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ON THE INDICATRIX OF A COMPLEX CARTAN SPACE

Cristian IDA!

Abstract

In this paper we study the geometry of the complex indicatrix of a complex Car-
tan space. We prove that the intrinsec Chern-Cartan complex nonlinear connection
of the indicatrix coincides with the induced Chern-Cartan complex nonlinear connec-
tion. Also, the induced Chern-Cartan linear connection on the complexified bundle
Tc(S*M) of the complex indicatrix is studied and the existence of an almost hermitian
contact structure is proved. The notions are introduced in similar manner with the
corresponding results from complex Finsler geometry, see [7, 8].
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1 Preliminaries

Let us begin our study with a short review of complex Cartan geometry and set up
the basic notions and terminology. For more, see Ch. 6 from [5].

Let M be an arbitrary n -dimensional complex manifold. Consider the holomorphic
cotangent bundle T'*M together with the canonical projection 7 : T'*M — M. Let
(U, (2%)), k = 1,...,n be a local chart on M. It is well known that this chart induces
canonically another one on T'*M of the form (7~ *(U), (¥, (1)), k = 1,...,n, where ((x)
should be regarded as the components of a point { € TZI*M with respect to the canonical
base {dz*}, where (2¥) are here regarded as the corresponding holomorphic coordinate
functions on U. We call (7~1(U), (2¥,¢)) a local canonical coordinate system on T"* M.
If (r=1(U"), (2'*,¢;,)) is an another local chart on T"*M then the transition laws of these
coordinates are

’ 82‘7 827

P zlk(z), (= ﬁgj, rank(ﬁ) =n. (1)

We can define locally, the canonical differential 1-form of Liouville type on T'*M by

w1y = Gd2? + pdzt =0 + W (2)
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Relations (1) guarantee that we have defined globally the canonical differential Liouville
1-form w on T™*M. Also, we define the canonical differential 2-form Q = dw = (d + d’ )w
on T"*M which is clearly closed and nondegenerated. Locally, we have

Q1) = dz" N d¢e + dzF A dC,. (3)

A complex Cartan space is a pair (M, C'), where C : T*M — R, U{0} is a continuous
function satisfying the conditions:

(i) H := C? is smooth on Ty*M := T"*M — {zero section};

(ii

)

) C(z,¢) >0, the equality holds if and only if { = 0;

(iii) C(z,A) = |\|C(z,() for any A € C, the homogeneity condition;
)

(iv) the hermitian matrix (h%(z,()) is positive definite, where hJ* = ?28% is the funda-
mental metric tensor. ’
Consequently, by (iii), we have
OH - Ohit OhIt_
—H, (=2 (=0, H=n' 1
o R B 6, ¢y

see, also Proposition 6.5.1. from [5].

The geometry of a complex Cartan space consist in the study of the geometric objects
of complex manifold 7"*M endowed with a hermitian metric structure defined by h7%. In
this sense, the first step is the study of sections of the complexified tangent bundle of
T'"*M which is decomposed into the direct sum Te(T*M) = T (T*M) ® T"(T*M). Let
V'(T"*M) = ker(dn) be the vertical bundle, locally spanned by {72} and let V"' (T"* M) =
span{%} be its conjugate.

A complex nonlinear connection, briefly c.n.c., on T*M is given by a supplementary
complex subbundle to V' (T"*M) in T (T"*M), i.e. T (T"*M) = H (T"*M) & V' (T"*M).
The horizontal bundle H' (T"* M) is locally spanned by 5%’6 = a%k"’_Njka%jv where Nj(z, ()
are the coefficients of the c.n.c., which obey a certain rule of change at the charts changes

8 6 az] 6 9zF 9
such that 7% = 5% 5 07 00"

. Obiously, we also have that 8% = The pair

-k
{0k = %, 0 = ai} will be called the adapted frame of the c.n.c. By conjugation an

adapted frame {07, 0 } is obtained on T (T'*M). The dual adapted bases are given by
{dz", 8¢, = d, — Niyd2? | dz" | 6C) = dy, — Nyzd#'}.

A c.n.c. related only to the fundamental function of the complex Cartan space (M, H)
is the Chern-Cartan c.n.c., (see [5]), locally given by

cc o™
N]k: _h]m a k Cla (5)
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where (hj) denotes the inverse of (h).
Let us consider the Sasaki type lift of the metric tensor h/?, locally given by

G = hzdz' © dz’ + h''0¢; © 6C;. (6)

On the sections of Te(T"* M) bundle two almost complex structures act. One is the natural

* /
complex structure J on the complex manifold 7"*M, given by

Jo0 =0 5@ =id" 7o) = ity T ) =i 8
where Oy = %. With respect to the adapted frames of a c.n.c. it is given by

The second almost complex structure is

F (6k) =0k, F (Ok) = =0y, F (65) =0, F (95) = =67,

where 9r= hk} g = aick and 5E: h].E g = %. A direct calculation shows that

GFX,FY)=G(X,Y),VX,Y € X(T,* M), (7)

where X (Tj* M) denotes the F(M)-module of complex vector fields on Tj* M.
At the end of this introductory section we recall that a hermitian connection D of (1,

0) type, which satisfies in addition D}XY :} DxY, for all horizontal vectors X, is the

so called Chern-Cartan linear connection, which is locally given by the following set of
coefficients

cc . cc e . co oo
= —hjmor(h™), C;’f: —hjm & (™), H;k:c§k: 0, (8)
cc oo cc i S cc cc .
where D5, 9; :ij 0 Da.ka :Cj d etc. (see [5]). Of course, DxY =D~ Y is

cc cc
performed. Also, by (4) it follows that C;k Cr :C}k ¢ =0.

2 On the geometry of the indicatrix bundle of a complex
Cartan space

Let us consider dim¢ M = n+1 and (2*,(3), k = 1,...,n+1 the complex coordinates
on the manifold 7" M.

We consider S*M = {¢ € T.*M /H(z,() = 1} the indicatrix at z of a complex
Cartan space (M,C) and p : S*M — M the indicatrix bundle, where S*M = U,S;M (or
according to [9] the unit cotangent bundle).
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S*M C T, (;*M is a holomorphic subbundle and as a complex manifold S*M is compact
and strictly connected in 0 hypersurface of T(;*M i S*M — T(;*M is the inclusion map
and (Z%,w,), @ = 1,...,n is a parametric representation of the indicatrix hypersurface,
then we have the following local representation

7 = 2% ¢ = BY(2)wa , rank(BY) = n. 9)
On T (S*M), we have

D0 90
ozk 92k

« _ pa 0
jkwaaig“j’ o Bj, e’ (10)

where Bj, = %7,7?. The dual frames are connected by
dzF = dz¥ | A = BRjwad? + By dw,. (11)

The vertical distribution V' (S*M) spanned by {éa: %} is a subdistribution of
V' (T™*M). On the indicatrix S*M we have H(Z*, G(w) =
respect to d" it results that B?%sz + hjiBiO‘Zj =0, foir any o = 1,...,n. In account
of (4) homogeneity conditions %LCJI:Q = 0 it follows that h/'BC; = 0, /which say that the
Liouville vector field I' = Ck% is normal to the vertical distribution V' (S*M). Moreover,
I' is one unitary vector since G(I',I') = 1 on the indicatrix.

. -k -k /

Let us consider the inverse R = {8a: By o ,I'=¢(, 0 }along V (S*M) and R~ =

{B* (¢*} the inverse matrices of this frame, where (¥ = hjkzj, that is

1 and by derivation with

BEBY =68, B¢, =0, BE¢F =0, B¢BL + .00 =60, ¢ = 1. (12)

The fundamental function H(Z,w) = H(z,((w)) of the complex Cartan space defines
a metric tensor on the indicatrix S*M, namely hBe = B;*thgj , where BEE = Eg It is
easy to check that h of = h jEBgth is the inverse of K% and h iE= B?thaﬁ +¢;Cp- Also,
on the indicatrix, from ¢¥¢;, = 1 it follows that w®w, = 1, where w® = hﬁawg.

On T/(S*M) we consider the local frame {gk = 5k + Nok Ba, 8a} where 5k = % and

its dual frame {glvzk = dZF, Swe = dwe — Nakgzk}, where gfoék will be called the coefficients
of the induced c.n.c. iff Sw, = BX6C, that is dw, — Najdgj = B¢, — Nkjdzj) and
therefore in view of (11) it satisfies

Noj = BE(Nij — By wp). (13)

ccC ccC onBY
Let be Ni; be the Chern-Cartan c.n.c. from (5) and Noj= —h, 5% wy. Then, we
have

cc cC
Proposition 1. The induced c.n.c. by the Chern-Cartan c.n.c. Ny; coincides with Ny;.
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Proof. Using (10) and (12) a straightforward calculation leads to

cc OhP O2H o ([ _50H
Na' = N a3——F=<- =N s~ ~— — — e lvery BE—
J ho‘ﬁ oz of 9z 0wg ho‘ﬁ 077 ( kac k)
— 82H _
— _BP 2 Kl
= —h,sB . <8zj8§ +Bljw7h )
2 _
= Dy BmeBﬁ< oH +By.w,yh’fl>
0210(,, J
o 0°H %
= —hppB™(62 — (.C° < _|_ B hkl>
m 82 82 Il v
cc ¢e
= BY(Nmj —B%jwv) =Nayj,
where we used B]'(;, = 0. O

Also, we have gk = 5k + Nok o = 5k + NakB;?‘ éj: O + (B;-’kwa + ]vakB]Q‘) éj and by
using (12) and (13), it follows

5k =0, + Ho ', a = Bk —Ck (14)

where Hoy, = (Bhiws — Nii ).
Further, let us consider the dual induced coframes {dzk = dZ*, Swa = dwe — Napdz® }.

The induced frame and coframe on the whole T¢(S*M) and the induced metric structure
are obtained by conjugation anywhere

G = hﬁc’ivz" ® d7 + hP6w, @ dwg, (15)

where h7*(Z, ((w)) is the metric tensor of the space along the points of the indicatrix and
(h;7) denotes its inverse.

Now, let us proceed to find the induced Chern-Cartan linear connection. For this
purpose, we consider the Gauss-Weingarten equations of the hypersurface S*M with re-
spect to the Chern-Cartan linear connection. Consider for any X € I'(T¢(S*M)) and
Y € I'(Ve(S*M)) the decomposition

DxY = DxY + H(X,Y), (16)

where DxY € D(Ve(S*M)) is the tangential component and H(X,Y) is the normal com-
ponent.
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cc , cc oo oceo
Let nga :Hgka and D 8v8 20578 . Since D preserves the distributions and

V' (S*M) is spanned by o= By 8k and V'L (S*M) is spanned by I, then we have

cC cc

. ~ i ~ i cc i
D3 = D (B]9)=0(B))d +B] Dsinyrd
cc

cc .
= {Bj, + B} H), +B]Ho( C]'} &'
cc

and taking into account the homogeneity condition (; Cij '~0ofa complex Cartan metric

it results
cc ccC

HY = B.(B), + B} H},). (17)

o occo oo CO
Similarly, we find C&'= B} B} Bi, C{* and H” =C{7=0.

cc . .
For the normal component we have G( D xd, I) = G(H(X, 8a), I') and furthermore
if we take X to be a vector of the adapted frames {4y, d;}, it easily follows that

cc
Hy = B¢ + B H}, ¢', HY = 0. (18)
If Xis 85 or 35, then the fundamental form will be
cc

H® = BeB] ¢ ¢F, HoP =0, (19)

Now, following the general setting from the geometry of hypersurface [3], [6], a linear
connection D induces a normal connection D and let ArX := A(X) € V'(S*M) be the
shape operator. Then, we have

DxT = —ApX + DxT. (20)

By G(DxT, ak) = -G(A(X), 8k), where X is taken to be one of the vectors dy,, 5E7 8’6

or Bﬂ, we obtain

ccC _
Ao = —Bi(Nju+ G Hy), Az, =0, A = =68, AS = 0. (21)
By direct calculations we get the normal components of the Chern-Cartan linear con-
nection, namely

cc cc cc ) cc
D T=Hyl,Df T=0,D5 T =-B¢T, DL T =0. (22)
k 3 0 J o
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3 An almost hermitian contact structure on the indicatrix

Let i, : Tc(S*M) — Te(T™*M) be the extension of the tangent inclusion map to the
complexified bundles. As in the case when (M, F') is a complex Finsler space (see [7]), it

results a unique vector field £ € I'(T¢(S*M)) such that F (ix§) = T'. By the fact that

I € V'5(S*M) it follows that & € D(T" (S*M)) and applying F to the above formula, we

have
*

0(§) = = F (1) = =C" F (d) = {0 = () (5 — HggD). (23)
Taking the tangential component, it follows that & = Zk(w)SE By conjugation we
obtain its expression to T (S*M), namely & = (¥ (w)dy, + Ek(w)gg
Now, separating the tangential and normal components of F (1xX) = 1, P(X) +n(X)T,
by applying again ;’, it results

—i(X) = 1. 83(X) + n(B(X))T — n(X)int. (24)
Because ® is a (1,1)-complex tensor on S*M and I" ¢ X' (S*M) we conclude that
PP=_T4+nRE,nod=0,P0=0. (25)

On the other hand, by G(i.®(X),T') = 0 it follows that n(X) = G(]j; (X),T') and
taking X to be either gE or & we obtain n(X) =w"(X) for any X € T'(T"(S*M)), where
w" = (,dz". By conjugation it results n(X) = n(X) = w'(X) the action of n on Zi(S*M),
where w' = (dz". Thus, on Tc(S*M) the contact form is n = Ce(w)dz* 4 ¢ (w)dzF. Tt is
obvious that 7(§) = 1 on T (S*M). Now, by definitions of G and G structures, we obtain

G(PX,0Y) = G(X,Y) — n(X)n(Y) (26)
that mean (G, ®,¢,7) is an almost hermitian contact structure on Te(S*M).

Finally, let us obtain the explicit action of the ® tensor under the adapted frames.
Using i,0, = 6, + HorI' and ék: BE & —C*T, from i+ P(X) =F (i, X) —n(X)T by direct
calculations, one gets

R 7@ Sl = =
1,06k = by BL 9" —HoiC 0 + (HoxC Hyg — G)T — GT

Because ® is the tangential component of 7, ®, it follows that
®3), = hyzBL 9" —HoiC 0y,
Similarly, we deduce
b o= —hEkB,‘j%, (I)gE — hjEBg[ 5 —H@Clgl, 3y = —hijggj
and, so
- . ~ —l~ ~ .o ~
® = hyzBLo @dt — Hul o @ d2F + hgBl 9" @dz* —
Hy('6, ® dzF — W* B> @ dwe — W BZ5; @ 0@,
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