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ON THE CONVERGENCE ORDER FOR SOME METHODS OF
SIMULTANEOUSLY ROOT FINDING FOR POLYNOMIALS USING
A COMPUTER ALGEBRA SYSTEM

Ernest SCHEIBER/!

Abstract

In this paper several methods for finding the roots of a polynomial simultaneously
are revised, together with a general method for proving their convergence. The theo-
rem used states a lower bound of the convergence order, too. The conditions of this
theorem may be easily verified using a Computer Algebra System, like Mathematica.
The verification is carried out on a particular polynomial.
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1 Introduction

Several methods are known to compute simultaneously the roots of a polynomial [3],
[5], [9], [10]. The direct proofs of the convergence are usualy very technical. Conditions
of the initial approximations to ensure the safe convergence of these methods are known,
too.

Our purpose is to point out a simple procedure to verify the convergence order of a
method for finding the roots of a polynomial simultaneously using a Computer Algebra
System (CAS). We remind a result enabling to establish the convergence of such methods

and a lower bound of their convergence order [3].

Let limp oo Tp = xs. If limk%ww = p, with 0 < p < oo, then r is the
convergence order of the sequence (zf)ken.

Applied to several methods for finding the roots of a polynomial simultaneously, the

procedure to verify their convergence order is carried out with Mathematica.

2 The convergence framework

Let © € C" be an open convex subset, T : Q — C", T(2) = (T1(2),...,Tp(2))T an m
times differentiable operator such that 7™ (z) is continuous and the sequence (z*))cy

!Faculty of Mathematics and Informatics, Transilvania University of Brasov, Romania, e-mail:
scheiber@unitbv.ro



130 Ernest Scheiber

defined by
D =T(EW), 0= (Y50 )T e M
& zz-(kH) =T;(z"),v ie{1,2,...,n}, keN.
In C" we shall use the max norm ||z|| = max{|z1|, |z2|, ..., |znl}

The main ingredient of the convergence theorem is this well known result

Theorem 1. [1] Let X, Y be normed spaces, D an open convex subset of X andT : D —Y
an m times Fréchet differentiable operator. Then, for any x,y € D

7 Z} o). -2 <Ay ) @

CE[z,y]

j times
Using this result, we have
Theorem 2. Let o € Q. If
1. T(a) =
2. T'"a)=T"(a)=...=T"™ Y(a)=0
then there exists > 0 such that for any 200 € C", ||z — a| < r, the sequence z(F+1) =
T(z®), k€N, (1) converges to a.

Proof. Let ro > 0 be such that Vj = {z € C" : ||z —«a| < 7} C Q and Cy =
maxzevy |70 (2)])-
There exists 0 < r < rg such that

m m—1
Cor <r & <CO) r<l.

m)!

We denote V= {z € C" : ||z — || < r}. If z € V, then (2) and the present hypothesys
implies

m—1

HT(Z)—a\IZHT(Z)—T(a)—Z ST0(a) (2~ a)...(z— a) || <

]l
j times
1 CU’I“m
< —lz—al™ sup 7)) < L <,
m. CG a,z m.
thus T'(z) € V.
For z = 2(®) from the above relations we obtain
Co
|25 — af| = |T(z®)) — af| < @Ilz("“) —af™. (3)

Using recursively the inequality (3), we find

CO _ m C’O C’0 — mym
12®) = af < =l —af™ < (S —afm)m =



Simultaneously root finding methods for polynomials 131

_ Co 14+my (k—2) m? Co I+m+...4+mF=1 ) _(0) mk
= (Qyrem=n g << (D 120 — o™ <
k
Co\ m* () mk Co,_1_ \"
< (G510 —ap < (Gyase) " o
for k — oo. O

From the inequality (3) it results that the convergence order of the sequence (z*))en
is at least m.

3 Simultaneous root finding methods
for polynomials

Let P € C[X], P(2) = 2" +a12" ' +...4+a,_12+ay, be the polynomial having all the
roots ai, s, ...,a, simple. We denote by a the vector whose components are the roots
of P, a = (a1, o, ...,0a,)7.

There exists a neighbourhood of « in C™, such that the components of any element of
that neighborhood are distinct complex numbers.

Denoting z = (z1,22,...,2,)", z will be a vector from C" while z will be a complex
number.
If z1,..., 2z, are complex numbers then

n

) =T[G-=). w@ =" [ Q=]

J=1 =1
JFi

<
—

<
<

P(z) =0, (4)

there are considered sequences of type (1).
We revisit some methods of this kind.

Durand-Kerner’s method [3][10]. The equality P(z) = (z — a1)...(2 — ay) is
rewritten as

P P
z—ai:# or ai:z—#. (5)
H]::;(Z — ) HjZ{(Z - ;)
J#i J#i
If z(k) = (z%k),zék), e z,(f))T approximates «, then substituting in the right side of (5)

the components of « with the corresponding components of z(¥), the formula (5) suggests
the recurrences

k k
(k1) _ () P(=") (k) _ P(=?) ’
l COIaE - @)

G

z i€{l,2,...,n}, keN.



132 Ernest Scheiber

The function T;(z) is

P(zi)
T,(z) = z; — .
(2) 02
It is obvious that T;(a) = a;. We compute the partial derivates of the function T;(z).
oTi(z) 1 P'(z) N P(z;) 0Q;(z)
822' - QZ(Z) Q? (Z) 8Zi '
Because P'(o;) = [[)=i(a; — o) = Qi(v), it results that 8?72(&) =0.
JFi ‘
For i # j,
0Ty (z)  P(z) 0Qi(2)
0z; Q% z) 0z
hence ag( ) — .

J
Consequently T’(a) = 0, and the convergence order of the sequence (z(%)).cy is at

least 2.
In [2], the method is deduced using Newton’s method to solve the nonlinear equations
arrising from the Viete’s formulas.

K PEY)

If we substitute, on the right hand side of (5), o; with z]( e (k)) then it rezults
J

the improved Durand-Kerner method, [6], [7]

Pz
2D = 0 (%) — ie{l,2,...,n}, keN.
I MONNON Plz)
;;12 i J Q; (7))
Ehrlich’s method [3]. Let zj,...,2, be distinct complex numbers. In order to

compute «;, Newton’s method is applied to the equation f(é)) = 0. We have

(P(Z))' P'(z)  P(2) ui(z) _ P'(2) P(z)i 1

ui(2) Pl z;’

J#
For z = z;, we assume that P’(z;) = u;(2;) — valid if z; = «, Vi — and then

P(z) ! . P=) - I P(z) < 1
(Uz‘(z)> o= 1 u;(2i) Z; aen Qi) 4 Z %= 2

Jj=

JF J?él
Newton’s method becomes
P(zi’”) k
LD () Q™) O P(z")
7 (3 P(2 7 ) k . (k) n 1 I
Q ((Z(k)) E; 1 (k) z,.k Ql(’z( )) P(Z’L )Z;;{L zl(k)_zﬁk)
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i€{l,...,n}, k € Nand where 2(¥) = (z%k),zék), . .,zék)).

Nourein’s method [5],[6].

, Again, let z1,...,z, be distinct complex numbers. The
n — 1 degree polynomlal P(z) — u(z) is equal to the Lagrange interpolating polynomial
L(Pn_l,Zl,...,Zn, )(Z): ( n—1;%1,--- Zn;P)(Z)

P(z) —u(z) = L(Pp-1;21,. -, 2n; P ZP Z] (z — z ) (z—z)u/ (%)

For z = a; it results

L P=) - P(z)
Sk e e B DY v

JFi
from where we find

o — 2 = ui(zi) 5 _
RE Lo e T

Denoting Az; = «a; — z;, the above relation may be rewritten as

=
- oA : 6)
o Pe) (
Y N e AT(CY
Az; appears both on the left and right side of (6)

AZZ‘

If on the right hand side of (6) we neglect Az; then using the same reasoning as it was
done at the Durand-Kerner’s method we obtain the recurrences [5]

%)
A o LD

. ie{l,....n), keN.
1+ 37 P(z") Pt
25 =2, (=)

Another approach is to substitute on the right hand side of (6) Az with —

P((zl;’ [6],
[7]. It results the recurrences (the Nourein’s improved method)
P
i (2( .
Zi(k—l-l) — Zz'(k) _ Qi( k); - ’ ie{l,...,n}, keN.
1 + Z?:l (Zj )

(k)
- s P(z;"7)
g & EW)

Wang-Zheng’s method [9]. The recurrences for this fourth convergence order method
are
1
Z§k+1) _ Zi(k) _
P’(zgk)) P”(zgk)) ( (k)

n 1
PGP T 2P ) ““)) [(ZJ i 20— <’“)> +Z§§é (zi’“)—zJ(’“))?]

ie{l,...,n}, keN.
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4 Verification of the convergence order using CAS

We consider the polynomial P(z) = (z—a)(z—b)(z—c) and the first component 73 (z) of
a method to compute the roots of the polynomial P(z), z*+1) = T(2(%)), simultaneously.

In order to verify the conditions of the theorem 2, thanks to the symmetries and the
fact that the differentials of an operator T'(z) are expressed through the partial derivates
of its components T;(z), it is sufficient to compute the derivates

9T (2) 0T, (2)
dz1 Dz

PTi(z) °Ti(z) 9*Ti(z) 9°Ti(z)
32% 0z10z9 Bzg 0z20z3

#Ti(z) 9°Ti(z) 9Ti(z) 9°Ti(z) 9°Ti()
82% 82%822 6218z§ Bzg' 62§6z3

Tz 9T 0TI ') M) 9T 9'Ti(x)

82‘11 82?822 82%825 dz1 é)zg 82‘21 82‘25823 Bzgazg

The rows of the above table must be computed until the first no zero element is found.
The index of that row gives the lower bound of the convergence order.

The expresion of T1(z1, 22, 23) and the Mathematica codes are given for each of the
above considered methods:

e Durand-Kerner’s method.

P(x1)

filen 2 z) =2 (21 = 22) (21 — 23)

The Mathematica codes are

In[1]:=
T1[z1,z2,23]:=
z1-(z1-a)*(z1-b)*(z1-c)/((z1-z2) *(z1-23))

In[2]:=
D[T1[z1,22,2z3],z1]1/.{z1->a,z2->b,z3->c}

Out[2]:= 0

In[3]:=
D[T1([z1,z2,z3],z2]/.{z1->a,2z2->b,z3->c}

Out[3]:= 0

In[4]:=

Simplify[D[T1[z1,z2,23],z1,22]/.
{z1->a,z2->b,z3->c}]

Out [4] F%er

e Improved Durand-Kerner’s method.

Tl(zly 22, 23) =zZ1—

P(x1)

P(z2) P(z3)
(21— 22+ G (31— 8+ GG

The Mathematica codes are
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In[1]:=
Pl[z_]:=(z-a)*(z-b)*(z-c)
T1[z1,z2,23]:=
zl-
P[z1]1/((z1 - z2 + P[22]/((z2 - z1)*(z2 - 23)))*
(z1 - z3 + P[z3]1/((23 - z1)*(z3 - z2))))

In[2]:=
D[T1[z1,z2,z3],z1]/.{z1->a,z2->b,z3->c}

Out[2]:= 0

In[3]:=
D[T1[z1,z2,z3],2z2]/.{z1->a,z2->b,z3->c}

Out[3]:= 0

In[4]:=

Simplify[D[T1[z1,2z2,23],{z1,2}]1/.
{z1->a,z2->b,z3->c}]
Out[4]:= 0
In[5]:=
Simplify[D[T1[z1,2z2,23],z1,22]/.
{z1->a,z2->b,z3->c}]
Out[5]:= 0
In[6]:=
Simplify[D[T1[z1,22,2z3],{z2,2}]1/.
{z1->a,z2->b,z3->c}]
Out[6]:= 0
In[7]:=
Simplify[D[T1[z1,22,23],22,23]/.
{z1->a,z2->b,z3->c}]
Out[7]:= 0
In[8]:=
Simplify[D[T1[z1,2z2,23],{z1,3}]/.
{z1->a,z2->b,z3->c}]
Out[8]:= 0
In[9]:=
Simplify[D[T1[z1,2z2,23],{z1,2},22]/.
{z1->a,z2->b,z3->c}]

Out [9] :=—ﬁ

e Erlich’s method.
Tl(zla 22, 23) = zZ1—

P(Zl)
(21 = 22)(21 — 23) — P(21) <z1i32 + zliz?))

The Mathematica codes are

In[1]:=
T1[z1,z2,23]:=
z1-(z1-a) *(z1-b) *(z1-c) / ((z1-22) *(z1-23) -
(z1-a)*(z1-b)*(z1-c)*
(1/(z1-z2)+1/(z1-23)))

In[2]:=
D[T1[z1,z2,z3],z1]/.{z1->a,z2->b,z3->c}

Out[2]:= 0

In[3]:=
D[T1[z1,z2,2z3],2z2]/.{z1->a,z2->b,z3->c}

Out[3]:= 0

In[4]:=

Simplify[D[T1[z1,22,23],{z1,2}]1/.{z1->a,22->b,z3->c}]
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Out [4] :=%

e Nourein’s method

P(z
Tl(zlv 22, 23) =z P((zzl)) P(z3) -
(Zl - 22)(21 o 23) [1 + (22—21)(22—23)(21—22) + (z3—21)(23—22)(21—23)

P(z1)

(21 = 22)(1 = 28) + EESEE + ity

:Zl—

The first non zero derivates is given only. The Mathematica codes are

In[1]:=
T1[z1,z2,23]:=
z1-(z1-a) *(z1-b) *(z1-c) / ((z1-22) *(z1-z3)+
(z2-a) *(z2-b) *(z2-c) *(z1-23) / ((z2-z1) *(z2-z3) ) +
(z3-2)*(z3-b) *(z3-c) *(z1-22) / ((z3-z1) *(z3-22)))

In[2]:=
D[T1[z1,z2,z3],z1]/.{z1->a,z2->b,z3->c}

Out[2]:= 0

In[7]:=

Simplify[D[T1[z1,22,23],{z1,2},2z2]/.
{z1->a,z2->b,z3->c}]

Out [7] :=—ﬁ

e Improved Nourein’s method

P(21)

(21 — 22)(21 — 23)

Ti (21, 22,23) = 21 —

1
1 P(z2) P(z3) -
) BP0
(z2—21)(z2—23) (21— romyeremy —22)  (B3—21)(zs—22) (51— Gramyer—smy —%3)
s P(z1)
1 Zg)P(Zz) (Zl ZQ)P(Z?,)
(Zl - 22)(21 - ZS) + P(=1) + P(z1)
(21— (1—22)(21—23) —22)(23—22) (21— (z1—22)(21—23) —z3)(22—23)

The Mathematica codes are

In[1]:=
Plz_]:=(z-a)*(z-b)*(z-c)
DQ1:=-P[z1]/((z1-2z2) *(z1-23))
Ti[z1_,z2_,z3_]:=
z1-P[z1]/((z1-22) *(z1-z3) +
P[z2]*(z1-23) / ((z3-22) *(z1+DQ1-2z2) ) +
P[z3]1*(z1-22)/((z2-23) *(z1+DQ1-2z3)))

In[2]:=
D[T1[z1,z2,23],z1]/.{z1->a,z2->b,z3->c}

Out[2]:= 0

In[13]:=

Simplify[D[T1[z1,22,23],{z1,2},{z2,2}]/.
{z1->a,z2->b,z3->c}]
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O“t[13]:=22f%5§

e Wang-Zheng’s method.
T1(21,22,23) = 21—
. 213(21)}3/(21)
2P"%(z1) — P(21)P"(21) — 2P?(21) ((z1—1z2)2 + (zl—zg)l(zl—zg) + (zl—lzg)2>

The Mathematica codes are

In[1]:=
P[x_]:=x"3-(atb+c)*x*x+(a*b+b*c+cxa) *x-axb*c
D1P[x_] : =3*x*x-2* (a+b+c) *x+a*b+b*c+c*xa
D2P [x_] :=6*x-2* (a+b+c)
In[2]:=
T1[z1,2z2,23]:=
z1-2%P[z1]*D1P[z1]/
(2*D1P[z1]*D1P[2z1]-P[z1]*#D2P [z1] -
2xP[z1]*P [z1]
(1/(z1-22) ~2+1/ ((z1-22) *(z1-23) ) +1/(z1-23) "2))
In[3]:=
D[T1[z1,z2,z3],z1]/.{z1->a,z2->b,z3->c}
Out[3]:= 0
In[14]:=
Simplify[D[T1[z1,2z2,23],{z1,3},22]/.
{z1->a,z2->b,z3->c}]

Out [14] ;=76((a:3bf;3+(’;t25>

For the comparision purpose, the lower bound of the convergence order, the computing
complexity of a component are given in Table 1.

Method Order Complexity
Durand-Kerner 2 O(n)
Improved Durand-Kerner 3 O(n?)
Ehrlich 2 O(n)
Nourein 3 O(n?)
Improved Nourein 4 O(n?)
Wang-Zheng 4 O(n)

Table 1.

Finally, we mention another way to compute the roots of a polynomial simultaneously[4]:
The so called companion matrix is associated to the polynomial — a matrix whose char-
acteristic polynomial is the original polynomial — and the eigenvalues of that matrix are
computed using the QR algorithm.
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