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UNIVALENCE OF AN INTEGRAL OPERATOR
Virgil PESCAR!

Abstract
In this work we obtain sufficient conditions for the univalence of the integral op-

erator Jy, ..y, 8,n-
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1 Introduction

We consider the open unit disk & = {z € C: |z| < 1} and A be the class of functions
f of the form

flz)=2z+ Zakzk,
k=2

which are analytic in the open unit disk &/. Let & denote the subclass of A consisting of
the functions f € A, which are univalent in &/ and S§* denote the subclass of S consisting
in all starlike functions in U.

We consider the integral operator H, for f € A and 7, be a complex number, which

is given by
)= {1 [Cu Gt 1)

Miller and Mocanu [2] have studied that the integral operator H, is in the class S for
feS* and v > 0.
We introduce a new integral operator
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J’Yl:"'77n7ﬁvn(z) -

n 1
n -1 J=17;

—H( ) [ ) ) , @)

=1

for f; € A and complex numbers 3,7; (v; #0), j =1,n.
For # =1, from (2) we obtain the integral operator .J,, . ., defined in [4].
Forn =1, fi = f and 71 = v, from (2) we get the integral operator .J, g defined in [5].
Forn=1,8=1,v =1, fi = f, from (2) we obtain the integral operator H., given by

(1).
2 Preliminary results
We need the following lemmas.

Lemma 1. [3]. Let a be a complex number, Re o > 0 and f € A. If

1— |Z|2Rea
Re a

2f"(2)
f'(2)

for all z € U, then the integral operator Fy, defined by

<1 (1)

/Z ualf’(u)du] : (2)

R = a |

s in the class S.

Lemma 2. (Schwarz [1]). Let f be the function regular in the disk
Ur = {z € C:|z| < R} with |f(2)| < M, M fized. If f(2) has in z = 0 one zero with
multiply > m, then

M m (2 eu), (3)

FC) € o

the equality (in the inequality (3) for z # 0) can hold if

fle) = e 2™

where 6 is constant.
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3 Main results

Theorem 1. Let 'yj, B be complex numbers, Re v; # 0, M; real positive numbers, j =
1,n, p= Z] 1Re >0andf]€./4

fi(2) = 2 + ag;2? —|—a3Jz +..,7=1n.

If
zJijifj—l'gMj, (zelt; j=T,n) (1)
and
" 6—11} 2p+1) 5
- 1Mj [Wj n B 2 ’ 2)

then the integral operator Jy, ~, . ~..8,n given by (2) is in the class S.

Proof. We observe that

J71172""77n761n(2) =

2= 17_1 flu)>vll+
B 7] / < (%

We consider the function

g(z):/oz (fliu)>+‘* (fi ))J Tld% "

for f; € A, j = 1,n. The function g is regular in Y.
We define the function h by

B—1 1 _,’_6—1 Zn 1

(fn(“)> S 7 S

h(z) =  (zeU). (5)

We have h(0) =0 and from (4) and (5) we get

[ ”'—Z[ +|ﬁ;1l] 2fi(2)

—1
;] fi(2)

, (zel). (6)

From (1) and (6) we obtain

I_ZM[ + @)

|7]
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for all z € U.
Applying Lemma 2 we have
" n
zg"(z) [ 1 Iﬂ—ll]
< M; | — + 2|, 8
g | <2 |t ¥
for all z € U and hence, we obtain
L2 |29"(2)| _ 1= 2\ { 1 B 1I}
< z M;j | — + , (zel). 9
p |9 p ‘j; Lyl n red) ®)
Since
1—|z|?P 2
max 2 |z| = SoTT (10)
‘Z|S1 p (2p + 1) 2p
from (2) and (9) we have
_ 2p "
Lo fef (200)] "
p 9'(z)

for all z € U.
L_i_ﬂ_l LJ’_@
From (4) we obtain ¢'(2) = (flT(z)) T (f"T(Z)) ™ " and using (11), by Lemma

1, it results that the integral operator J,, ... 4..3,n, given by (2), is in the class S. ]
Corollary 1. Let v be a complex number, Re v # 0, Re % >0and f €A,
f(z)=z+ anz’ +aszd + ...
If

2Re L 41
1 2RJl
Zf,(Z) (2R€ § + 1) Y
f(z) 2 ’

then the integral operator H., is in the class S.

- 1' <hl (= ), (12)

Proof. For n =1, =1, 1 =7, fi = f and p = Re %, from Theorem 1 we obtain

Corollary 1. O
Corollary 2. Let the function f € A, f(2) =2+ a212% + a2 + ...
If
z2f'(2) 33
-1 <—, (z€U), 13
s 3 eu (13)

then the integral operator Alexander, given by

Gl(z) = /0 o

is in the class S.

Proof. Forn=1, =1, y1 =1, fi = f from Theorem 1 we have Corollary 2. ]



Univalence of an integral operator 79

References

[1]
2]

Mayer, O.: The Functions Theory of One Variable Complex, Bucuresti, 1981.

Miller, S. S.; Mocanu, P. T.”’ Differential Subordinations, Theory and Applications,
Monographs and Text Books in Pure and Applied Mathematics, 225, Marcel Dekker,
New York, 2000.

Pascu, N. N.: On a Univalence Criterion II, Itinerant Seminar Functional Equations,
Approximation and Convexity (Cluj-Napoca, 1985), Preprint, vol. 85, University
”Babeg-Bolyai”, Cluj-Napoca, (1985), 153-154.

Pescar, V.. On the univalence of an integral operator, Applied Mathematics Letters,
23 (2010), 615-619.

Pescar, V.; Breaz, D.: On an integral operator, Applied Mathematics Letters, 23
(2010), 625-629.



80

Virgil Pescar



