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ON THE INDICATRIX OF A COMPLEX CARTAN SPACE

Cristian IDA1

Abstract

In this paper we study the geometry of the complex indicatrix of a complex Car-
tan space. We prove that the intrinsec Chern-Cartan complex nonlinear connection
of the indicatrix coincides with the induced Chern-Cartan complex nonlinear connec-
tion. Also, the induced Chern-Cartan linear connection on the complexified bundle
TC(S?M) of the complex indicatrix is studied and the existence of an almost hermitian
contact structure is proved. The notions are introduced in similar manner with the
corresponding results from complex Finsler geometry, see [7, 8].
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1 Preliminaries

Let us begin our study with a short review of complex Cartan geometry and set up
the basic notions and terminology. For more, see Ch. 6 from [5].

Let M be an arbitrary n -dimensional complex manifold. Consider the holomorphic
cotangent bundle T

′∗M together with the canonical projection π : T
′∗M → M . Let

(U, (zk)), k = 1, ..., n be a local chart on M . It is well known that this chart induces
canonically another one on T

′∗M of the form (π−1(U), (zk, ζk)), k = 1, ..., n, where (ζk)
should be regarded as the components of a point ζ ∈ T

′∗
z M with respect to the canonical

base {dzk}, where (zk) are here regarded as the corresponding holomorphic coordinate
functions on U . We call (π−1(U), (zk, ζk)) a local canonical coordinate system on T

′∗M .
If (π−1(U

′
), (z

′k, ζ
′
k)) is an another local chart on T

′∗M then the transition laws of these
coordinates are

z
′k = z

′k(z) , ζ
′
k =

∂zj

∂z′k
ζj , rank(

∂zj

∂z′k
) = n. (1)

We can define locally, the canonical differential 1-form of Liouville type on T
′∗M by

ω|π−1(U) = ζkdzk + ζkdzk =: ω
′
+ ω

′′
. (2)
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Relations (1) guarantee that we have defined globally the canonical differential Liouville
1-form ω on T

′∗M . Also, we define the canonical differential 2-form Ω = dω = (d
′
+ d

′′
)ω

on T
′∗M which is clearly closed and nondegenerated. Locally, we have

Ω|π−1(U) = dzk ∧ dζk + dzk ∧ dζk. (3)

A complex Cartan space is a pair (M,C), where C : T
′∗M → R+∪{0} is a continuous

function satisfying the conditions:

(i) H := C2 is smooth on T
′∗
0 M := T

′∗M − {zero section};

(ii) C(z, ζ) ≥ 0, the equality holds if and only if ζ = 0;

(iii) C(z, λζ) = |λ|C(z, ζ) for any λ ∈ C, the homogeneity condition;

(iv) the hermitian matrix (hji(z, ζ)) is positive definite, where hji = ∂2H
∂ζi∂ζj

is the funda-

mental metric tensor.

Consequently, by (iii), we have

∂H

∂ζk
ζk =

∂H

∂ζk

ζk = H ,
∂hji

∂ζk
ζk =

∂hji

∂ζk

ζk = 0 , H = hjiζiζj (4)

see, also Proposition 6.5.1. from [5].
The geometry of a complex Cartan space consist in the study of the geometric objects

of complex manifold T
′?M endowed with a hermitian metric structure defined by hji. In

this sense, the first step is the study of sections of the complexified tangent bundle of
T

′∗M which is decomposed into the direct sum TC(T
′∗M) = T

′
(T

′∗M)⊕ T
′′
(T

′∗M). Let
V

′
(T

′∗M) = ker(dπ) be the vertical bundle, locally spanned by { ∂
∂ζk
} and let V

′′
(T

′∗M) =
span{ ∂

∂ζk
} be its conjugate.

A complex nonlinear connection, briefly c.n.c., on T
′∗M is given by a supplementary

complex subbundle to V
′
(T

′∗M) in T
′
(T

′∗M), i.e. T
′
(T

′∗M) = H
′
(T

′∗M) ⊕ V
′
(T

′∗M).
The horizontal bundle H

′
(T

′∗M) is locally spanned by δ
δzk = ∂

∂zk +Njk
∂

∂ζj
, where Njk(z, ζ)

are the coefficients of the c.n.c., which obey a certain rule of change at the charts changes
such that δ

δzk = ∂z
′j

∂zk
δ

δz′j
performs. Obiously, we also have that ∂

∂ζk
= ∂zk

∂z′j
∂

∂ζ
′
j

. The pair

{δk := δ
δzk ,

.
∂

k
:= ∂

∂ζk
} will be called the adapted frame of the c.n.c. By conjugation an

adapted frame {δk ,
.
∂

k
} is obtained on T

′′
(T

′∗M). The dual adapted bases are given by

{dzk , δζk = dζk −Nkjdzj , dzk , δζk = dζk −Nk jdzj}.

A c.n.c. related only to the fundamental function of the complex Cartan space (M,H)
is the Chern-Cartan c.n.c., (see [5]), locally given by

CC
Njk= −hjm

∂hml

∂zk
ζl, (5)
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where (hjm) denotes the inverse of (hmj).
Let us consider the Sasaki type lift of the metric tensor hji, locally given by

G = hijdzi ⊗ dzj + hjiδζi ⊗ δζj . (6)

On the sections of TC(T
′∗M) bundle two almost complex structures act. One is the natural

complex structure
∗
J on the complex manifold T

′∗M , given by

∗
J (∂k) = i∂k ,

∗
J (

.
∂

k
) = i

.
∂

k
,
∗
J (∂k) = −i∂k ,

∗
J (

.
∂

k
) = −i

.
∂

k
,

where ∂k = ∂
∂zk . With respect to the adapted frames of a c.n.c. it is given by

∗
J (δk) = iδk ,

∗
J (

.
∂

k
) = i

.
∂

k
,
∗
J (δk) = −iδk ,

∗
J (

.
∂

k
) = −i

.
∂

k
.

The second almost complex structure is

∗
F (δk) =

.
∂k ,

∗
F (

.
∂k) = −δk, ,

∗
F (δk) =

.
∂k ,

∗
F (

.
∂k) = −δk,

where
.
∂k= hkj

.
∂

j
:= ∂

∂ζk and
.
∂k= hjk

.
∂

j
:= ∂

∂ζ
k . A direct calculation shows that

G(
∗
F X,

∗
F Y ) = G(X, Y ), ∀X, Y ∈ X (T

′∗
0 M), (7)

where X (T
′∗
0 M) denotes the F (M)-module of complex vector fields on T

′∗
0 M .

At the end of this introductory section we recall that a hermitian connection D of (1,

0) type, which satisfies in addition D ∗
JX

Y =
∗
J DXY , for all horizontal vectors X, is the

so called Chern-Cartan linear connection, which is locally given by the following set of
coefficients

CC

H i
jk= −hjmδk(hmi) ,

CC

Cik
j = −hjm

.
∂

k
(hmi) ,

CC

H i
jk

=
CC

Cik
j

= 0, (8)

where
CC
D δk

δj =
CC

H i
jk δi ,

CC
D .

∂
k

.
∂

i
=

CC

Cik
j

.
∂

j
etc. (see [5]). Of course,

CC
D X Y =

CC
D X Y is

performed. Also, by (4) it follows that
CC

Cik
j ζk =

CC

Cik
j ζi = 0.

2 On the geometry of the indicatrix bundle of a complex
Cartan space

Let us consider dimC M = n+1 and (zk, ζk), k = 1, . . . , n+1 the complex coordinates
on the manifold T

′∗M .
We consider S∗zM = {ζ ∈ T

′∗
z M / H(z, ζ) = 1} the indicatrix at z of a complex

Cartan space (M,C) and p : S∗M → M the indicatrix bundle, where S∗M = ∪zS
∗
zM (or

according to [9] the unit cotangent bundle).
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S∗M ⊂ T
′∗
0 M is a holomorphic subbundle and as a complex manifold S∗M is compact

and strictly connected in 0 hypersurface of T
′∗
0 M . If i : S∗M → T

′∗
0 M is the inclusion map

and (z̃k, ωα), α = 1, . . . , n is a parametric representation of the indicatrix hypersurface,
then we have the following local representation

z̃k = zk , ζk = Bα
k (z)ωα , rank(Bα

k ) = n. (9)

On T
′
(S∗M), we have

∂

∂z̃k
=

∂

∂zk
+ Bα

jkωα
∂

∂ζj
,

∂

∂ωα
= Bα

k

∂

∂ζk
, (10)

where Bα
jk =

∂Bα
j

∂zk . The dual frames are connected by

dzk = dz̃k , dζk = Bα
kjωαdz̃j + Bα

k dωα. (11)

The vertical distribution V
′
(S∗M) spanned by {

.
∂

α
= ∂

∂ωα
} is a subdistribution of

V
′
(T

′∗M). On the indicatrix S∗M we have H(z̃k, ζk(ω)) = 1 and by derivation with
respect to

.
∂

α
it results that Bα

k
∂hji

∂ζk
ζiζj + hjiBα

i ζj = 0, for any α = 1, . . . , n. In account

of (4) homogeneity conditions ∂hji

∂ζk
ζi = 0 it follows that hjiBα

i ζj = 0, which say that the
Liouville vector field Γ = ζk

∂
∂ζk

is normal to the vertical distribution V
′
(S∗M). Moreover,

Γ is one unitary vector since G(Γ,Γ) = 1 on the indicatrix.

Let us consider the inverse R = {
.
∂

α
= Bα

k

.
∂

k
, Γ = ζk

.
∂

k
} along V

′
(S∗M) and R−1 =

{Bk
α, ζk} the inverse matrices of this frame, where ζk = hjkζj , that is

Bk
αBβ

k = δβ
α , Bk

αζk = 0 , Bα
k ζk = 0 , Bα

k Bj
α + ζkζ

j = δj
k , ζkζk = 1. (12)

The fundamental function H̃(z̃, ω) = H(z, ζ(ω)) of the complex Cartan space defines

a metric tensor on the indicatrix S∗M , namely hβα = Bα
j Bβ

k
hkj , where Bβ

k
= Bβ

k . It is

easy to check that hαβ = hjkB
j
αBk

β
is the inverse of hβα and hjk = Bα

j Bβ

k
hαβ + ζjζk. Also,

on the indicatrix, from ζkζk = 1 it follows that ωαωα = 1, where ωα = hβαωβ .
On T

′
(S∗M) we consider the local frame {δ̃k = ∂̃k + Ñαk

.
∂

α
,

.
∂

α
} where ∂̃k = ∂

∂z̃k and
its dual frame {d̃zk = dz̃k, δωα = dωα− Ñαkd̃zk}, where Ñαk will be called the coefficients
of the induced c.n.c. iff δωα = Bk

αδζk, that is dωα − Ñαjdz̃j = Bk
α(dζk − Nkjdzj) and

therefore in view of (11) it satisfies

Ñαj = Bk
α(Nkj −Bβ

kjωβ). (13)

Let be
CC
Nkj be the Chern-Cartan c.n.c. from (5) and

CC
Nαj= −hαβ

∂hβγ

∂z̃j ωγ . Then, we
have

Proposition 1. The induced c.n.c. by the Chern-Cartan c.n.c.
CC
Nkj coincides with

CC
Nαj.
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Proof. Using (10) and (12) a straightforward calculation leads to

CC
Nαj = −hαβ

∂hβγ

∂z̃j
ωγ = −hαβ

∂2H̃

∂z̃j∂ωβ
= −hαβ

∂

∂z̃j

(
Bβ

k

∂H̃

∂ζk

)

= −hαβBβ

k

(
∂2H

∂zj∂ζk

+ Bγ
ljωγhkl

)
= −hmpB

m
α Bp

β
Bβ

k

(
∂2H

∂zj∂ζk

+ Bγ
ljωγhkl

)
= −hmpB

m
α (δp

k
− ζkζ

p)
(

∂2H

∂zj∂ζk

+ Bγ
ljωγhkl

)
= −Bm

α (hmp
∂2H

∂zj∂ζp

+ Bγ
mjωγ − ζkζm

∂2H

∂zj∂ζk

− ζmζ lBγ
ljωγ)

= Bm
α (

CC
Nmj −Bγ

mjωγ) =
CC

Ñαj ,

where we used Bm
α ζm = 0.

Also, we have δ̃k = ∂̃k + Ñαk

.
∂

α
= ∂̃k + ÑαkB

α
j

.
∂

j
= ∂k + (Bα

jkωα + ÑαkB
α
j )

.
∂

j
and by

using (12) and (13), it follows

δ̃k = δk + H0kΓ ,
.
∂

k
= Bk

α

.
∂

α
−ζkΓ, (14)

where H0k = (Bβ
lkωβ −Nlk)ζ l.

Further, let us consider the dual induced coframes {d̃zk = dz̃k, δωα = dωα − Ñαkd̃zk}.
The induced frame and coframe on the whole TC(S∗M) and the induced metric structure
are obtained by conjugation anywhere

G̃ = hij d̃zi ⊗ d̃zj + hβαδωα ⊗ δωβ , (15)

where hji(z̃, ζ(ω)) is the metric tensor of the space along the points of the indicatrix and
(hij) denotes its inverse.

Now, let us proceed to find the induced Chern-Cartan linear connection. For this
purpose, we consider the Gauss-Weingarten equations of the hypersurface S∗M with re-
spect to the Chern-Cartan linear connection. Consider for any X ∈ Γ(TC(S∗M)) and
Y ∈ Γ(VC(S∗M)) the decomposition

DXY = D̃XY + H(X, Y ), (16)

where D̃XY ∈ Γ(VC(S∗M)) is the tangential component and H(X, Y ) is the normal com-
ponent.
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Let
CC

D̃
δ̃k

.
∂

β
=

CC

H̃β
αk

.
∂

α
and

CC

D̃ .
∂

γ

.
∂

β
=

CC

C̃βγ
α

.
∂

α
. Since D preserves the distributions and

V
′
(S∗M) is spanned by

.
∂

α
= Bα

k

.
∂

k
and V

′⊥(S∗M) is spanned by Γ, then we have

CC

D̃
δ̃k

.
∂

β
=

CC

D̃
δ̃k

(Bβ
j

.
∂

j
) = δ̃k(B

β
j )

.
∂

j
+Bβ

j

CC
D δk+H0kΓ

.
∂

j

= {Bβ
ik + Bβ

j

CC

Hj
ik +Bβ

j H0kζl

CC

Cjl
i }

.
∂

i

and taking into account the homogeneity condition ζl

CC

Cjl
i = 0 of a complex Cartan metric

it results
CC

H̃β
αk= Bi

α(Bβ
ik + Bβ

j

CC

Hj
ik). (17)

Similarly, we find
CC

C̃βγ
α = Bβ

j Bγ
kBi

α

CC

Cjk
i and

CC

H̃β

αk
=

CC

C̃βγ
α = 0.

For the normal component we have G(
CC
D X

.
∂

α
,Γ) = G(H(X,

.
∂

α
),Γ) and furthermore

if we take X to be a vector of the adapted frames {δ̃k, δ̃k}, it easily follows that

Hα
k = Bα

jkζ
j + Bα

j

CC

Hj
ik ζi , Hα

k
= 0. (18)

If X is
.
∂

β
or

.
∂

β
, then the fundamental form will be

Hαβ = Bα
i Bβ

j

CC

Cij
k ζk , Hαβ = 0. (19)

Now, following the general setting from the geometry of hypersurface [3], [6], a linear
connection D induces a normal connection D⊥ and let AΓX := A(X) ∈ V

′
(S∗M) be the

shape operator. Then, we have

DXΓ = −AΓX + D⊥
XΓ. (20)

By G(DXΓ,
.
∂

k
) = −G(A(X),

.
∂

k
), where X is taken to be one of the vectors δ̃k , δ̃k ,

.
∂

β

or
.
∂

β
, we obtain

Akα = −Bj
α(Njk + ζi

CC

H i
jk) , Akα = 0 , Aβ

α = −δβ
α , Aβ

α = 0. (21)

By direct calculations we get the normal components of the Chern-Cartan linear con-
nection, namely

CC

D⊥
δ̃k

Γ = H0kΓ ,
CC

D⊥
δ̃k

Γ = 0 ,
CC

D⊥
.
∂

β Γ = −Bβ
j ζjΓ ,

CC

D⊥
.
∂

β Γ = 0. (22)
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3 An almost hermitian contact structure on the indicatrix

Let i∗ : TC(S∗M) → TC(T
′∗M) be the extension of the tangent inclusion map to the

complexified bundles. As in the case when (M,F ) is a complex Finsler space (see [7]), it

results a unique vector field ξ ∈ Γ(TC(S∗M)) such that
∗
F (i∗ξ) = Γ. By the fact that

Γ ∈ V
′⊥(S∗M) it follows that ξ ∈ Γ(T

′′
(S∗M)) and applying

∗
F to the above formula, we

have
i∗(ξ) = −

∗
F (Γ) = −ζ

k ∗
F (

.
∂k) = ζ

k
δk = ζ

k(ω)(δ̃k −H0kΓ). (23)

Taking the tangential component, it follows that ξ = ζ
k(ω)δ̃k. By conjugation we

obtain its expression to TC(S∗M), namely ξ = ζk(ω)δ̃k + ζ
k(ω)δ̃k.

Now, separating the tangential and normal components of
∗
F (i∗X) = i∗Φ(X)+η(X)Γ,

by applying again
∗
F , it results

−i∗(X) = i∗Φ2(X) + η(Φ(X))Γ− η(X)i∗ξ. (24)

Because Φ is a (1, 1)-complex tensor on S∗M and Γ /∈ X (S∗M) we conclude that

Φ2 = −I + η ⊗ ξ , η ◦ Φ = 0 , Φ ◦ ξ = 0. (25)

On the other hand, by G(i∗Φ(X),Γ) = 0 it follows that η(X) = G(
∗
F (X),Γ) and

taking X to be either δ̃k or
.
∂

α
we obtain η(X) = ω

′′
(X) for any X ∈ Γ(T

′′
(S∗M)), where

ω
′′

= ζkdzk. By conjugation it results η(X) = η(X) = ω
′
(X) the action of η on T

′
(S∗M),

where ω
′
= ζkdzk. Thus, on TC(S∗M) the contact form is η = ζk(ω)d̃zk + ζk(ω)d̃zk. It is

obvious that η(ξ) = 1 on TC(S∗M). Now, by definitions of G and G̃ structures, we obtain

G̃(ΦX, ΦY ) = G̃(X, Y )− η(X)η(Y ) (26)

that mean (G̃, Φ, ξ, η) is an almost hermitian contact structure on TC(S∗M).
Finally, let us obtain the explicit action of the Φ tensor under the adapted frames.

Using i∗δ̃k = δk + H0kΓ and
.
∂

k
= Bk

α

.
∂

α
−ζkΓ, from i∗Φ(X) =

∗
F (i∗X)− η(X)Γ by direct

calculations, one gets

i∗Φδ̃k = hkjB
j
α

.
∂

α
−H0kζ

l
δ̃l + (H0kζ

l
H0l − ζk)Γ− ζkΓ.

Because Φ is the tangential component of i∗Φ, it follows that

Φδ̃k = hkjB
j
α

.
∂

α
−H0kζ

l
δ̃l.

Similarly, we deduce

Φ
.
∂

α
= −hjkBα

k δ̃j , Φδ̃k = hjkB
j
α

.
∂

α
−H0kζ

lδ̃l , Φ
.
∂

α
= −hkjBα

k
δ̃j

and, so

Φ = hkjB
j
α

.
∂

α
⊗d̃zk −H0kζ

l
δ̃l ⊗ d̃zk + hjkB

j
α

.
∂

α
⊗d̃zk −

− H0kζ
lδ̃l ⊗ d̃zk − hjkBα

k δ̃j ⊗ δωα − hkjBα
k
δ̃j ⊗ δωα.
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Transilvania Univ. of Braşov, Ser. III 3(52) (2010), 53-66.

[9] M.-Y. Pang, Finsler metrics with properties of the Kobayashi metric on convex do-
mains, Publicacions Mathemàtiques, 36 (1992), 131-155.


