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Abstract

In the present paper, we introduce the concept of (γ, β)-metric and a number of
propositions and theorems have worked for a (γ, β)-metric, where γ3 = aijk(x)yiyjyk

is a cubic metric and β = bi(x)yi is a one form metric.
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1

1 Preliminaries

Let Mn be an n-dimensional differentiable manifold and TMn be its tangent bundle.
The manifold Mn is covered by neighbourhoods (U), in each U of which we have a local
coordinate systen (xi). A tangent vector at a point x = (xi) of U is written as yi( ∂

∂xi
)x,

and we have a local coordinate system (xi, yi) of TMn over the U.

A (Finslerian) tensor field, for instance, of type (1, 1) in Mn is by definition a collection
of n2 functions T ij (x, y) of variables (xi, yi) which obey the usual transformation law of
components of a tensor field,

T̄ ab (x̄, ȳ) = T ij (x, y)X̄a
i X

j
b

when a local coordinate system (xi) is changed for (x̄a), where X̄a
i = ∂x̄a

∂xi
and Xj

b = ∂xj

∂x̄b
.

throughout the following the symbols ∂i and ∂̇i stand for partial differentiations ∂
∂xi

and
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∂
∂yi

, respectively.

A Finsler connection FΓ is defined as tried (F ijk(x, y), N i
j(x, y), V i

jk(x, y)) as follows:

(1) F ijk(x, y) are called the connection coefficients of h-connection whch obey the usual
transformation law of connection coefficients of a connection

F̄ abc(x̄, ȳ) = F ijk(x, y)X̄a
i X

j
bX

k
c + X̄a

i ∂cX
i
b

(’h’ is the abbreviation of ’horizontal’.)

(2) N i
j(x, y) are called the connection coefficients of non-linear connection which obey the

transformation law

N̄a
b (x̄, ȳ) = N i

j(x, y)X̄a
i X

j
b + X̄a

i ∂bX
i
cȳ
c

(3) V i
jk(x, y) are called the connection coefficients of v-connection which are compo-

nents of a tensor field of (1,2)-type. (’v’ is the abbreviation of ’vertical’.)

A Finsler connection FΓ serves the purpose of constructing covariant derivatives a Fins-
lerian tensor field. For a tensor field T ij (x, y), for instance, of (1,1)-type we have first the
h-covariant derivative 5hT whose components are given by

T ij|k = δkT
i
j + T rj F

i
rk − T irF rjk (1)

where, δk is a differential operator δk = ∂k − N r
k ∂̇r. Secondly, we have the v-covariant

derivative 5vT whose components are given by

T ij |k = ∂̇kT
i
j + T rj V

i
rk − T irV r

jk (2)

It is noteworthy that yi of local coordinate system (xi, yi) of TMn constitute a Finslerian
contravariant vector field y. The components of 5hy and 5vy are, respectively written as

yi|j(= Di
j) = −N i

j + yrF irj , yi|j = δij + yrV i
rj (3)

The tensor D of components Di
j is called the deflection tensor of FΓ. Therefore, Di

j = N i
j

and yrV i
rj = 0 may be desirable conditions for a Finsler connection.

Throughout the following the index 0 denotes the transvection by yi. Thus yrV i
rj is written

as V i
0j .

For a tensor field T of components T ij (x, y) we get a tensor field 50T of components ∂̇kT ij .
Therefore, we can get a Finsler connection (F ijk, N

i
j , 0) from a given Finsler connection

(F ijk, N
i
j , V

i
jk). 50T is called 0-covariant derivative of T.
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We shall write the important commutation formulae of covariant derivatives; for con-
travariant vector field (Xi) we have

Xi
|j|k −X

i
|k|j = XrRirjk −Xi

|rT
r
jk −Xi|rRrjk

Xi
|j |k −X

i|k|j = XrP irjk −Xi
|rV

r
jk −Xi|rP rjk

Xi|j |k −Xi|k|j = XrSirjk −Xi|rSrjk
(4)

Thus we get three kinds of curvature tensors:

R2 = (Rihjk)....... h-curvature, P 2 = (P ihjk)....... hv-curvature
S2 = (Sihjk)....... v-curvature

and five kinds of torsion tensors:

T = (T ijk).......(h)h-torsion, R1 = (Rijk).......(v)h-torsion,
V = (V i

jk).......(h)hv-torsion, P 1 = (P ijk).......(v)hv-torsion
S1 = (Sijk).......(v)v-torsion

It is noted that the v-connection (V i
jk) also plays a role of torsion tensor and

T ijk = F ijk − F ikj , P ijk = ∂̇kN
i
j − F ikj , Sijk = V i

jk − V i
kj

It should be also noteworthy that if the desirable conditions, yi|j = 0 and yi|j = δij as
above mentioned, are satisfied, then we have

Rijk = Ri0jk, P ijk = P i0jk, Sijk = Si0jk

A fundamental function or a Finsler metric is a scalar field L(x,y)which satisfies the
following three conditions:

(1) It is defined and differentiable for any point of TMn − (0).

(2) It is positively homogeneous of first degree in yi, that is, L(x,py)=pL(x,y) for any
positive number p.

(3) It is regular, that is,

gij(x, y) = ∂̇i∂̇j(L
2

2 )

constitute the regular matrix (gij).

The inverse matrix of (gij) is indicated by (gij). The homogeneity condition (2) enables
us to consider the integral
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s =
∫ b
a L(x, dxdt )dt

along an arc xi = xi(t), independently of the choice of parameter t except the orienta-
tion. The manifold Mn equipped with a fundamental function L(x,y) is called a Finsler
space Fn = (Mn, L) and the s is called the length of the arc. Thus the following two
conditions are desirable for L(x,y) from the geometrical point of view:

(4) It is positive-valued for any point TMn − (0).

(5) gij(x, y) define a positive-definite quadratic form.

Here we have to remark that there are some cases where the conditions (1), (4) and (5)
should be restricted to some domain of TMn − (0).

The value L(x,y) is called the length of the tangent vector y at a point x. We get
L2(x, y) = gij(x, y)yiyj . The set ( y

L(x,y) = 1) in the tangent space at x or geometri-
cally the set of all the end points of such y is called the indicatrix at x. If we have an
equation f(x,y)=0 of the indicatrix at x, then the fundamental function L is defined by
(f(x,y)

L ) = 0.

The tensor gij is called the fundamental tensor. From L we get two other important
tensors:

li = ∂̇iL, hij = L∂̇i∂̇jL

The former is called the normalized supporting element, because li = girlr is written as
yi

L(x,y) and satisfies L(x, y) = 1. The latter is called the angular metric tensor. It satisfies
hijy

j = 0 and the rank of (hij) is equal to n− 1.

In the theory of Finsler spaces two Finsler connections BΓ and CΓ have been important
from the beginning.

The Berwald connection BΓ = (Gijk, G
i
j , 0) is uniquely determined from function L(x,y)

of Fn by the following five axioms:-

(B1) L|i = 0, i.e. L-metrical

(B2) (h)h-torsion: T ijk = 0

(B3) Deflection: Di
j = 0

(B4) (v)hv-torsion: P ijk = 0

(B5) (h)hv-torsion: Cijk = 0



Theory of Finsler spaces with (γ, β) metrics 47

The Cartan connection CΓ = (Γ∗ijk, G
i
j , C

i
jk) is uniquely determined from function L(x,y)

of Fn by the following five axioms:-

(C1) gij|k = 0 i.e. h-metrical

(C2) (h)h-torsion: T ijk = 0

(C3) Deflection tensor field Di
j = 0

(C4) gij |k = 0, i.e. v-metrical

(C5) (h)h-torsion: Sijk = 0

2 Introduction

M. Matsumoto in the year 1979 [5], introduce the concept of cubic metric on a
differentiable manifold with the local co-ordinate xi, defined by

L(x, y) = (aijk(x)yiyjyk)
1
3 (5)

where, aijk(x) are components of a symmetric tensor field of (0,3)-type depending on
the position x alone, and a Finsler space with a cubic metric is called the cubic Finsler
space.

We have had few paper studing cubic Finsler spaces [7, 2, 9, 10, 11, 12] although there are
various papers on geometry of spaces with a cubic metric as a generalization of Euclidean
or Riemannian geometry.

In paper [8] concerned with the unified field theory of gravitation and electromagnetism
Randers wrote:

”Perhaps the most characteristic property of the physical world is the unidirection of time-
like intervals. Since there is no obvious reason why this asymmetry should disappear in
the mathematical description it is of interest to consider the possibility of a metric with
asymmetrical property.

It is known that many reasons speak for the necessity of a quadratic indicatrix. The only
way of introducing an asymmetry while retaining the quadratic indicatrix is to displace
the center of the indicatrix. In other words, we adopt as indicatrix an eccentric quadratic
hypersurface. This involves the definition of a vector at each point of the space, deter-
mining the displacement of the centre of the indicatrix. The formula for the lenght ds of
a line-element dxi must necessarily be homogeneous of first degree in dxi. The simplest
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”eccentric” line-element possessing this property, and of course being invariant, is

ds = (aij(x)dxidxj)
1
2 + bi(x)dxi (6)

where, aij(x) is the fundamental tensor of the Riemannian affine connection, and bi is
a covariant vector determining the displacement of the centre of the indicatrix.”

In present paper, we shall study Finsler space with the fundamental function L(γ, β) on
the lines of the Finsler space with the (α, β)-metric as studied by M. Matsumoto in paper
[12]. In Section 3 of the paper, we have work out some basic tensors namely hij , gij , Cijk
and gij and work out four propositions and one theorem. Later on in the Section 4, we
have workout again three propositions and one theorem regarding the Finsler space with
(γ, β)-metric.

3 Basic tensors of (γ, β)-metric

Definition: A Finsler metric L(x,y) is called a (γ, β)-metric, when L is pos-
itively homogeneous function L(γ, β) of first degree in two variables, γ and β, where
γ3 = aijk(x)yiyjyk is cubic metric and β = bi(x)yi is a one form metric [4].

Throughout the present paper, the following notations are adopted

aijk(x)yjyk = ai, 2aijkyk = aij , aijbj = Bi, aijaj = ai

where, (aij) is the inverse matrix of (aij). Further, subscripts γ, β denote partial
differentiations with respect to γ, β respectively.

As for a (γ, β)-metric,
L = L(γ, β) (7)

Differentiating (7), with respect to yi, we get

li = ∂̇iL =
Lγ
γ2
ai + Lβbi (8)

Equation (8) can also be written as

yi = Lli = L(∂̇iL) =
LLγ
γ2

ai + LLβbi (9)

Again differentiating (8), with respect to, yj , we have the angular metric tensor hij =
L∂̇i∂̇jL, as

hij = p−1aij + q0bibj + q−2(aibj + ajbi) + q−4aiaj (10)

where,

(10)
′

p−1 = LLγ
γ2 , q0 = LLββ , q−2 = LLγβ

γ2 , q−4 = L
γ4 (Lγγ − 2Lγ

γ )
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Owing to the homogenity or hijyj = 0, we have two identities,

(p−1 + q−2β + q−4γ
3)ai + (q0β + q−2γ

3)bi = 0

Since ai and bi are two independent vector fields, hence, we must have{
p−1 + q−2β + q−4γ

3 = 0
q0β + q−2γ

3 = 0
(11)

Remark: In (10) the subscripts of coefficients p−1, q0, q−2, q−4 are used to indicate re-
spective degrees of homogeneity.

Again,
gij = hij + lilj = p−1aij + p0bibj + p−2(aibj + ajbi) + p−4aiaj (12)

where,

(12)
′

p0 = q0 + L2
β, p−2 = q−2 + LγLβ

γ2 , p−4 = q−4 + L2
γ

γ4

Using (11) and (12)’, we get{
p0β + p−2γ

3 = LLβ
p−2β + p−4γ

3 = 0
(13)

It is well known that

Proposition 1:[3] Let a non-singular symmetric n-matrix (Aij) and n quantities ci be
given, and put Bij = Aij + cicj . The inverse matrix (Bij) of (Bij) and the det(Bij) are
given by,

Bij = Aij − 1
(1+c2)

cicj , det(Bij) = A(1 + c2)

where, (Aij) is the inverse matrix of (Aij), A = det(Aij), ci = Aijcj , and c2 = cici.

From (12), the components gij may be written as,

gij = p−1aij + cicj + didj

where, we put,

ci = πbi, di = π0bi + π−2ai
π2 + π2

0 = p0, π0π−2 = p−2, π2
−2 = p−4

Then putting, Bij = p−1aij + cicj , then we have, gij = Bij + didj

From, defintion of Bij , we have BijBjk = δki

Then,
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Bij = 1
p−1

(aij − cicj

p−1+c2
)

where, aij is reciprocal of aij , ci = aijcj , and c2 = cici Now, by using Proposition 1,
we have

gij = Bij − didj

1+d2

where, di = Bijdj , didi = d2

|gij | = |Bij |(1 + d2) = |p−1aij | (p−1+c2)
p1

(1 + d2) = pn−1
−1 a(p−1 + c2)(1 + d2)

where a is the determinant of aij .

gij = 1
p−1

aij − cicj

p−1(p−1+c2)
− didj

1+d2

Now,

di = Bijdj = 1
p−1

[ (π0p−1−π2π−2ā)
(p−1+c2)

Bi + π−2a
i]

where, Bibi = b2 = aimbmbi, aiB
i = aimaibm = aibi = ā, π2b2 = c2

Again,

didj = 1
p2−1

[ (π0p−1−π2π−2ā)2

(p−1+c2)2
BiBj + (π0p−1−π2π−2ā)

(p−1+c2)
π−2(Biaj + aiBj) + π2

−2a
iaj ]

or didj = 1
p2−1

[ (π0p−1−π2π−2ā)2

(p−1+c2)2
BiBj + (p−2p−1−π2p−4ā)

(p−1+c2)
(Biaj + aiBj) + p−4a

iaj ]

Now,

d2 = did
i = 1

p−1(p−1+c2)
[π2

0b
2p−1 + 2p−1p−2ā− p2

−2ā
2 + p−4p−1a

2 + p−4c
2a2]

Again,

|gij | = pn−1
−1 a(p−1 + c2)(1 + d2) = pn−1

−1 aτ−2

where, τ−2 = p−1(p−1 +p0b
2 +p−2ā)+(p−2p−1ā−p2

−2ā
2)+p−4p−1a

2 +p−4c
2a2. Thus,

the reciprocal of (gij) is given by

gij =
1
p−1

aij − s2B
iBj − s0(Biaj +Bjai)− s−2a

iaj (14)

where,

(14)
′

s2 =
π0p2−1+π2(τ−2+π2p−4ā2−2p−2ā)

τ−2p−1(p−1+c2)
, s0 = p−2p−1−π2p−4ā

τ−2p−1

s−2 = p−1p−4+c2p−4

τ−2p−1
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Differentiating (12) by yk, we get,

2Cijk = 2p−1aijk + p0βbibjbk + Π(ijk)(Piajk + p−2βaibjbk (15)

+
p−2γ

γ2
aiajbk) +

p−4γ

γ2
aiajak

where, Π(ijk) represents the sum of cyclic permutation of i, j, k.

Pi = p−4ai + p−2bi

or,

(15a) 2p−1Cijk = 2p2
−1aijk + p0βbibjbk + Π(ijk)(Pihjk + r−4aibjbk+
r−6aiajbk) + r−8aiajak

where,

(15a)
′

r−2 = p−1p0β − 3p−2q0, r−4 = p−1p−2β − q0p−4 − 2p−2q−2

r−6 = p−1p−4β − 2p−4q−2 − p−2q−4, r−8 = p−1
p−4γ

γ2 − 3p−4q−4

Proposition 2: The normalized supporting element li, angular metric tensor hij ,
metric tensor gij and (h)hv-torsion tensor Cijk of Finsler space with (γ, β)-metric are
given by (8), (10), (12) and (15a) respectively.

Proposition 3: The reciprocal of the metric tensor gij of (γ, β)-metric is given by (14).

Proposition 4: The coefficients r−8, r−6, r4, r−2 defined in (15a)
′

satisfy the following
relation

r−µβ + r−µ−2γ
3 = 0, µ = 2, 4, 6. (16)

Proof: Using (11), (13) and (15a)
′
, we easily get the relation (16).

Now, from (13) and (16), we have

p−4 = φp−2, r−µ−2 = φ
µ
2 r−2, µ = 2, 4, 6. (17)

where, φ = − β
γ3 .

Using relation (17) in (15a), we easily get

(15b) 2p−1Cijk = 2p2
−1aijk + Π(ijk)(HjkPi)

where,

Hij = hij + r−2

3p3−2
PiPj
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Further, by direct computation from Cijk and gij , we have,

Ci = p−1aijkg
jk +Aai +Bbi (18)

where A and B are certain scalar.

If the Finsler space (Fn) is C-reducible, then

Cijk =
1

(n+ 1)
Π(ijk)(hijCk) (19)

from (15b) and (19), it follows that,

aijk +
r−2

2p2
−1p

3
−2

PiPjPk = Π(ijk)(hijNk) (20)

where, Nk = 2p−1

(n+1)Ck − Pk Conversely, if (20) is satisfied for certain covariant vector Nk,
then from (15b) we have

2p−1Cijk = Π(ijk)(hij(Pk +Nk)) (21)

which gives (19). Thus, we have,

Theorem 1: A Finsler space with (γ, β)-metric is C-reducile iff equation (20) holds.

4 Important tensors of (γ, β)-metric

It follow from (15b) and (14), that the components Cijk of the (h)hv-torsion tensor CΓ
are given by,

2p−1C
i
jk = 2p2

−1a
i
jk + (δijPk − liljPk) + (δikPj − lilkPj) (22)

+
r−2

p3
−2

P iPjPk + hjkP
i

where, Pigik = P j , gijlj = li, arjkg
ri = aijk
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Again from (15b) and (22), we have,

4p2
−1C

r
hkCrij = 4p4

−1a
r
hkarij + 2p2

−1Π(ijk)(aijkPh)− (23)

r−2P̄

p3
−2L

2
Π(ijk)(PiPjPklh)−

2p2
−1

L
[aij(lhPk + lkPh)] +

2p2
−1r−2

p3
−2

arijP
rPhPk +

2p2
−1r−2

p3
−2

arhkPrPiPj + 2p2
−1arijP

rhhk +

2p2
−1a

r
hkPrhij − 2p2

−1[arhklr(liPj + ljPi)] + [hihPjPk + hikPhPj +
hhkPiPj + hhjPkPi + hjkPiPh + hhkPiPj + hijPkPh + hijPkPh]

+
r−2

p3
−2

P 2

L4
[hij +

r−2

p3
−2

PiPj ]PkPh −
P̄

L2
hij(lhPk + lkPh)−

P̄

L2
hhk(liPj + ljPi) +

r−2

p3
−2

P 2

L4
hhkPiPj +

4r−2

p3
−2

PiPjPkPh.

where, airklr = aik
L , P rlr = P̄

L2 , P rPr = P 2

L4 , P rgir = Pi, δri arhk = aihk.

From (23), the v-curvature tensor Shijk of CΓ is written as,

4p2
−1Shijk = 4p2

−1Θ(jk)(CrhkCrij)

where, Θ(jk) anti-symmetric with respect to indecies j and k.

Thus,

4p2
−1Shijk = Θ(jk)[4p

4
−1a

r
hkarij + 2p2

−1(arijPrHhk + arhkPrHij)− (24)

(lhPk + lkPh)Aij − (liPj + ljPi)Ahk +H
′
ijPhPk +H

′
hkPiPj ]

where,

Aij = 2p2
−1aij − P̄

L2hij

H
′
ij = 2p2

−1
2r−2

3p3−2
arijPr + (1 + P 2

L4 )hij

Proposition 5: The v-curvature tensor of a Finsler space with (γ, β)-metric is given
by (24).

Next, h- and v-covariant derivatives Xi|j , Xi|j of a covariant vector field Xi with respect
to the Cartan connection CΓ are defined by,

Xi|j = ∂jXi − (∂̇rXi)N r
j −XrF

r
ij

Xi|j = ∂̇jXi −XrC
r
ij
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where, (F ijk, N
i
j(= F i0j), C

i
jk) are connection coefficients of CΓ and suffix ’0’ means the

contraction by supporting element yi [3, 1].

If bi|h = 0, then for L(γ, β)-metric, we have,

ai|j = 0 aij|k = 0 (25)

because, li|j = 0 and hij|k = 0. Then, the h-covariant differentiation of (15b), we have,

Cijk|h = p−1aijk|h (26)

Therefore, the v(hv)-torsion tensor Pijk is written as,

Pijk = Cijk|hy
h = Cjk|0 = p−1aijk|0 (27)

Definition : [3] A Finsler space is called a Berwald space, if tensor Cijk|h vanishes
identically and called a Landsberg space if Cijk|0 vanishes identically.

Theorem 2: If bi is h-covarintly constant (resp. bi|0), then a Finsler space with (γ, β)-
metric is a Berwald space (resp. Landsberg space) iff the tensor aijk|h (resp. aijk|0)
vanishes identically.

Now, the hv-curvature tensor Phijk [3, 1] is given by,

Phijk = Θ(hi)(Cijk|h + CrhjCrik|0)

Now,

CrhjCrik|0 =
p2
−1a

r
hjarik|0+ 1

2ahik|0Pj−
1

2Laik|0(lhPj+ljPh)+ 1
2ajik|0Ph+ r−2

2p3−2
arik|0P

rPjPh+ 1
2hjhP

rarik|0

Thus,

Phijk = Θ(hi)[aijk|h +
1
2
aijk|0Ph −

1
2L
aik|0(lhPj + ljPh) (28)

+arik|0P
rHjh + arik|0A

r
hj ]

where, Arhj = p2
−1a

r
hj + 1

b
r−2

p3−2
P rPjPh.

Proposition 6: The (v)hv-torsion tensor Pijk and hv-curvature tensor Phijk for (γ, β)-
metric is given by (27) and (28) respectively.

Now, the T-tensor is given by [3, 1]

Thijk = LChij |k + liChjk + ljChik + lkChij + lhCijk
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Now, the v-derivative of Chij is given by

2p−1Chij |k = 2p2
−1|kahij − 2p−1|kChij −

1
L

[hjk(liPh + lhPi) + (29)

hik(ljPh + lhPj) + hhk(liPj + ljPi)] + Π(hij)(HhiPj |k) +
2r−2

3p3
−2

Π(hij)(PhPiPj |k)

Using (8), (15b) and (29), the T-tensor for (γ, β)-metric is given by

Thijk =
1

2P−1
[2p2
−1|kLahij − 2p−1|kLChij − [hjk(liPh + lhPi) + (30)

hik(ljPh + lhPj) + hhk(liPj + ljPi)] + LΠ(hij)(HhiPj |k) +
2r−2

3p3
−2

LΠ(hij)(PhPiPj |k) + p2
−1Π(hijk)(lhaijk)

+Π(hijk)(Hhi(ljPk + lkPj))]

Thus,

Proposition 7: The T-tensor Thijk for (γ, β)-metric is given by (30).
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