1,n
and a,b,aq,by,..= 1,n — 1.

Let (M, F') be a n-dimensional Finsler manifold and G the Sasaki-Finsler metric on its
slit tangent manifold TM°. The vertical bundle VI'M? of TM? is the tangent (structural)

bundle to the vertical foliation Fy, determined by fibers 7 : TM? — M. If (2%, y*)
o)
Oyt
transversal (also called horizontal) distribution is constructed in [1] as follows. We denote
by (g% (x,y))i  the inverse matrix of g = (g;;(z,9))i j, where

=1n

are local coordinates on TM? then VT MY is locally spanned by {-%};. A canonical

1 0°F?
where F' is the fundamental function of the Finsler manifold. Obviously, we have the
s 0gij _ Ogin _ 095k
equalities 7%= 9yl = D

Then locally define t}yie functions

Gio Lk (O°F n _OF*\ o 0G
N 8yk8xhy oxk )’ Loyt
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There exists on TM° a n distribution HT M? locally spanned by the vector fields

0 _9 450
Szt Oxt L Oyd’

(V)i =1,n. (1.2)

The Riemannian metric G on TM? is satisfying

55G88 o0 0

(ﬁa @) = ((973/” 873;3) = Yij» G(ﬁ7 373/3) =0, (v)i,]. (1.3)

The local basis {
decomposition

5‘;, a%i}i is called adapted to the vertical foliation Fy and we have the

TTM® = HTM° & VT M, (1.4)
Now, let Z be the global defined vertical Liouville vector field on TM?,

-0
Z - Zf 15
y 8y7" ( )
and L the space of line fields spanned by Z. We call this space the Loiuville distridution
on TM°. Yhe complementary orthogonal distributions to L in VI'M® and TTM° are
denoted by L’ and L', respectively. It is proved, [1], that the both distributions L’ and
Lt are integrable and we also have the decomposition

VIM® =L@ L. (1.6)
Moreover, we have, [1]:

Proposition 1.1. a) The foliation determined by the distribution L* is just the
foliation determined by the level hypersurfaces of the fundamental function F of the Finsler
manifold.

b) For every fized point xo € M, the leaves of the Liouwville foliation Fr, determined
by the distribution L' on Ty, M are just the c-indicatrices of (M, F):

I,,M(c): F(zo,y)=¢, (V)yeT,M. (1.7)

¢) The foliation Fr, is a subfoliation of the vertical foliation.

2 An adapted basis on VT MY

As we have already seen in the previous section, the vertical bundle is locally spanned
by {aiyi}i:ﬁ and it admits decomposition (1.6). In this section we give another basis on
VTM?O, adapted to Fp,.

There are some useful facts which follow from the homogenity of the fundamental
function of the Finsler manifold (M, F'). By the Euler theorem on positively homogeneous
functions we have, [1],

o OF 1 . Dgis
F2(x,y) = y'y gij (2, y), g = Y I Y 6;; =0, Vk=1n. (2.1)
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Hence it results
G(Z,7) = F2. (2.2)

We consider the following vertical vector fields:

_ 9
=57

where functions t; are defined by the conditions

Xk th, k= 1,77,, (23)

G(Xk, Z) =0,k =1,n. (2.4)
The above conditions become
o ;0
G,y =
( T ayz)
so, taking into account also (2.1) and (2.2), we obtain the local expression of functions #j
in a local chart (U, (z¢,y")):

—t:G(Z,Z) =0,

1 1 0F
k= —=Y'0ki = =7, Vk=1,n. 2.5
k= Y 9k F oy n (2.5)
If (U, (2", 5")) is another local chart on TM, in U NU # @ we have:

-1 193" ;04" 98 OaF
t = Fa¥ ik = Ta g Y gk agn I T gk

so we obtain the following changing rule for the vector fields (2.3):

oxk
Ok

By a straightforward computation, using (2.1), it results:

X, = Xn, Vk=T1,n. (2.6)

Proposition 2.1.  The functions {tk}k:ﬁ defined by (2.5) are satsfying:

a) y'ti=1; y'X;=0; (2.7)

b) 88;2 = 24t + %gkl, It = —t, Vk,1=1,n; (2.8)

d) ngzi =—t;, Vi=T1,n, o'(Zt)=-1, 3 (ZX))=0,; (2.9)
Proposition 2.2. There are the relations:

[(Xi, Xj] = t: X — ;X (2.10)

[Xi, Z] = Xi, (2.11)

foralli,j =1,n.
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By conditions (2.4), {X1,..., X,,} are n vector fields orthogonal to Z, so they belong
to the (n — 1)-dimensional distribution L’. Tt resuls that they are linear dependent and
from (2.7)

1
Xn==0 ¥ X, (2.12)
since the local coordinate y” is nonzero everywhere.

We could also prove that

Proposition 2.3. The system of vector fields { X1, X2, ..., Xn—1, Z} of vertical vector
fields is a locally adapted basis to the Liowville foliation Fr,, on VTM?O.

The entire proofs for propositions from this section are given in [4].
The Riemannian metric induced by G' on VT M? has the matrix

hab)ap On—
h= ( (Otb)l’b le ) s hay = G(Xa, Xp) = gap — F?tats, (2.13)

with respect to the adapted basis { X1, Xo, ..., X,—1, Z}.

3 The Vaisman connection on VT M?°

Let (M, g) be a Riemannian foliated manifold, with D', D, the structural and transversal
distributions, respectively. The Vaisman connection on M is a connection V¥ on TM
uniquely defined by the following conditions, [7]:

a) If Y € D' (respectively € D), then V%Y € D’ (respectively € D), for every vector
field X.

b) v(T(X,Y)) = 0, (respectively h(T"(X,Y)) = 0) if at least one of the arguments is
in D', respectively in D, where v, h are the projection morphisms of TM on D’ and D,
respectively.

¢) The induced connections on D’ and D are metric connections.

The foliated manifold (M, g) is called a Reinhart space if

(V%g) (Y, Y)=0, (V)X eD,Y,Y €D. (3.1)

We return now to the Finsler manifold (M, F,G). Let v: VT M°® — L' h: VTM" — L be
the projection morphisms. We search for a connection on VIT'M? with the same properties
as the Vaisman connection:

a) If Y € L' (respectively € L), then VY € L' (respectively € L), for every vertical
vector field X.

b) v(TY(X,Y)) = 0, (respectively h(T"(X,Y)) = 0) if at least one of the arguments is
in I/, respectively in L, where TV is the torsion of the connection V.

c¢) For every XY, Y’ € L' (respectively € L),

(Vig)(Y,Y") =0. (3.2)
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d) Moreover, we need to give V%Y for every X € HTM? and we put the above a), b)
conditions also for X an horizontal vector field.

We request the above conditions on the adapted basis { X1, ..., X,,—1, Z} and let 5§, s, 54, 5,
be the local coefficients of VY, which means:

B X=X V4X, =X VY, Z =s.Z; VyZ=sZ, (3.3)
for all a,b,c = 1,n — 1. Taking into account Proposition 2.2, we compute
TV (Xa, Xp) = (85 — 55,) Xe — ta Xp + tpXo € L, (3.4)
and by condition b) it results
s¢ =55, (Ve#ab, sb, =sb +ta, (3.5)
for all a,b,c =1,n — 1. We also have
T%(Xa,Z) = 547 — 82 Xp — Xoq = 0,

hence

5a=0; s2=0, Mb#a; s2=-1, Ma=1,n—1. (3.6)

a

Since now we have
V%.Z=0; V4X,=-X, (Ma=Tn—1 (3.7)
By conditions ¢) and (2.2),
(VYGY(Z,2) =0 = Z(F?) =2sF% = s =1,
since Z(F?) = yia%i(yjykgjk) = 2F2. We also have

(V%, G) (X, Xe) = 0 = Xa(G(Xy, X)) — G(V, Xp, Xe) — G(V, Xe, Xp) =0,

for all a,b,c = 1,n. We compute X,(G(X,, X.)) = ?9%’7; — tehpy + tphea, Where hyp are

given by (2.13). Using the same method while we determined the Christofell’s symbols,
we obtain:

09
2G(V, X Xe) = % Dy,
dy
hence
8gbc
258 hge = — 2tphea. 3.8
Shahac = 5 b (3.8)

Let (h) ap=T7 De the inverse of the matrix A from (2.13). Finally, we have

1 4.0 1 4.0
sy = Sh1 ey pden,, = Spde 7ot

d
2 Oy° 2 gyt t0as
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which means

1 89b 1 8gb
d __ d C _ c
Spa = 5 ¢ aya y (V)d % a, Sga = ihGCTw — tb, (39)
One can see that the conditions (3.5) are also satisfied.
The conditions d): Let 521'7 0B; be the coefficient functions
Vs Xo=B0Xy, V' Z=piZ,
Szt Szt
the rest being zero.
k
We have [%, %] = %%, SO we can compute
5 5 Gl 9 o,
[5x“ ) ' [&U“ al Oye Oyl dxt
If we request similar conditions with b), we have
by _ OG]
Bi=0, ALX,= B X;, (3.10)

taking into account (2.12)

Proposition 3.1. The local coefficients of the connection V' on VT M defined
by conditions a), b), c), d) described above are given with respect to the adapted basis
{X1, ..., Xn—1,Z} by the relations (3.6), (3.9), (3.10) and V') Z = Z.

Now, for every fixed point zo € M, the leaf T, M of the vertical foliation Fy is also a
Riemannian foliated manifold by L', see Proposition 1.1. The Riemannian metric is

Byy == ( (hav(20,¥))ap  On-1 > |

0271 F2 (.’L‘(), y)
The connection V7 is exactly the Vaisman connection on (T, M, hy,, L’) and we have:
Proposition 3.2. For every fized point xg € M, (T, M, hyy, L') is a Reinhart space.

Proof: Indeed, we can compute

2
(VUXEG)(Z7 Z) = Xa(FQ) - 2G(VUXGZ7 Z) = Xa(FQ) - gj‘l B taZ(FQ) =0,

for every a = 1,n — 1, since Z(F?) = 2F?, and we have (2.1), (2.5).
In the end, we have to remark that the Levi-Civita connection V of G on TM? also
induces a connection V' on the vertical bundle by

Vi (VY) =V(Vx(VY)), V:TTM°—VTM°.
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This connection has the well-known locally expression

v, d —or 9 on L w09
Tyj ayl ) 8yk’ () 2 ayh :
We obtain
/ZXa = 0,
which is different by V%, X, = —X,. In conclusion we give a new connection on the vertical

bundle of a Finsler manifold.
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