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NETWORK SIMPLEX ALGORITHM FOR THE BI-CRITERIA
MINIMUM COST FLOW OVER TIME PROBLEM
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Abstract

The article formulates and studies the generalisation of the bi-criteria minimum
cost flow problem for the case of dynamic flows. The approach is based on reduc-
ing the dynamic problem to a static bi-criteria problem on a time-expanded network
with constant capacities, fixed transit times on arcs and for a flow leaving the source
node only at time θ = 0 and solving the problem via network-simplex based algorithm.
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1 Indroduction

Dynamic flows are widely used to model different network-structured, decision-making
problems over time, but because of their complexity, dynamic flow models have not been
investigated as much as classical flow models. The time is an essential component, either
because the flows take time to pass from one location to another, or because the structure of
the network changes over time. Dynamic networks were introduced by Ford and Fulkerson
[6]. They introduced flows which take time, called travel time, to pass an arc of the
network, called dynamic flows or flows over time. For the maximum flow problem in
discrete time they developed a technique, based on reducing the dynamic problem to the
classical static problem on a time-expanded network, which is still widely used.
On the other hand, in many combinatorial optimization problems, the selection of the
optimum solution takes into account more than one criterion. Often, these criteria are in
conflict and for this reason, a multi-objective network flow formulation of the problem is
necessary. In this paper, the case of continuous flow values is considered where the flow
variables take time to pass from one location to another, proposing a bi-criteria simplex-
network based approach. The proposed method consists is a time-expanded network-based
algorithm which finds the efficient boundary in the objective space. Further on, in Section
2 some basic dynamic network flow and bi-criteria minimum cost flow terminology are
presented together with some results used in the rest of the paper. More specialized
terminology is developed in the following sections. Section 3 presents the algorithm to
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find all efficient solutions for the bi-criteria minimum cost flow over time problem. Section
4 gives an example that helps to understand the steps performed by the former algorithm
in a time-expanded network built out of a dynamic network.

2 Terminology and preliminaries

2.1 Discrete-time dynamic network flows

A discrete dynamic network G = (N,A, T ) is a directed graph where N = {. . . , i . . .} is
a set of nodes i with |N | = n, A = {. . . , a . . .} is a set of arcs a with |A| = m and T is a finite
time horizon discretized into the set {0, 1, . . . , T}. An arc a from node i to node j is usually
also denoted by (i, j). The following functions are associated with each arc a = (i, j) ∈ A:
the time-dependent capacity (upper bound) function u(i, j; θ), u : A× {0, 1, . . . , T} → <+

which represents the maximum amount of flow that can enter the arc (i, j) at time θ, the
time-dependent transit time function h(i, j; θ), h : A × {0, 1, . . . , T} → ℵ and the time-
dependent cost function c(i, j; θ), c : A × {0, 1, . . . , T} → <+ which represents the cost
for sending one unit of flow through the arc (i, j) at time θ. Time is measured in discrete
steps, so that if one unit of flow leaves node i at time θ on arc a = (i, j), one unit of flow
arrives at node j at time θ + h(i, j; θ), where h(i, j; θ) is the transit time on arc a. The
time horizon, T is the time until which the flow can travel in the network. The demand-
supply function v(i; θ), v : N × {0, 1, . . . , T} → < represents the demand of node i ∈ N
if v(i; θ) < 0 or the supply of node i if v(i; θ) > 0, at the time-moment θ ∈ {0, 1, . . . , T}.
The network has two special nodes: a source node s with v(s; θ) ≥ 0 for θ ∈ {0, 1, . . . , T}
and there exists at least one moment of time θ0 ∈ {0, 1, . . . , T} such that v(s; θ0) > 0; and
a sink node t with v(t; θ) ≤ 0 for θ ∈ {0, 1, . . . , T} and there exists at least one moment of
time θ1 ∈ {0, 1, . . . , T} such that v(t; θ1) < 0. The condition required for the flow to exist
it that

∑
θ∈{0,1,...,T}

∑
i∈N

v(i; θ) = 0. A feasible dynamic flow f(i, j; θ) (feasible flow over
time) on G = (N,A, u, h, c) with time horizon T is a function f : A× {0, 1, . . . , T} → <+

that satisfies the following flow conservation constraints ∀ θ ∈ {0, 1, . . . , T}:∑
j|(i,j)∈A

f(i, j; θ)−
∑

j|(j,i)∈A
θ−h(j,i;θ)≥0

f(j, i; θ − h(j, i; θ)) = v(i; θ), ∀i ∈ N ; (1)

where f(i, j; θ) determines the rate of flow (per time unit) entering arc (i, j) at time θ.
Capacity constraints 2 mean that in a feasible dynamic flow, at most u(i, j; θ) units of
flow can enter the arc (i, j) at the time-moment θ.

0 ≤ f(i, j; θ) ≤ u(i, j; θ), ∀θ ∈ {0, 1, . . . , T}, ∀(i, j) ∈ A; (2)

f(i, j; θ) = 0, ∀(i, j) ∈ A, θ ∈ T − h(i, j; θ) + 1, T . (3)

It is easy to observe that the flow does not enter arc (i, j) at time θ if it has to leave
the arc after time T ; this is ensured by condition 3. The total cost of the dynamic flow
f(i, j; θ) in a discrete-time dynamic network is defined as:

C(f) =
∑

θ∈{0,1,...,T}

∑
(i,j)∈A

f(i, j; θ) · c(i, j; θ) (4)
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For the discrete-time stationary dynamic network the capacities, transit times and costs
of all arcs are constants in time: u(i, j; θ) = u(i, j), h(i, j; θ) = h(i, j), c(i, j; θ) = c(i, j),
∀(i, j) ∈ A and ∀θ ∈ {0, 1, . . . , T}.

2.2 Time-expanded network

In the discrete time model, flows over time can be described and computed in time-
expanded networks which were introduced by Ford and Fulkerson [6]. A time-expanded
network contains a copy of the node set for each discrete time step in the time horizon
θ ∈ {0, 1, . . . , T} and the arcs are redrawn between these copies to express their traversal
times.

Definition 1. The time-expanded version of network G is a digraph GT defined as follows:

NT := {iθ|i ∈ N, θ ∈ {0, 1, . . . , T}};
AT := {aθ = (iθ, jθ+h(i,j))|a ∈ A, 0 ≤ θ ≤ T − h(i, j)};
uT (aθ) := u(a) for aθ ∈ AT ;
cT (aθ) := c(a) for aθ ∈ AT .

For every arc (i, j) ∈ A with traversal time h(i, j), capacity u(i, j) and cost c(i, j), the
graph GT has arcs (iθ, jθ+h(i,j)) for θ = 0, 1, . . . , T −h(i, j) with capacities u(i, j) and costs
c(i, j). For the flow f(a; θ) in the dynamic network G, the function fT (aθ) that represents
the corresponding flow in the time-expanded network GT is defined as: fT (aθ) = f(a; θ),
∀aθ ∈ AT . Since the dynamic network has T + 1 copies of each source node and each sink
node, the time-expanded network will have multiple sources and multiple sinks. Therefore
in order to handle many sources and sinks, a super source s∗ and a super sink t∗ are
introduced to create a single source/single sink network. The super source is connected
to all time-copies of the source node through arcs having zero travel time. Similarly all
copies of the sink node are connected to the super sink node. All connections to the super
sink have zero travel time, zero cost and infinite upper bounds: h(tθ, t∗) = 0, u(tθ, t∗) = ∞
and c(tθ, t∗) = 0 for all θ ∈ T (t).

Theorem 1. If f is a flow in the dynamic network G and fT is a corresponding flow in
the time-expanded network GT , then C(f) = CT (fT ). Moreover, for each minimum cost
flow f∗ in the dynamic network G there is a corresponding minimum cost flow f∗T in the
static network GT such that C(f∗) = CT (f∗T ) and vice-versa. (see [4])

Definition 2. The length of a path P in G with respect to the travel times is given by
h(P ) :=

∑
(i,j)∈P

h(i, j).

The length of the shortest path from the source node s to node i is denoted by h(i)
and the length of the shortest path from node i to the sink node t is denoted by h̄(i). For
every node i ∈ N , a set of times T (i) is defined so that node i at time θ ∈ T (i) is reachable
from the source and also can reach the sink within the time horizon T , as follows:

T (i) := {θ + h(i)|θ + h(i) + h̄(i) ≤ T, θ ∈ {0, 1, . . . , T}}. (5)
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For every arc (i, j) ∈ A, a set of times T (i, j) for which node i of arc (i, j) at time θ ∈ T (i, j)
is reachable from the source and the sink is also reachable within T from node j at time
θ + h(i, j) is defined as follows:

T (i, j) := {θ + h(i)|θ + h(i) + h(i, j) + h̄(j) ≤ T, θ ∈ {0, 1, . . . , T}}. (6)

By definition, h(s) = 0 and T (s) = {0, 1, . . . , T − h̄(s)}. The set T (i) determines a set
of times where copying the node i guarantees that there exists a path from the source to
the sink that passes through node i at time θ ∈ T (i) within the time horizon T . Whereas
the set T (i, j) determines a set of times where copying the arc (i, j) guarantees that the
time-copy of this arc belongs to at least one path from the source to the sink within T .

Proposition 1. If n = |N | and m = |A| then n·(T +1) and (n+m)·T +m−
∑

(i,j)∈A
h(i, j)

are the upper bound for the number of nodes and arcs in GT without considering super
source and super sink, respectively. Hence, GT has O(nT ) many nodes and O((n + m)T )
many arcs. (see [7])

The main complexity of building the expanded network consists in computing the
lengths of the shortest paths from the source node to the nodes i, the lengths of the
shortest paths from nodes i to the sink node and consequently in computing the sets T (i)
and T (i, j). While the values of h(i) for all i ∈ N can be calculated by using the forward
version of Dijkstras label setting algorithm, the values of h̄(i) for all i ∈ N can be obtained
by applying the backward version of this algorithm.

Theorem 2. The expanded network is built in O(n2) time. (see [4], [7])

A discrete time dynamic network flow problem is a discrete time expansion of a static
network flow problem. In this case the flow is distributed over a set of predetermined
time periods θ = 0, 1, . . . , T . Unfortunately, due to the time expansion, the size of the
resulting time-expanded network is not polynomial in the size of the input. (see [6]) On
the other hand, the advantage of this approach is that it turns the problem of determining
an optimal flow over time into a classical network flow problem on the time-expanded
network.

2.3 Network Simplex Method

The Network Simplex Method (NSM) maintains a feasible spanning tree (basis) and
successfully goes toward the optimality conditions until it becomes optimal. The method
iterates towards an optimal solution by exchanging basic and non-basic arcs. At each of
its iterations, the arcs in the graph are divided into three sets: the arcs belong to the
spanning tree (B); the arcs with flow at their lower bound (L); the arcs with flow at their
upper bound (U). A spanning tree structure (B,L,U) is optimal if the reduced cost for
every arc (i, j) ∈ L is higher than zero and at the same time the reduced cost for every arc
(i, j) ∈ U is less than zero [10]. Under these circumstances, the current solution is optimal.
Otherwise, there are arcs in the graph that violate the optimal conditions. An arc is a
violated arc if it belongs to L (U) with negative (positive) reduced cost. To create the
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initial or Basic Feasible Solution (BFS), an artificial node 0 and artificial arcs are appended
to the graph. The node 0 will be the root of spanning tree (B) and the artificial arcs, with
sufficiently large costs and capacities, connect the nodes to the root. The set (L) consists
of the main arcs in the graph, and the set (U) is empty. Appending the entering arc (k, l),
which is a violated arc, to the spanning tree forms a unique cycle, W with the arcs of the
basis. In order to eliminate this cycle, one of its arcs must leave the basis. The cycle is
eliminated when we have augmented flow by a sufficient amount to force the flow in one or
more arcs of the cycle to their upper or lower bounds. By augmenting flow in a negative
cost augmenting cycle, the objective value of the solution is improved. The first task in
determining the leaving arc is the identification of all arcs of the cycle. The flow change
is determined by the equation δ = min{f(i, j)|(i, j) ∈ W}. The leaving arc is selected
based on cycle W . The substitution of entering for the leaving arc and the reconstruction
of new tree is called a pivot. After pivoting to change the basis, the reduced costs for
each arc (i, j) ∈ B are calculated. If the reduced costs for all (i, j) ∈ L ∪ U satisfy the
optimality condition then the current basic feasible solution is optimal. Otherwise, an arc
(i, j) where there is a violation should be chosen and operations of the algorithm should
be repeated. There are many strategies for selecting the entering arc, and these determine
the speed of solution. In order to reduce the number of degenerate pivots, i.e. pivots
in which a flow change of zero occurs, and to prevent cycling, the strongly feasible basis
technique proposed by Cunningham [3] is used. The basis structure (B,L,U) is strongly
feasible if a positive amount of flow can be sent from any node to root along arcs in the
spanning tree without violating any of the flow bounds. The technique specifies that when
there is more than one blocking arc, the last blocking arc encountered in traversing the
cycle, in the direction of its orientation, starting at the joint predecessor in the basis tree,
should be selected as the leaving arc. By consistently applying this technique, a strongly
feasible basis is maintained throughout the operation of the algorithm, and the number of
iterations required to obtain the optimal solution is guaranteed to be finite.

Theorem 3. A strongly feasible basis is preserved by the Cunningham technique. (see [3])

Theorem 4. The strongly feasible basis technique guarantees that Network Simplex Algo-
rithm will obtain the optimal solution in a finite number of pivots. (see [3])

Theorem 5. The complexity of a pivot operation is O(n + m) with n = |N |, m = |A|.
(see [10])

Theorem 6. The complexity of the Network Simplex minimum cost flow algorithm in a
network having n nodes with ū being the maximum upper bound and c̄ being the maximum
cost among all its m arcs is O((n + m) ·m · n2 · c̄2 · ū). (see [10])

2.4 Bi-criteria minimum cost flow problem

Given a directed network G = (N,A) with N being the set of nodes and A being the set
of arcs, let u(i, j) be the upper bound (capacity) of the arc (i, j), v(i) the supply/demand
of the node i and ck(i, j) the cost per unit of flow on arc (i, j) in the k − th objective
function, k = 1, 2. If f(i, j) denotes the amount of flow on an arc (i, j), the bi-criteria
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minimum cost flow problem is to determine a total flow of v units which simultaneously
minimizes two cost functions. Any vector of flow f that satisfies the flow conservation
and the capacity constraints is called a feasible solution of the bi-criteria minimum cost
flow (BMCF) problem. The set of feasible solutions, or decision space, is denoted by F
and its image through Y (F ) := {y1(f), y2(f)|f ∈ F}, where y1(f) and y2(f) are the two
objective functions, is called objective space. In general, there is no feasible solution of
the (BMCF) problem that simultaneously minimizes both objectives. In other words, an
optimum global solution does not exist. For this reason, the solutions of these problems
are searched for among the set of efficient points.

Definition 3. A feasible solution f ∈ F of the bi-criteria minimum cost flow problem is
called efficient if and only if there does not exist another feasible solution f ′ ∈ F so that
Y (f ′) ≤ Y (f) with Y (f ′) 6= Y (f) (i.e. yk(f ′) ≤ yk(f), yk(f ′) 6= yk(f), k = 1, 2).

Definition 4. Y (f) is a non-dominated criterion vector if f is an efficient solution.
Otherwise Y (f) is a dominated criterion vector.

The set of efficient solutions of F will be denoted by E[F ] while, by extension, E[Y (F )]
is called the set of non-dominated solutions of Y (F ). It is well known that to characterize
E[Y (F )] for the bi-criteria continuous minimum cost flow problem, it is only necessary
to identify the extreme efficient points of Y (F ). The set of efficient extreme points of
F will be denoted by Eex[F ] and their corresponding points of Y (F ) will be denoted by
Eex[Y (F )]. For the continuous case of the (BMCF) problem all the efficient solutions lie
on the efficient boundary of Y (F ). The algorithm proposed in this paper determines the
entire efficient boundary of objective space for the bi-criteria continuous minimum cost
flow over time problem.

3 Bi-criteria minimum cost flow over time problem

The bi-criteria continuous minimum cost flow over time problem is to determine a flow
over time transporting v units of flow which simultaneously minimizes two cost functions,
where the continuous flow values are permissible. Assuming that all the v units of flow
leave the source node only at time θ = 0, then the problem can be formalized as follows:

minimize yk(f) =
∑

θ∈{1,2,...,T}

∑
(i,j)∈A

ck(i, j) · f(i, j; θ), k = 1, 2 subject to (7)

∑
j|(i,j)∈A

f(i, j; θ)−
∑

j|(j,i)∈A
θ−h(j,i)≥0

f(j, i; θ − h(j, i)) =


v(i; θ), i = s

0, ∀i ∈ N − {s, t}
−v(i; θ), i = t

(8)

0 ≤ f(i, j; θ) ≤ u(i, j) ∀θ ∈ {1, 2, . . . , T},∀(i, j) ∈ A, (9)

with v(s; 0) = v, v(s; θ) = 0, ∀θ ∈ {1, 2, . . . , T} and
∑

θ∈{1,2,...,T}
v(t; θ) = −v.
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3.1 Time-expanded network

Since for the studied problem v(s; θ) = 0, ∀θ ∈ {1, 2, . . . , T} results that T (s) = {0}
and from the expanded network all the nodes which are not reachable from the source
s0 and all arcs connecting these nodes are deleted. The procedure which calculates the
expanded network, EN is summarized in the algorithm in Table 1.

1 procedure EN(G = (N, A, T ));
2 begin
3 calculate h(i) and h̄(i) for every i ∈ N ;
4 determine T (i) for every i ∈ N ;
5 determine T (i, j) for every (i, j) ∈ A;
6 NT := {iθ|i ∈ N ; θ ∈ T (i)};
7 delete all nodes iθ ∈ NT , θ ∈ T (i) not reachable from s0 and the arcs incident to nodes iθ;
8 AT := {(iθ, jθ+h(i,j))|(i, j) ∈ A; θ ∈ T (i, j)};
9 add a super sink t∗ and the arcs (tθ, t

∗);
10 end;

Table 1: The algorithm for building a compact GT from G with constant travel times.

3.2 Bi-criteria network-simplex algorithm

The method used to obtain the efficient boundary of the objective space starts with
the efficient extreme point in the objective space Y (f0) which results when only the first
objective is considered and finds the remaining efficient points by a finite sequence of
pivots, always choosing a basis entering arc with the least ratio of improvement of y2 and
worsening of y1. The procedure generates extreme non-dominated solutions moving in a
left-to-right fashion. The strongly feasible spanning tree (B0, L0, U0) for the flow (f0 and
the node potentials p1 with respect to the first objective are obtained using the network
simplex method presented in Table 2. (see [1], [2])

1 procedure Network Simplex(G, c);
2 begin
3 generate initial BFS, (B, L, U);
4 (k, l)← entering arc ∈ L ∪ U ;
5 while (exists an entering arc (k, l)) do
6 begin
7 find cycle W ∈ B ∪ (k, l);
8 δ ← flow change;
9 (p, q)← leaving arc ∈W ;

10 update flow in W by δ;
11 update BFS, tree B;
12 update node potentials;
13 (k, l)← entering arc ∈ L ∪ U ;
14 end;
15 end;

Table 2: The procedure Network Simplex.

Let cp
1(i, j) = c1(i, j) − p1(i) + p1(j) be the reduced costs for all arcs (i, j) ∈ AT . Then
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(B0, L0, U0) is optimum and satisfies the following optimality conditions with respect
to the first objective: Once (B0, L0, U0) and p1 are obtained, the node potentials p2

0 ≤ f0(i, j) ≤ u(i, j) and cp
1(i, j) = 0, ∀(i, j) ∈ B0,

f0(i, j) = 0 and cp
1(i, j) ≥ 0, ∀(i, j) ∈ L0,

f0(i, j) = u(i, j) and cp
1(i, j) ≤ 0, ∀(i, j) ∈ U0.

with respect to the second objective can be obtained by solving the system of equations:
cp
2(i, j) = c2(i, j)− p2(i) + p2(j) = 0, ∀(i, j) ∈ B0.

As f0 is an efficient extreme point in the decision space and Y (f0) is a non-dominated
extreme point in objective space, the next step consists in finding the non-dominated
extreme point in the objective space that is adjacent to Y (f0). Every efficient solution
corresponds to a basic spanning tree and two solutions are called adjacent if the two
corresponding spanning trees differ in only two arcs. A candidate arc, i.e. (i, j) ∈ L0 ∪U0

is called eligible if (i, j) ∈ U0 and cp
2(i, j) > 0 or (i, j) ∈ L0 and cp

2(i, j) < 0. For

λ1 = min{cp
2(i, j)

cp
1(i, j)

|cp
2(i, j) < 0,∀(i, j) ∈ L0}, λ2 = min{cp

2(i, j)
cp
1(i, j)

|cp
2(i, j) > 0,∀(i, j) ∈ U0} and

λ = min{λ1, λ2}, let S be the set containing all non-basic variables that reach the value
λ, i.e. the non-basic variables associated with an efficient edge in the objective space. An
efficient edge is referred to as the edge of the polyhedral Y (F ) that connects two adjacent
non-dominated extreme points. (see [8], [12])
By entering the basis, an arc (k, l) ∈ S generates a single unique cycle W called pivot
cycle oriented in the same way as the arc (k, l) if (k, l) ∈ L0 and in the opposite direction
if (k, l) ∈ U0. Let W+ be the set of forward arcs and W− the set of backward arcs in W .
As the residual capacities of the arcs composing the cycle W are defined as:

r(i, j) =
{

u(i, j)− f(i, j), if (i, j) ∈ W+;
f(i, j), if (i, j) ∈ W−,

(10)

the residual capacity of the cycle W is r(W ) = min{r(i, j)|(i, j) ∈ W}. Therefore, the flow
will be increased along the arcs in the cycle by r(W ) if (i, j) ∈ W+, respectively decreased
by r(W ) if (i, j) ∈ W−, when one non-basic variable of S, (k, l) ∈ S enters the basis. The
adjacent non-dominated extreme point is obtained by adding this variable to the basis and
correspondingly changing the flow f(i, j) with r(W ) units of flow. If r(W ) = 0, the basis
and the node potentials are updated without changing the flow (degenerate basis). The
algorithm always maintain the last investigated efficient solution in the decision space
stored in the list R. The network simplex method uses the tree vectors: π, η and ω
to improve the operations in the pivot process. The predecessor vector π is defined as
π(j) = k where k is one before the last node in the single path from the root node to
the node j in the minimum spanning tree; by convention, π(root) = 0. The depth vector
η is defined as η(j) = ` where ` is the number or arcs in the single path from the root
node to the node j in the minimum spanning tree; by convention, η(root) = 0. The thread
vector ω is defined as ω(j) = q where q is the node after j in preordering (the order that
the nodes were first visited by the depth-first search) of the minimum spanning tree; by
convention, q = (root) if j is the last node in the sequence. (see [1], [3])
The Bi-criteria Network Simplex (BiNS) algorithm is presented in Table 3.
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1 procedure BiNS(GT );
2 begin
3 Network Simplex(GT , c1); // gets f0, p1, p2, (B

0, L0, U0), π, η, ω
4 cp

k(i, j) := ck(i, j)− pk(i) + pk(j), ∀(i, j) ∈ AT , k = 1, 2;
5 add {f0, p1, p2, (B

0, L0, U0)} to R;
6 while (R 6= ∅) do
7 begin
8 R := R− {f, p1, p2, (B, L, U)} ;
9 yk(f) :=

P
(i,j)∈AT

ck(i, j) · f(i, j), k = 1, 2;

10 Y := (y1(f), y2(f)); Q := 0;
11 SL := {(i, j) ∈ L|cp

2(i, j) < 0}; SU := {(i, j) ∈ U |cp
2(i, j) > 0};

12 λ′ := {λ(i, j) =
c

p
2(i,j)

c
p
1(i,j)

|(i, j) ∈ SL ∪ SU};
13 S := {(i, j) ∈ SL ∪ SU |λ(i, j) = λ′};
14 if (S 6= ∅) then Q := 1;
15 while (S 6= ∅) do
16 begin
17 remove the first arc (i, j) from S;
18 Pivot(f, (i, j), (B, L, U), p1, p2, π, η, ω, R);
19 end;
20 if (Q = 1) then add {f, p1, p2, (B, L, U)} to R;
21 end;
22 end;

Table 3: The bi-criteria Network Simplex (BiNS) algorithm for the minimum two cost functions flow
problem.

The Pivot procedure presented in Table 4 identifies all efficient points that are reached
from the current checked extreme efficient point. For the new basis the potentials and the
three vectors π, η and ω are updated and the next candidate arc is selected until all the
efficient solution that lie on an efficient edge are found. The procedure ends when the set
S is empty and the structure (B,L,U) identifies an efficient extreme point in the objective
space which is added to the set R. Then the BiNS procedure repeats the process with
the following point in R. At the end of the algorithm, the set of all points on the efficient
boundary is obtained.

1 procedure Pivot(f, (i, j), (B, L, U), p1, p2, π, η, ω, R);
2 begin
3 if (f(i, j) = u(i, j)) then remove (i, j) from U ;
4 else if (f(i, j) = 0) then remove (i, j) from L;
5 add (i, j) to B; find the pivot cycle W in B ∪ (i, j);
6 compute r(W ) := min{r(i, j)|(i, j) ∈W};
7 if (r(W ) > 0) then update f(i, j) for all arcs (i, j) ∈W ;
8 remove the leaving arc (p, q) ∈ {(i, j) ∈W |r(i, j) = 0} from B;
9 if (f(p, q) = u(p, q)) then add (p, q) to U ;

10 else if (f(p, q) = 0) then add (p, q) to L;
11 update p1, p2, π, η, ω;
12 end;

Table 4: The procedure Pivot which computes the adjacent efficient solution for any given extreme
efficient solution.
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Putting all together, the algorithm solving the Bi-criteria minimum cost flow over time
problem (BCMCFT) is presented in Table 5.

1 BCMCFT(f, (i, j), (B, L, U), p1, p2, π, η, ω, R);
2 Begin
3 EN(G = (N, A, T ));
4 BiNS(GT ));
5 End.

Table 5: The procedure Pivot which computes the adjacent efficient solution for any given extreme
efficient solution.

Theorem 7. The complexity of the Bi-criteria minimum cost flow over time algorithm is
O((nT + mT ) ·mT · n2

T · c̄2 · ū) with |NT | = nT being the number of nodes and |AT | = mT

being the number of arcs in the expanded network.

Proof. Results directly from theorems 2 and 6.

4 Example

For the network presented in Figure 1 (left) let the value of the flow sent from source
node 1 at time θ = 0 be v(s; 0) = 8 while v(s; θ) = 0, ∀θ ∈ {1, 2, . . . , T} with T = 4. The
pair of values above every arc denotes the two cost functions while the pair of values below
the arc denotes the transit time and the upper bound of every arc in the network, in that
order. Procedure EN computes the expanded network and eliminates the nodes which are
not reachable from the source at time θ = 0 and the arcs incident to these nodes. Then
all the time-copies of the sink node 5 are connected to the super sink node 6 through arcs
having zero travel time, zero costs and infinite upper bounds.

Figure 1: (letf:) An example of dynamic network G; (centre:) The optimal solution with respect
to the first objective. The arcs in the minimum spanning tree B0 are represented by solid lines, the
non basic arcs in L0 are represented by dashed lines while the non basic arcs in U0 are represented
by dotted lines; (right:) The set of all non-dominated points which lie on the efficient boundary in
the objective space.

In the expanded network GT , the Network Simplex algorithm finds the minimum cost
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flow considering only the first cost function c1(i, j). The strongly feasible spanning tree
(B0, L0, U0) and the node potentials p1(i) with respect to the first objective and the re-
duced costs for all arcs (i, j) ∈ AT are presented in Figure 1 (centre). The values of the
three vectors,π, η and ω are presented in Table 6. Since all arcs in B0 have zero reduced
costs and all arcs in L0 = {(41, 32), (33, 54)} and U0 = {(10, 32), (41, 52)} satisfy the opti-
mality conditions with respect to the first objective, the solution is optimal and the node
potentials p2(i) with respect to the second objective are computed.

i 10 22 32 33 41 52 53 54 6
π 0 10 53 22 10 6 22 6 53

η 0 1 3 2 1 4 2 4 3
ω 41 53 6 10 22 54 32 33 52

Table 6: The values of the vectors, π, η and ω for the bases B0.

Iteration 1: The first efficient extreme point in the decision space f0, p1, p2, (B0, L0, U0)
is added to the set R and the while loop runs for the first time since R 6= 0. The efficient
extreme point in the decision space is removed from R and the first non-dominated extreme
point in objective space Y (f) is computed. According to yk(f) =

∑
(i,j)∈AT

ck(i, j) ·f0(i, j)

with k = 1, 2 the following values are obtained: y1(f0) = 60, y2(f0) = 60 and Y (f0) =
(60, 64).
Then the flag Q is set to 0 and the two sets SU = {(41, 52)} and SL = {(41, 32), (33, 54)}
are built with λ(41, 52) = −2/3, λ(41, 32) = −1 and λ(33, 54) = −3. As can easily be no-
ticed, the non-basic arc (10, 32) is not selected since it belongs to U0 but it has a negative
reduced cost with respect to the second objective. The minimum λ value is λ′ = −3 and
the corresponding arc (33, 54) is added to the set S. Since now S = {(33, 54)} is not an
empty set the flag Q is set to 1 and the first (and single) arc is removed from S and the
algorithm draws on the Pivot procedure having as its argument arc (i, j) = (33, 54). As
f0(33, 54) = 0, the arc is removed from the set L0 and added to the bases B0. Based on
predecessor and depth vectors the pivot cycle W = (22, 33, 54, 6, 53, 22) is obtained which
is oriented in the same way as the entering arc since (33, 54) ∈ L0. The residual capacity of
the pivot cycle, computed for all arcs in the cycle is min{3, 7,∞, 5, 2} = 2. Consequently,
the flow on arcs (22, 33), (33, 54) and (54, 6) will be increased by two units while the flow
on arcs (53, 6) and (22, 53) will be decreased by the same value. The arc which leaves
the bases after updating the flow is the arc (22, 53) for which the flow decreases to zero
so that it is added to the set L and the potentials and the three vectors π, η and ω are
updated. Since S = ∅ and Q = 1 the updated set {f, p1, p2, (B,L,U)} is added to the
set R and the algorithm reiterates with the new efficient extreme point in the decision
space for which the second non-dominated extreme point in objective space is computed:
y1(f) = 62, y2(f) = 58 and Y (f) = (62, 58).
In two more iterations, the algorithm finds the consecutive non-dominated extreme points
y1(f) = 66, y2(f) = 53 with Y (f) = (66, 53) and y1(f) = 74, y2(f) = 47 with Y (f) =
(74, 47).
In the updated network all arcs in B have zero reduced costs and all arcs in L =
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{(22, 53), (41, 52)} and U = {(10, 32), (22, 33)} satisfy the optimality conditions with re-
spect to the second objective, the solution is optimal. Consequently, SL = ∅, SU = ∅ and
since S = ∅ the value of flag Q = 0 is maintained and the updated configuration is no
longer saved in R which remains an empty set and the algorithm stops.
The set of all non-dominated extreme points in objective space Eex[Y (F )] together with
the non-dominated non-extreme points Enex[Y (F )] that lie on the efficient boundary con-
necting two consecutive non-dominated extreme points are presented in Figure 1 (right).
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