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ESTIMATES WITH OPTIMAL CONSTANTS USING
PEETRE’s K-FUNCTIONALS ON SIMPLEX
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Abstract

We present general estimates of the degree of approximation by positive linear
operators with the K-functionals K75, 1 <p < cc.
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1 Indroduction
Let S = {X:(wl,“' ,wd)ERd\xh'-- ,xq > 0, xl—i—---—l—:rdgl} be the simplex in

R?, d € N. We consider the K-functional K; (f,t) = K* (f,t;C(S),C}(5)),t > 0,1 <
s, p < oo defined for the Banach space of continuous functions on S

(CES) 1) 5 111 = max | £ ()]

and the semi-Banach subspace of functions of class C' on S

of of
1 . = = — e —
(0369 Hey) ey =191, = | (|52 |5 )|
by )

Kip (0= it (I =gl + 8 1Vl;) " 1< s < o0
and

K5 ()= it max (17 = gll.¢9l],).

In fact

kﬁm(ﬁt)=g€2£$H(”f_g”¢”vgm)‘

, 1< s, p< oo,
S

where [|-||,, 1 < s < oo, is the Minkowski norm in R? and |-|| is the Chebychev norm in
R?, respectively.
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In Section 2 general estimates with the K-functional K7 , are established.

We use the notation eg for the function eg : R* — R, eg(x) = 1, e; for the function
e1 : R — RY, e1(x) = x and 7 : R? — R for the projection on the component k,
ke{l,...,d}.

2  General estimates with K7, 1 <p, s <00

Theorem 1. Let L : C(S) — C(5) a positive linear operator and f € C(S). Then for
every x € S and t > 0 we have

IL(f,%) = ) < |FG)] - L (0, %) = 1] + (1)
L(||61 —xe0||q,x>
+ | 2L (eo,X)+ ; 'Ki%(fvt)a

1 1
where q is such that — + — = 1.
P q
Conversely, if there exists A, B, C > 0 such that

IL(f,x) = f(x)| < A [f(F)[|L (e0,x) — 1] + (2)

L <H€1 —xeol, ,X)
C

+ B'L(EO,X)+ ;

KTy, (f:1)
holds for all positive linear operator, any f € C(S), anyx € S and any t > 0, then A > 1,
C>1and B>2.

Proof. Let g € C1(S). We have

f(y) = f&®)] < 2|f =gl +9(y) — 9(x)]
= 2[|f =gl + |dg(c)(y —x)|

d
0
< 2Hf—gH+z; aaiH!yz—:cz\
1=
Iy x|
< 207 —gll+ =t 9l
Iy — |
< (225 {17 ol 19l ).

where ¢ € [x,y]. Since g is arbitrary it follows that

) 5601 < (20 2200 g,
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Then
LU x) = FO] < 1760 - L (e0,%) — 1|+ | (F = F(x)e0,x)|
< 1G] - 1L (e0,%) — 1 + LI — F(x)eo] %)
< 1F - 1 (e0rx) 1] + L (zeo+ llex = xeolly
£ - | (e0.%) — 1]

L (Hel —xeoll, ,x)
t

,x) K (f.0)

+ | 2L (60, X) +

which is (1).

For the converse part, if we choose L(h,x) = 0 and f = e and replace in (2) we obtain
A>1.

If we choose L(h,x) = h(1,0,...,0), f(x) = z1, x = 0 and replace in (2) we obtain

1< Bt+C, (V)t >0 (we use K79,(f,t) <t). Passing to the limit ¢ — 0 we obtain C' > 1.

If we choose L(h,x) = h(1,0,...,0), f(x) = 2z71 — 1, x = 0 and replace in (2) we

C
obtain 2 < B+ 7 ()t > 0 (we use K75,(f,t) < | f|| = 1). Passing to the limit t — oo we

obtain B > 2. ]

For the estimate with K7 ,, 1 < s < oo we use the estimate (1) and the following
relation between the K-functionals [1], [5]:

Lemma 1. Let 1 < s < oo. Then for f € C(S) and t > 0 we have

K3 (f,1) = inf (1 + t8>SKff;,(f, ). (3)

u>0 us

Proof. "<:” Let g € C1(S) and u > 0. We have
1
Kiy(ft) < (IF = gl"+ ¢ 19gl5)

1

5\
< — — .
< (1+us> max {1~ gll, u][ V]|, }

5\
Since g is arbitrary this implies K7 ,(f,?) < (1 + s) K75,(f,u). Alsosince u is arbitrary
9. u 2.

. e : A%
the above inequality implies K7 (f,?) < 11};% <1 + u5> K75,(f,u).
”>": Let ¢ > 0. We can choose g € C*(S) such that || f — g[| # 0, [[Vg[|, # 0 and

1

K310+ C= = (If = gl + £ IVgll3)°
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where C = C(t). Indeed, by definition of the K-functional there exists g; € C*(S) such
that

1
s

K356+ > (If = ol + £ [ Varlly)

So, if |f — g1]| # 0 and ||[Vg1[|,, # 0 we choose g = g1.
If || f — g1]| = 0 and [[Vg1 |, # O we choose g = g1+eeq. Then ||f — g|| = || f — g1 — eeoll =
e #0, ||Vg||p = ||V91||p # 0 and
1

1 1
(17 = gll* + ¢ 19gl5) " = (" + " IVgully) " < K3 () + 22,

If|f — g1l # 0 and [|[Vg1], = 0 we choose g = g1 + Ciemi, where Cy is a constant for
which || f — g|| # 0. We can suppose that 0 < Cy < 1. Then ||f —g|| = ||f — g1 — Ciem1| <
If = g1l + Crellmll, [[Vgll, = Cre # 0 and

1
(17 = gl"+ e 1vgll3) " <11 = gll + Vgl
<If—gill+ Cre (1 +1t) < K7, (f,t) +e(241).

If[|f — g1l = 0 and | Vg1 ||, = 0 we choose g = g1+emi. Then [|[f —gl| = [|f — g1 —em || =
ellmi # 0, [ Vgll, = ¢ # 0 and

1
(17 = gl* + £ 19gl3) " < I = gll + ¢ Vgll,
=ec(1+1t) <Kj,(f,t) +e(1+1).

On the assumption above we have

1
o\ 194l 17 gl
inf 1+> KX (fou) < [1+t5—"2 | K| f,
i (1 5 A0 ( =) *#\ 0w,

1
IVally 1\ * 1f =gl
< |1+t —2L5 ] -max<{|f—gl, IVyll
< 1f =gl IVll, 8

1

= (I = gl" + £ 1Vglly) " < K3, (f,6) + Ce.

0 =

Since ¢ is arbitrary this implies the inequality. O
Corollary 1. Under the conditions of theorem we have

[L(f, %) = FO)I < |F)] - L (eo, x) — 1] + (4)
L<||€1 —Xequ,x>
t

+ max { 2L (eg, x) , Kll,p(f7 t)
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and
IL(f,x) = f(x)] < |f(x)] - [L(eo,x) — 1] + (5)
N
, y L<||€1 —Xeollq,X>
+ QSL(B(),X) + Py Kf,p(fvt)
for1 <s< oo, s = 5
s—1

Conversely,
e if (3)A, B, C > 0 such that
IL(f,x) = f(x)| < A-[f(x)| - |L (0, x) — 1] +

L (”61 —xeoll, ,x)
C- "

+ max B'L<607X)7 K117p(f7t)

holds for all positive linear operator, any f € C(S), any x € S and any ¢ > 0, then
A>1,C>1and B> 2.
e if (3)A, B, C > 0 such that
IL(f,x) = f(x)[ < A-[f(x)] - |L (e0,x) — 1] +

o (ller = xeoll, %) S
+ B'L(BO,X) +C- e Kl,p(fat)

1
S/ s/

holds for all positive linear operator, any f € C(S), any x € S and any ¢ > 0, then
A>1,C>1and B> 2.

Proof. Let u > 0. For s = 1 we have:

[L(f,%) = F) < |FG] - L (0, %) = 1] +
L <H€1 —xeol, ,x)

u

+ (2L (60,X)+ Kﬁ(f,lb)

< [f()]- L (e, x) — 1] +

L (Jlex = xeoll, ) -
t <1 + u> Kl,p(f? u)7

+ max < 2L (eg,x),

from whence (4).
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For 1 < s < 0o, we denote by s’ =

] and by Holder’s inequality we have:

[L(f,%) = F) < [F()] - L (o, %) — 1] +
L(Hel —xe()Hq,x)

2L <K
+ (607X) + U l,p(fa ’LL)
< |f(x)]-|L (o, x) — 1| +
p v L (H61 — Xe()”q,X) A
+ | 2° L (eo,x)" + . 1+E KT5,(f,u),
from whence (5).
For the converse part we make the same choices like in Theorem 1. ]

Remark 1. The estimates (1), (4) and (5) are valid for any compact convex domain of
R? d € N.

Example 1. The Bernstein operators are defined by

mn= 3 (B ) b )

n
k1+-+kq=0

where
d

n—> ki

! d i=1

by (x) = e y k. gha (1 =)
kl'kd'<n—2kz>' =1

i=1

withn € N and ky,..., kg € NU{0}. We have

Bu(les — xeolly %) < [ Bu (les — xeoll ) =

and from (1) it results:

Balf, ) — §0)] < (2 v \@ K55 (£ =)

Other estimates with K7 ), 1 < s < co are obtained using the Holder-type inequality
for positive linear operators.
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Theorem 2. Let L : C(S) — C(5) a positive linear operator and f € C(S). Then for
every x € S and t > 0 we have

(%) — FOOI < 1G] - |L (eo0,) — 1] + )

1

, L <||61 —Xeon ,x) ° .
+(2°L (607X) + +s' - L (607X)S ’ Kf,p(.ﬂ t)
holds for 1 < s < o0, s’ = > and q : 1—1—1:1.
s—1 P q
Conversely, if (3)A, B, C > 0 such that

(/%) — £601 < A+ |G (o, ) — 1] + (5)

1

(ltew = xeolly %)\ ° .
+ | B L(eo,x)+C ; L (eo,x)s - K7 ,(f,1)

ts

holds for all positive linear operator, any f € C(S), any x € S and any t > 0 then A > 1,
C>1and B> 2.
Proof. Let g € C1(S). We have

ly — x|
2[|f —gll + Tq tIVgll,

=l

where 1 < 5,8’ <oco: — + — = 1. Since g is arbitrary follows that
s s

|f(Y)—f(x)|§H< ”Y—t ||>

IL(f,x) = fF(x) < [f)] - L (eo,x) =1+ L(|f — f(x)eo| %)
< [f(x)]- 1L (eo,x) = 1] +

€1 — Xeé
o=y

[f(y) = f(x)]

IN

IN

(s =gl e1%a,)|

' Kip(fv t)'

S/

Then

t
FEO|-|L (e, x) = 1] +

1
s’ ST
€1 — Xep 1
+L (2 0,4” Hq> 7X> 'L(eO:X)i 'Kf,p(fﬁt)

!

,x) K3 (1)

S

t S
= [f)] - [L (e0,x) = 1] +
1
L(|ler — xeol® ,x)\ 7
s )

ts'

1
s

+ | 29 L (e, x) + K3 (1),

€0, X)
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which is (7).
For the converse part we make the same choices like in Theorem 1. ]

Remark 2. From )
KT5,(ft) < Ki,(f,t) <25 K75,(f,1)

it follows that
lim K3 ,(f,0) = Ki5(f,1).

§—00

Passing to the limit s — oo (in this case ' — 1) in (7) we obtain (1).
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