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COEFFICIENT INEQUALITY FOR A GENERALIZED SUBCLASS OF ANALYTIC
FUNCTIONS

Halit ORHAN', Nihat YAGMUR? and Erhan DENIZ3

Abstract
For a(0 <a<1),n(0<n<1),B0<B<1),let HY,(o;3,n) be the class of

normalised functions defined in the unit disk U by
R (L =n)z(DY, f(2)) +nz(DY' f(2)) ~0
(1 =)D} () +nDyHg(2)

where DY’ is a linear multiplier differential operator and g € Pff#(a; B,m) the class
of normalized functions defined in the unit disk &/ by

arg ((1 —n)z(DF,f(2) + (DX f(2)) a)
(1 =)D, f(2) + 0D f(2)

For f € H;\':’#(a; 3,n) and given by f(z) = 2+ a22% +azz®+ ..., a sharp upper bound
is obtained for ‘ag — £a§| when Ax¢ > A? where A; and Ay are given below.

(1)

<38 (2)
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1 Indroduction

Let A denote the family of functions f of the form
oo
f2) =2+ an2" (3)
n=2

which are analytic in the open unit disk & = {z : |z| < 1}. Further, let S denote the class
of functions which are univalent in /. A function f(z) belonging to A is said to be strongly
starlike of order 8 and type « in U, and denoted by S («v; 3) if it satisfies

arg <ZJ{ES) - a)’ < gﬁ (zelU) (4)
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for some a(0 < a < 1) and B(0 < < 1). If f(z) € A satisfies

2f"(2)
f'(2)

for some a(0 < @ < 1) and B(0 < B < 1), then we say that f(z) is strongly convex of
order 3 and type « in U, and we denote by C(«; 3) the class of all such functions.
The linear multiplier differential operator DTM f was defined by the authors in (see

[2])

arg<1+ —a>‘<gﬁ (zel)

DY, f(z) = [f(2)
D5, f(2) = Dauf(z) = 2?(£(2))" + (A= wz(f(2)) + (L= X+ ) f(2)
D3 ,f(z) = Dxu(D},.f(2))

DRLIG) = Day (D3742)

where A > p > 0 and m € Ny = NU {0}.
If f is given by (3) then from the definition of the operator Dy f (z) it is easy to see
that

o
L) = 24 30 (U Qyant X = ) = 1)) an=" )
n=2
It should be remarked that the Dm is a generalization of many other linear operators
considered earlier. In particular, for f € A we have the following:

e DT f(z) = D™f(z) the operator investigated by Salagean (see [4]).

o DY f(2) = DY'f(2) the operator studied by Al-Oboudi (see [3]).
° Dm f(2) the operator firstly considered for 0 < p < A < 1, by Raducanu and Orhan
see [1])

With the help of the differential operator D”fu, we say that a function belonging to A
is said to be in the class P/{”M(a; B,m) if it satisfies

- <<1 ~ )2(D, S () +nz(DY F(2) a)
(L= D} f(z) + Dy f(2)

for some (0 < a < 1), n(0 < np <1), f(0 < f < 1) and for all z € U. Note that
P{,(@:,0) = 5" (a: §) and P g(a: 5,0) = PYy(a: 5. 1) = Ol 7).

For the class S of analytic univalent functions, Fekete-Szego [5] obtained the maximum
value of ‘ag —£ a%‘ when £ isreal. For various functions of S, the upper bound for ’(13 — §a2‘
is investigated by many authors including ([12], [13], [14], [15], [16]).

In this paper we obtained sharp upper bound for ‘ag — £a%‘ when f belonging to the
class of functions defined as follows:

8 (6)

wm
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Definition 1. Let a(0 < o < 1), n(0 < n < 1), 80 < 8 < 1) and f € A. Then
fe H;\”‘M(a;ﬂ,n) if and only if, there exists g € Pf?#(a; B,m) such that

- ((1 —n)z(DX,f(2)) + nZ(DS’”f,flf(Z))’> =0

(1=n)Dy,g9(2) +nDY M g(2) (7)

where g(z) = z + baz? + b3z + .. ..

Note that Hg’#(O; B3,0) = K(f) the class of close-to-convex functions defined in [6],
H f\{ ,(0;1,0) = K(1) is the class of normalized close-to-convex functions defined by Kaplan
[7], and Hgy (@ 8,0) = M(c; B) is the class introduced and studied by Frasin and Darus
8]. H{y(a;B,m) = H(c; 3,m,m) is the class defined and studied by Orhan et al. [9].

2 Main results

In order to derive our main results, we have to recall here the following lemma (see

[10])-

Lemma 1. Let h € P i.e. h be analytic in U and be given by h(z) =1+ c12 + c22% + ...,
and R (h(z)) > 0 for z € U, then

<2-lal ®)

Theorem 1. Let f(z) € HY',(c; B, 1) and be given by (3). Then for0 <a <1,0<n<1,
0 < B <1 and Az > A? we have the sharp inequality

‘a3 _ fa%‘ < 32 [6 (A2§*A%) + « (SA% — QOzA% — 3A2§)] N (3A5€ — QA%)(QQ t1-a)

3A245(1 — )?(2 — «) 3A2A45(1 — )
(9)
where
A = [T+ @M+ A= @)™ [T +n2M\+ A = p)],
Az = [14+2B A+ A= )] [1+2nBA\u+ X — p)].

Proof. Let f(z) € HY, (o; 8,n). 1t follows from (7) that

(1 =MD () + (DY) = [(L =) D0() + 0Dy o) a(z)  (20)
for z € U with ¢ € P given by q(z) = 1+ q12 + q22? + .... Equating coefficients, we obtain
2A1a2 = q1 + Arbe (11)

and
3Aza3 = g2 + A1bagq1 + Azbs. (12)
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Also, it follows from (6) that
(1= m(DF,0(2)) + 02D () — o [(L = m)DR,a(z) +nD ()] (13)
= [ =mDg.g) +uD5 g (2)| (v(2))7

where for z € U, p € P and p(z) = 1 + p1z + p22? + ... Thus equating coefficients, we
obtain

Ai(1 = )by = Bp1 (14)
Aaf2 -t =5 (o + POS TR (15)

From (11), (12), (14) and (15) we have
1 1 2A% — 3A5¢ I&; 1
2 2 1 26 2 2
_ - = (g — = 16
a3 =80y = o (‘h 2‘11> T, T34 a <p2 2191) (16)
[243 — 3A5¢] B N [6A7 + 202 AT + 3adsé— (6426 + 8aAT)] 52
6A2Ay(1—a) MO 124245(1 — a)2(2 — a) .

Assume that a3 — £a3 is positive. Hence we now estimate R (a3 — £a3) , so from (16) and
by using the lemma 1 and letting p; = 2re?, ¢ = 2Re™®, 0<r<1,0< R<1,0<6<2r
and 0 < ¢ < 27, we obtain

2
345R (a3 —€a3) = R <Q2 — ;ﬁ) + W%(Q%) + @ f a)% <p2 — ;ﬁ)
(243 — 3A2¢] B
242(1 — «)
N [6AT 4 207 AT + 3o Aot — (6426 + 8aAT)] B2
4A2(1 — a)?2(2 — )
2A% — 3A9¢

R(p1g1)

R(p1)

26

< _p2 2 2
< 2(1 R)—|— A% Rcos2¢+(2_a)(1 r)
2 [2A7 — 34| B
rRcos (0 + ¢
A2(1 - a) ( )
(647 + 202 A% + 3 As¢— (6426 + 8aA})] B2
+ TEREPEV I r“ cos 20
A1 - a)?(2 - «)
3496 —4A} ,  2[342¢ —2A3)
< R+ rR
A2 A2(1—-a)
(16 (Axe ) o (343 203 —340)] 5 28
A2(1-a)?2(2-a) 2—«
2p
+2 — +2

= W(r,R). (17)
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Letting «, B, n and ¢ fixed and differentiating W(r, R) partially when 0 < a < 1,0 <n <1,
0< B <1and Ax¢ > A% we observe that

U, Upp— (Up)2 = 16B8A7 (20784 20° + 48+ 2 — 4o — Tap)
—12B€ATA; (2028 + 2% + 68 + 2 — 4o — 8a3) < 0.

Therefore, the maximum of ¥(r, R) occurs on the boundaries. Thus the desired inequality
follows by observing that

U(r,R) < ¥(1,1)
3% (6 (A2§—A§2) +a (847 — 20AT — 345¢)]
A (1 —a)?(2 — )

[342¢6 —2A3] 28+ 1 —«)
A1)

, (18)

The equality for (9) is attained when p; = g1 = 2i and py = g2 = —2.
Letting A = 1, u = 0 in the Theorem 1 we get the result given by Orhan et al.[9]:

Corollary 1. Let f € H{'y(c; 8,m) and be given by (3). Then for 0 <a <1,0< 8 <1
and 3™(2n + 1)€ > 4™(n + 1) we have the sharp inequality

‘a3 - f@%|
6% [3™(2n + 1)§ — 4™ (n +1)°]
S 12320+ 1)(n+1)2(1 — )2(2 — «)
af? 223 (n 4+ 1)2 — 22 Hla(n + 1) — 3™ (2 + 1)¢]
12m3(2n + 1)(n + 1)2(1 — 2)2(2 — a)
[37 1 (2n + 1)€ = 22" (n + 1)’] (26 +1 — )
1273(2n + 1)(n+ 1)%(1 — «)

Letting m =a = n = 0 in the Theorem 1 we get the result given by Jahangiri [11]:

Corollary 2. Let f € K(5) and be given by (3). Then for 0 < 3 <1 and £ > 1 we have
the sharp inequality
(26+1)(3¢ - 2)

|ag — €a5| < B*(€ — 1)+ 3 -

Letting m =n = 0 in the Theorem 1 we get the result given by Frasin and Darus [8]:

Corollary 3. Let f € M(a;3) and be given by (8). Then for 0 < a<1,0< <1 and
& > 1 we have the sharp inequality

B2[6(6 —1) + a (8 — 2a — 3¢)] L (2B+1-a)(36—2)
3(1—a)?(2 - a) 3(1 —a) ’

|ag — &a3| <
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Letting A=1, u =0, m =0, n =1 in the Theorem 1 we have

Corollary 4. Let f € H?vo(a;ﬂ, 1) and be given by (3). Then for 0 <a<1,0< <1
and & > 4,/3 we have the sharp inequality

B26(36 —4)+a(32—8a—9¢)]  (28+1—a)(9 —8)
36(1 — a)2(2 — a) 36(1 — ) '

|ag — &a3| <

Letting A =1, p =0, m =0, 7 = 1/2 in the Theorem 1 we have

Corollary 5. Let f(z) € HYy(a;5,1/2) and be given by (3). Then for 0 < a < 1,
0<B<1and€&>9,/8 we have the sharp inequality

B26(8¢ —9) + a (72 — 18a — 248)] (2B + 1 — «)(4¢ — 3)
51— )22 —a) * o1 —a)

|ag — &a3| <

Letting A=1, u =0, m =1, 7 =1 in the Theorem 1 we have

Corollary 6. Let [ € Hll,o(a;ﬁ, 1) and be given by (3). Then for0 <a<1,0< <1
and £ > 16,9 we have the sharp inequality

B216(9¢ — 16) + a (128 — 32a — 27¢)] (28 + 1 — @) (27¢ — 32)

2
’CLS - 5“2‘ < 432(1 — a)2(2 — ) 432(1 — «)

Letting A =1, u =0, m =1, n =1/2 in the Theorem1 we have

Corollary 7. Let f € Hlljo(a;ﬁ, 1/2) and be given by (3). Then for 0 <a<1,0< <1
and £ > 3,2 we have the sharp inequality

F-3)+ad-a—¢ L @B+1-a)(€-1)
91— a)?(2— ) 9(1 — «) ’

|ag — €a3| <

Letting A\=1, u =1, m =1, 7 =1 in the Theorem1 we have

Corollary 8. Let f € Hllvl(a;ﬂ, 1) and be given by (3). Then for 0 <a<1,0< <1
and & > 81,749 we have the sharp inequality

§°[6(49¢ — 81) + o (648 — 1620 — 147¢)] | (26+1—)(147¢ — 162)

2
—¢a3| <
a5 — €a3 11907(1 — )2(2 — a) 11907(1 — @)
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