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A SUFFICIENT CONDITION FOR UNIVALENCE
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Abstract

In this paper we obtain sufficient conditions for the analyticity and the univalence
of the functions defined by an integral operator.

2000 Mathematics Subject Classification: 30C45 .
Key words: Loewner chains, analytic functions, univalence criteria.

1 Introduction

We denote by U, = { z € C: |z| < r} the disk of z-plane, where r € (0,1], Uy = U
and I = [0, 00).
Let A be the class of analytic functions f in the unit disk U, such that f(0) =0, f'(0) = 1.
Let S denote the class of functions f € A, f univalent in U. The subclasses of S consisting
of starlike functions and a-convex functions will be denoted by S*, respectively M,.

Definition 1. ([2]). Let f € A, f(2)f'(2) #0 for z € U and a > 0. We denote by

) )
= Ui

If R M(c, f) > 0 in U, then f is said to be an a-convex function (f € M,).

M(aaf):(l_a)

+1)

Theorem 1. ([2]). The function f € M, if and only if there exists a function g € S*

such that ) N
z 1/« U
f(a) = (i / gu”du> 1)

In order to prove our main result we need the theory of Loewner chains.

Theorem 2. ([3]). Let L(z,t) = a1(t)z + az(t)2> + ..., ai(t) # 0 be analytic in U,, for
all t € I, locally absolutely continuous in I and locally uniformly with respect to U,.. For
almost all t € 1, suppose that

OL(z,t) OL(z,t)
27 —p(z,t)iat )

!Faculty of Mathematics and Informatics, Transilvania University of Brasov, Romania, e-mail:
htudor@unitbv.ro

Vz e Uy,




110 Horiana Tudor

where p(z,t) is analytic in U and satisfies the condition Re p(z,t) > 0, for all z € U,
tel. If lai(t)] — oo for t — oo and {L(z,t)/a1(t)} forms a normal family in U,, then
for each t € I, the function L(z,t) has an analytic and univalent extension to the whole

disk U.

2 Main results

In this section, making use of Theorem 2, we obtain a sufficient condition for the
analyticity and the univalence of the functions defined by the operator introduced by P.
T. Mocanu ([2]) in the integral representation of a-convex functions.

Theorem 3. Let f € A and o be a complex number, Ra > % . If the inequality

s - o) (SRER 1) ] <1 @)

11—«

is true for all z € U, then the function

Plz) = <a /0 ) du> v (3)

u

s analytic and univalent in U, where the principal branch is intended.

Proof. Let us prove that there exists r € (0, 1] such that the function L : U, x I — C
defined as

—t

e z (0% u 1/Ol
Liz 1) = [ /0 / 15 ) du + (2t 1) fo‘(e_tz)] (4)

is analytic in U, for all ¢t € I.

From the analyticity of the function f it follows that the function h(z) = @ is analytic
in U and since h(0) = 1 there is a disk U,, in which h(z) # 0. Therefore we can choose
the uniform branch of (h(z))® equal to 1 at the origin, denoted by hj. It is easy to see

that the function

—t

ho(z,t) = / u® 1 hy (u)du
0

can be written as ha(z,t) = 2%h3(z,t), where hg is analytic in U,,, h3(0,t) = e~ /a. The
function hy(z,t) = h3(z,t) + (€2 — 1)e=hy(et2) is also analytic in U,, and hy(0,t) =
et [ 1+ 1=2e720] | We shall prove that hy(0,t) # 0 for any ¢ € I. We have hy(0,0) = 1/
Assume that there exists tg > 0 such that hy(0,%p) = 0. Then e?** = (a — 1)/a. Since
Ra > 1/2 is equivalent with |(a — 1)/al < 1 it follows |e?*°| < 1 and we conclude that
h4(0,t) # 0 for all t € I. Therefore, there is a disk U,,, 0 < 1o < ri, in which hy(z,t) # 0
for all t € I. We choose the uniform branch of [hy(z,t)]"/® analytic in U,,, denoted by
hs(z,t), that is equal to

1—04 l/a
¢ t 1 —2at
al()—e[+e ]
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at the origin. From these considerations, it results that the relation (4) may be written as
L(z,t) = zhs(z,t) = a1 (t)z + az(t)2® + .. ..

Under the assumption of the theorem, we have a;(¢t) # 0 and lim ¢—.o|ai(t)| = oo.
Since L(z,t) is an analytic function in U,,, it results that there exist a number 0 < r3 < 7y
and a constant k = k(r3) such that | L(z,t)/a1(t) | < k, z € Uy, and hence {L(z,t)/a;i(t)}
forms a normal family in U,.,.

It can be easy see that % is an analytic function in U,, and therefore L(z,t) is
locally absolutely continuous in I, locally uniform with respect to U,, . We define

OL(z,t) , OL(z,t)
0z / ot

and we will prove that the function p(z,t) has an analytic extension with positive real
part in U, for all ¢t € I. Let w(z,t) be the function defined by

p(z,t) =z

—1
w(z, t) — %
p(z,t) +1
After computation, we obtain
l—a ou oty [ € '2f'(e7'2)
)= ——e 20ty (120 LT 2 5
wzt) = S et g (1 et (L o)
We have 1 1
w(z,0) = % and w(0,t) = - -2t
oY
Since Ra > % we obtain that
| w(z,0)| <1 andalso |w(0,t)]<1 (6)

Let t be a fixed positive number, z € U, z # 0. Since e 'z| < et <1lforallz e U = {2z €
C : |z| < 1} we conclude that the function w(z,t) is analytic in U. Using the maximum
modulus principle it follows that for each ¢t > 0, arbitrary fixed, there exists § = 0(t) € R
such that

(8] < maxlu(é. 0] = (e, )], (7)

We denote u = e~t - ¢ . Then |u| = e™* < 1 and from (5) we get

i0 _1_70‘”204 — 2 uf'(u) _
wle? ) = 2Pk (1= ) (A5 - 1)

Since u € U, the inequality (2) implies |w(e?,¢)] < 1 and from (6) and (7) we conclude
that |w(z,t)] <1 for all z € U and ¢t > 0.

From Theorem 2 it results that the function L(z,t) has an analytic and univalent
extension to the whole disk U, for each ¢t € I. For t = 0 it follows that the function

L(z,0) = (/Oz falfu)du>1/a

is analytic and univalent in U and then the function F' defined by (3) is also analytic and
univalent in U. O
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Corollary 1. Let f € A and o be a complex number, Ra > % If for all z € U

2f'(z) ‘ R
@ S el

then the function F defined by (3) is analytic and univalent in U.

Proof. Tt is known that for all z € U, z # 0 and Ra > 0 we have

Ro (9)

‘ 1_’2‘204 ’ 1_‘Z|2ﬂ%a
<
«

In view of (8) and (9) and since |a — 1| < || we obtain

e - e (1 -1

f(2) -
L—o ool |1= 2P (Zf’(Z) )‘ owa , L= |2 ]2f(2) ‘
— |z + « — 1| < |z + « —-11<1
. e . Ra )
From Theorem 3 it follows that the function F' is analytic and univalent in U.
O

Remark 1. The condition (8) implies f € S*. For « real number, a > 0, from Theorem
1 we get that F'is an a-convex function.

Example 1. Let «, b be complex numbers, o > %, |b| > 1+ %. The function

o= (o f )

is analytic and univalent in U.

Proof. We consider the function f(z) = beb = z + ... which satisfies the condition (8) of

Corollary 1. O
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