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BRASS-DURRMEYER TYPE OPERATORS
Bucurel MINEA'!

Abstract

We introduce the Durrmeyer variant of the Brass operators. We prove the property
of polynomial degree preservation and, finally, give conditions for uniform approxima-
tion of continuous functions.
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1 Indroduction
Firstly, let us recall the extension of the Bernstein operators made by H. Brass.

If P, : C[0,1] — C0,1] and @y, : C[0,1] — C[0,1], n,m € N are two linear operators
with equidistant knots, of the form:

and

where py,; € C[0,1], (0 < i < n), gn; € C[0,1], (0 < j < m), then their convolution
product is defined by

where

Tndm,i = g Pn,jdm,i—j-
Jj=0
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Here we consider p,, ; := 0 =: ¢, ; if ¢ > n and j > m. Now let

Anuvngzf<;)qmm )

where ¢n0(z) = 1 — 2, ¢gun(z) = 2 and for the remaining indices the functions g, ; are
Z€ero.

A fundamental Brass operator can be defined as follows. Denote Ny = N U {0}.
For any n € N define the set A,, of vectors p = (pu1, ..., ttn) € (Np)", which satisfies the
condition p1 + 2us + ... + nuy = n. The vectors u € A, are named ”admissible” vectors.

For any admissible vector pu = (u1,..., tn) € An, n € N, we name a fundamental
Brass operator, [1], the following operator:

HY = © O A (2)

Notice that for the choice p = (n,0,...,0) we obtain the Bernstein operator B,,. Then a
general Brass operator is defined as a convex combination of the fundamental Brass
operators:
L= a(wH, (3)
HEAR
where a(p) > 0, for pp € Ap and 3 cp a(p) = 1.

Mention that the main properties of the general Brass operators are immediate con-
sequences of the same properties of the fundamentals Brass operators. So that we can
restrict ourseves only to the fundamental Brass operators.

A generalization of the fundamental Brass operators was given in R, Paltanea [2] in
the following mode. For m € N set

Dy, = {r = (t1, tm) ER™:t; >0,Vi = 1,m,2ti = 1} .
=1

For any integers 0 < k < m define 0, x(x) := 2* (1 — x)m_k. Also, for a set A, we will use
the notation |A| for the number of elements of the set A.
Now, for any vector 7 = (t1,...,ty) € D, define the operator

LT(f, :L') = Z Z f (til + ...+ tik) Hm,k(x)

k=01<i;<...<ip<m
= > f (Z tz‘) O 11 (2)- (4)
Ic{1,...m} iel

Notice that for the choice m = n and 7 = (%, . %) we obtain the Bernstein operator B,,.

We shall now use the following result given in [2], Lemma 5.1.1:

Lemma 1. For every admissible vector = (p1, ..., pin) € Ay, there is a vector 7 € Dy,
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with m = py + ...+ in, such that HY = L.. More over T is unique excepting a permutation
of the components and has ux components equal to %, for each k =1,n.

From this result it follows that the Brass operators H), admit an alternative represen-
tation of the form (4), where the components t; are precised in Lemma 1.

2 Main results

Fix m € Nand 7 = (t1,...,tm) € Dy, such that there is a number n € N for which we
can write t; = =, with r; € N, for 1 <4 < m. We introduce a Brass-Durrmeyer type

operator, assigned to the vector 7, as the operator U, : C[0, 1] — C]0, 1], given by:

1
3 f@)bn s i (t)dt
UT (f,l‘) = em I (IE) fO ( ) ’ZJEI J( )
’l | 1
[C{lv'--vm} fO 0”72]-6[ rj (t)dt

u Jo F@®bns o ()t
=N nilz) Y T jel . (5)
=0 IC{l,...;m} fO gn’zjel Ty (t)dt
|I|=i

We are interested in computing the moments of the operator U,. Obviously, U; (eg,z) =
1. Using the Beta function, denoted by B, we have succesively

m s (t)dt
Ur(e1,z) = Zﬁm,(w) Z fo 2l

i=0 I1c{1,..,m} fo ijem( )dt
|T|=i
m B(Zjel’l“j—l—Q,n—ZjeITj—i-l)
= 2 Oni@) >
=0 1c{t,...m} B (Zje[ ritln—=3 e+ 1)
[1|=i
m Yoiegri+1
_ , cgel’d T
= Z O, i() Z e
=0 Ic{1,.
|]\—z

Ic{1,...m}|I|=:i jel

: i o)

— Z rj H{I c {1,.. m}||[|=iandj€]}|+<7?>

=0

n Ui m
B 229’ <11> 12

=1

B SF m-1\, 1 a1
- 2” Om“ i nt2 n+2  nt2

1=
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We prove now the central result of our paper. Denote by 1 the set of polynomials of
degree at most k.

Theorem 1. We have U, (Ily) C I ,Vk = 1,m. More exactly, for each k = 1,m, we
have

U; (eg,x) =
=10 PONND RS S S S
; o Al—p ; 77T .
(n+k+ 1 c=0 | p=c1<ii<..<ip_,<k Propm>0  PLoPm
p1t...+Pm=p
[{p1,-...pm }NN|=c
Proof. Let us compute:
m [ 40 (t)dt
0" U iermi
Ur(eg,z) = Zﬁm’i(:c) Z B
=0 Ic{1,...m} fO ”Z]ef TJ( )dt
[I|=i
m B(ZjelTj—i-k—i-l,n—zjelTj—i-l)
= 2 fnil®)
i=0 Ic{1,...,m} B(Zjeﬂﬂj+1an*2je]rj+1)
D
ig ( ) Z (Zjelrj—i_k)"' (Zje]rj—i_l)
= m,i\T
pr () (n+k+1)...(n+2)
\I|=i

1)
- nZZJrl'Zem S k] Do+

Ic{1,..m} \jel J€eI

[T]=i

We shall now use the relations

k
(a+k)...(a+1) :Z Z Z'lu-ik—p -a?

p=0 \1<i1<..<ip_p<k

and
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to obtain

Uy (ex,z) = uzemi(w) Z
0

n+k+1)! 4 o4
( ) = I:{le"-v]i}c{lﬂ“'vm}
k p‘
; ; T G
p=0 \1<i1<..<ip_p<k q1,--,4;i>0
q1+...+q;=p

Note that, for any I = {jl, ..., iy < {1,...,m} and for any qi,... ,ql € Ny, such that

q1+...+q; = p, the product rj r;h can be ertten in the form r{* ... 7", where p; = 0,

if j ¢ I and p; = gs, if there is s € {1,...,4}, such that j = js.
Denote

Ok—p = E il---ikfp-
1< <. <ig_p<k
Then we can rewrite

m

(n+1)! p! m o

Urlen2) = gz Z_ Z* D D LA R
- B p}ﬁmf;nzfop
P1T...TPm=

I {1, ... m}||1\:z'andpjzl = jeLVj=1m}|

m

o z TR
= Tk~ PZ > L1 Tm
(n+k+1)! e SN
p1+...+Pm=p

[{p1,-...pm }NN|=c
I c{1,... m}||]|:iandpj>1 = jeIvj=Tm}

1 - !
mz ZUMZ D T

| |
—0 P1o >0 P1:---Pm:

p1t...+pm=p
{p1,--spm }NN|=c

n+1)! !
- +k+1lz Za’f -p Z 'p e |
c= propm>0  PLiPm
p1+...+pm=p

{p1,....pm }ON|=c

We obtain the following useful:
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Corollary 1.

1

Urler®) = 0 gt

m
2+ 3n+2rj2 cx+ |2 Z riri | -2t . (6)
j=1

1<j1<j2<m

Finally, we deduce the conditions for uniform approximation of continuos functions,
using sequences of Brass-Durrmeyer type operators U;.

Theorem 2. Let 7(n) = (t1(n), ..., tm, (n)) € Dy,,,,n € N. If condition
Zt?(n) =o(1), n = oo, (7)
j=1

holds, then Us(,(f,x) converges uniformly to f(z) on interval [0,1], as n — oo, for each

feco1l.

Proof. We have Uy, (e0) = eo. Also, from Uriyy(e1) = 45 - e1 + n%ﬂ - eg we obtain
immediately that U, ,)(e1) converges uniformly to e; on [0, 1] when n — oco.
We have

mMn 2 Mn mMn
>t = (Z W) S NAGIEE (1 - Zt%@)) .
=1 =1 =1

1<y <ig<mn

Then, from (7) it follows

3 mmmdm:%+dnﬂ%+m. (8)

1< <ip<min

Since t;(n) = %n), then from relations (7), (8) and (6) we deduce that U, (,)(e2)
converges uniformly to ez on [0,1] when n — oo. Hence we can apply the theorem of

Korovkin. O
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