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ON AN INTEGRAL OPERATOR

Virgil PESCAR!

Abstract

In this paper we derive some criteria for univalence of a new integral operator for
analytic functions in the open unit disk.
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1 Introduction

Let A be the class of functions f of the form
o

f2) =2+ az",
k=2

which are analytic in the open unit disk 4 = {z € C:|z] <1}. We denote by S the
subclass of A consisting of functions f € A, which are univalent in ¢. We consider P the
class of functions p(z) = 1 + bz + bg2? + ... which are analytic in U, with positive real
part in U.

In this work, we introduce a new integral operator, which is defined by

Bt ) = | H (Z) (g™ au, (L)

for functions f; € A, g; € P and «;, (3; be complex numbers, j = 1,n.

From (1.1), for 3; = 0, a;; be complex numbers, f; € A, j = 1,n, we obtain the integral
operator defined in [5].

For a; = 0, 3; be complex numbers, g; € P, j = 1,n, from (1.1) we get the integral
operator which is defined in [6].

If we take 3; =0, j=1,n, a1 =, oj =0, j = 2,n, fi = f, from (1.1) we have the
integral operator Kim-Merkes [2].
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2 Preliminary results

To discuss our problems for univalance of the integral operator E,
the following lemmas.

17"'7an7ﬁ17"'7ﬂn We need

Lemma 1. [1]. If the function f is analytic in U and

L |
(=10 )

for all z € U, then the function f is univalent in U.

<1

— )

(2.1)

Lemma 2. [4]. Let v be a complex number, Re v > 0 and f € A. If

2f"(2)
f'(2)

for all z € U, then for any complex number §, Re § > Re vy, the function

1_|Z|2Re'y 1

— 9

o (2.2)

1
5

Fy(z) = [5 /0 T f’(u)du] (2.3)

is reqular and univalent in U.

Lemma 3. (Schwarz [3]). Let f be the function regular in the disk
Ur ={2 € C:|z| < R} with |f(z)| < M, M fized. If f has in z = 0 one zero with multiply
> m, then

£ < melel™, (= €Un), (2.4

the equality (in the inequality (2.2) for z # 0) can hold only if

where 6 is constant.

3 Main results

Theorem 1. Let o, 5; be complex numbers, K;, L; positive real numbers, j = 1,n, and
the functions, f; € A, fj(z) = 2z + aj2> +asjz> +... and g; € P, gj(2) =1+ bijz + ...,
j=1n. If

2fiz) —
70 1‘_}(], (j=Tn;z€l), (3.1)
2g;(z) _Th.,
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and

=

= 3
> oyl K5+ 1851L5) < 5 (3.3)
j=1

then the integral operator Eq, . o, 1.8, defined by (1.1), is in the class S.
Proof. The function E,, . q, 1,..8.(%) is regular in ¢ and

Ealwuyan,ﬁlw-»ﬁn (0) = Eéq,...,an,ﬂh...,ﬁn (0) —-1=0.

We have
Eéﬁly 0,01, 7ﬁn . Zf/( ) & Zg;(Z)
= ( S IED I = cik (3.4)
Q1,.,0n,01,..,8n j=1 j=1 9;
and hence, we obtain
zE, (2) . 2fj(2) 2g;()
1— |Z’2 a1,.0n,01,-,8n < (1- ’2‘2 |:‘04| J _ 1‘ + 1541 J H (3.5)
(=1l | e e | = D 2 Il Qv
for all z e U.
By (3.1), (3.2) and Lemma 3, we obtain
zf;(2) ‘
-1 <Kjlz|, (j=Lnzel), (3.6)
£ ( )
zg}(z)l .
< Ljlz|, (j=Lnzel (3.7)
‘ 94(2) ’ ( )
and by (3.5), we have
zE! (2) i
(1= 2P [ttt < (1 12) |21 § D (g + 13 1L] (3.8)
a17~"7an7517"'7ﬁ’ﬂ < j:1
for all z e U.
Because
2
1— |z =,
max [(1—[2°) |2l] = ;==
from (3.3) and (3.8) we get
zE" z
(1= o) [Frsmmtinss D) oy (o gy (3.9)
E 8 (2)
Q1 yeees Qs 314030

for all z € U and by Lemma 1, it results that the integral operator Eq, . a,.8:,..3, 15
in the class S. O
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Theorem 2. Let «j, 55, v be complex numbers, j =1,n, 0 < Re v <1 and the functions
i €A fi(z)=z2+ag2*+asjz’ +..., g, €P, gj(2) =1+ b1jz+ b2+ ..., j=1,n.
If

rﬂ@) ] R+ G e (3.10)
_ < , j=1n;z¢€ , .
fi(2) 2
2Re v+1
295(2)| _ (2Rey+1) 2Ren .
, U=1Lnzel), 3.11
5 > ( ) @10
and
> oyl + 180 < 1, (3.12)
j=1

then the integral operator Eq, . o, 81,8, defined by (1.1), belongs to the class S.

Proof. From (3.4) we obtain:

1 - ’Z‘QRE K ZE(ZI,---aanaBlv-"vﬁn (Z) <
Rev | B, anprp(?) |~
S [ S
< — loj| | =2~ — 1] + 18] |2 , (3.13)
rer 2| TE GG
for all z e U.
By (3.10), (3.11) and Lemma 3, we get
2fj(z) ‘ (2Re v + 1)212216?4211
I~ 1| < zl, (j=1nz€el), 3.14)
o D ) (
z ! z 2R 1 2122;5(34—1
50| @Rey+ ) MY T eu), (3.15)
94(2) 2
and hence, by (3.13), we get
1 - ’Z|2Re’y ZEg17-~~7anﬁ1,~~-7ﬁn (2) <
Rev | B anprs(?) | 7
2Re v+1 n
1 — |z|?fe (2Re v+ 1) 2Ren
R D M IR R (3.16)

j=1
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for all z e U.
Since

2Re v+1

2Re 7y + 1) 2Rex

(L= [2PRe)lal] _
o | ]_( 2

|z|<1 Re ~

from (3.12) and (3.16) we obtain that

1— 2Re v zE” z
’Z‘ o Qn,0B1,ee ﬁn( ) <1, (3.17)
Re v qu, 0,01, ,ﬂn( )

for all z € U and by Lemma 2, for 6 = 1 and f = E,,,  a,3,..6,, it results that the
integral operator Eqo,  a..8,...3,, defined by (1.1), belongs to the class S. ]

Theorem 3. Let a;, 3, v be complex numbers, f; € S, fj(z) = 2z + ag;2* + az;z> + ...,
gj € P, gj(z) = 1+b1jz+ij2’2 +..,7=1n.
If

n

D Moyl +231 <1, (j=Tn), (3.18)

j=1

then the integral operator Eq, .. ., 8...8., defined by (1.1), belongs to the class S.

Proof. From (3.4) we have

1/
(1 _ ‘Z’2) ZEalw-)anaﬁlwnﬂn (Z) <
;17'--7an7ﬂ1>-“7/6n (Z) B
= (Z) zg5(2)
<= 1R Y flasl |75 1] +18 22 (3.19)
Jj=1 J &
for all z e U.
Since f; € S and g; € P, j = 1,n, we have

zfi(z)] 14|z

J
>~ 9 j - 1,TL,Z S u ]

5@ | ST )
!

29;(2) 2|2|

< , U=Lnzel),
5 | ST )
and hence, by (3.19) we obtain
2z /! B B n
(1 _ |Z|2) 0617 5Qn ;P15 n( Z 4|Oé]| + 2|6] (320)
alv“wan?ﬁlv”'?ﬁn 7j=1
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for all z € Y. From (3.18) and (3.20) we get

/!
O‘lv"vanvﬂlw'wﬁn (Z)

(1—12%) <1, (3.21)

/
Q1 ey Oy 31 5--,0n (Z)

for all z € U and by Lemma 1 we obtain that the integral operator Ey, ., 8:,..8, 15 i
the class S.
O

4 Corollaries

Corollary 1. Let o be complex numbers, K; positive real numbers, f; € A, fj(z) =
z+agi2? vazi22+ ..., j=1n If

zfj(2) 1‘<K =T " 1)
- = j o J=Lnze .
fi(2) ’
and
> Moyl < ==, (4.2)
j=1
then the function
z . aj
Hosoon ) = [ TL(22) 13)
0 u
j=1
is in the class S.
Proof. We take 3; =0, j = 1,n in Theorem 1. O

Corollary 2. Let o be a complex number (o #0), f € A,
f(z)=z+anz?+....

If
S E
ol < Gew -y
then the function
(1Y,
Hoé(z)—/O ( " ) d (4.5)

belongs to the class S.

Proof. For 3; =0, j =1,n, oy = o, &j =0, j = 2,n, fi = f in Theorem 1, we obtain
the Corollary 2. O
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Corollary 3. Let 3; be complex numbers, L; positive real numbers and g; € P, g;(z) =
1+b1jz—|—b2jz2+..., j :1,712. [f

2g;(2) .
<L;, (g=1l,nzel), 4.6
gj(z) J ( ) ( )
and
[185]1L;] < 5 (4.7)
j=1
then the function
Gonon®) = [ TL o) au (18)
j=1
is in the class S.
Proof. We take a; =0, j = 1,n, in Theorem 1. O

Corollary 4. Let aj,y be complex numbers, j = 1,n, 0 < Re v < 1 and f; € A,
fi(z) =z+agz* +asi2>+..., j=1,n.

If
2Re v+1
zf;(2) ' (2Re v+ 1) 2Ren
-1/ < , U=1nzeld 4.9
£i(2) 2 ( ) (4.9)
and
| + oo + ...+ [an] <1, (4.10)

then the function Hy, ., (%), defined by (4.3), belongs to the class S.

Proof. For 3; =0, j =1,n, from Theorem 2 we obtain the Corollary 4. O

Corollary 5. Let a,y be complex numbers,|a] < 1,0 < Re v <1 and f € A, f(z) =
z+ a2122 + a31z3 =+ ...
If
2Re v+1
(2Re v+ 1) 2Ren
2 )

2f'(2)
f(z)

then the function H,(z), defined by (4.5), is in the class S.

—1' < (zel), (4.11)

Proof. We take 3; =0, j=1,n, 01 =, oj =0, j = 2,n, fi = f in Theorem 2. O
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Corollary 6. Let 3j,v be complex numbers, j = 1,n, 0 < Re v < 1 and g; € P,
gj(z) =1 +b1jz+b2jz2 +...,5=1n.

If
2Re v+1
2g5(2) (2Re v + 1) 2Ren ,
, U=Lnzel 4.12
g5 (2) 2 ( ) (4.12)
and
[Bil + 182 + -+ [Bn] < 1, (4.13)

then the function Gg, . g,(2), defined by (4.8), belongs to the class S.

O

Proof. We consider a;; =0, j = 1,n in Theorem 2.

Corollary 7. Let oj be complex numbers, fj € S, fj(z) = z2+ag;z* +as;z>+..., j = 1,n.

If
1
| + oz 4+ + o] < 7, (4.14)
then the function Hy, .. o, (%), defined by (4.3), is in the class S.
Proof. From Theorem 3, if we take 8; = 0, j = 1,n, we obtain the Corollary 7. O
Corollary 8. Let a be a complex number, f € S, f(2) = 2z + a212® + az12® + . ...
If
] < 2 (4.15)
al < )

then the function H,(z), defined by (4.5), is in the class S.

Proof. For B; =0, j =1,n, 01 =, aj =0, j = 2,n, fi = f in Theorem 3, we get the
Corollary 8. 0

Corollary 9. Let 3; be complex numbers, g; € P, g;(2) =1+0bijz+ ..., j=1,n.
If

1B1] + Ba] + .. + |Bn Sl

5 (4.16)

then the function Gg, . g,(2), defined by (4.8), belongs to the class S.

Proof. We take a; =0, j = 1,n in Theorem 3. ]
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