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Abstract

In the present paper, we introduce the concept of (v, 3)-metric and a number of
propositions and theorems have worked for a (v, 3)-metric, where V3 = a;; (z)y'y? y*
is a cubic metric and 8 = b;(z)y" is a one form metric.
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1 Preliminaries

Let M™ be an n-dimensional differentiable manifold and T'M™ be its tangent bundle.
The manifold M™ is covered by neighbourhoods (U), in each U of which we have a local
coordinate systen (z?). A tangent vector at a point x = (2%) of U is written as yi(%)x,
and we have a local coordinate system (z’,y") of TM™ over the U.

A (Finslerian) tensor field, for instance, of type (1, 1) in M™ is by definition a collection
of n? functions Tj(z,y) of variables (z',y’) which obey the usual transformation law of
components of a tensor field,

To(z,5) = Tz, y) Xe X]

when a local coordinate system (z°) is changed for (%), where X@ = ng and X Z = %.

x

throughout the following the symbols 0; and 9; stand for partial differentiations a(zi and
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6iyi’ respectively.

A Finsler connection FT is defined as tried (F;k(a:, Y), N]’f(ac7 Y), V;k(a:, y)) as follows:

(D) Fj’k(az, y) are called the connection coefficients of h-connection whch obey the usual
transformation law of connection coefficients of a connection

Fiu(7,9) = Fiy (0, y) XXX + X[0X
(’h’ is the abbreviation of "horizontal’.)

(2) N ;(CE, y) are called the connection coefficients of non-linear connection which obey the
transformation law

Ni(#,§) = Ni(z,y) X¢X] + X2 X 1g°

(3) jik (z,y) are called the connection coefficients of v-connection which are compo-
nents of a tensor field of (1,2)-type. (v’ is the abbreviation of ’vertical’.)

A Finsler connection FT' serves the purpose of constructing covariant derivatives a Fins-
lerian tensor field. For a tensor field T} (z,y), for instance, of (1,1)-type we have first the

h-covariant derivative 7”1 whose components are given by

gk = OkT} + TP ED, — TRE, (1)
where, 0y is a differential operator d, = Oy — N,ZE)}. Secondly, we have the v-covariant
derivative 3/YI" whose components are given by

T}l = T} + Tj Vi, — TV} (2)

It is noteworthy that g® of local coordinate system (z%,y*) of TM™ constitute a Finslerian
contravariant vector field y. The components of 7"y and /Yy are, respectively written as

vi(= D)) = =Nj+y'Fy, 4l =8+ 9"V (3)
The tensor D of components Dj» is called the deflection tensor of FT'. Therefore, Dj» =N ]‘

and yTVTZJ = 0 may be desirable conditions for a Finsler connection.

Throughout the following the index 0 denotes the transvection by y*. Thus yTV,,’j is written
as VOZJ

For a tensor field T of components T;(x, y) we get a tensor field 577 of components 8;<3T]Z
Therefore, we can get a Finsler connection ( ;k,N ;,0) from a given Finsler connection

(F;k? N. ;f, jlk) V'T is called O-covariant derivative of T.
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We shall write the important commutation formulae of covariant derivatives; for con-
travariant vector field (X"*) we have

i _ Yt _ YRt _ Yigr _ Yt T
X = Xy = X" Fyjpy = X Ty = X|o T
(2 (2 — T 7 (2 T (2 T
X jle = X*[kly = X757, — X*[r ST
Thus we get three kinds of curvature tensors:
R? = ( ;ljk) ....... h-curvature,  P? = (P,ijk) ....... hv-curvature
S? = ( ijk) ....... v-curvature

and five kinds of torsion tensors:

T = (Tj’k) ....... (h)h-torsion,  R! = ( ;k) ....... (v)h-torsion,
V= (Vi) (h)hv-torsion, P! = (P})....... (v)hv-torsion

It is noted that the v-connection ( Jik) also plays a role of torsion tensor and

Tj = Fiyp — Fry Pl = O0pNj — Fry S = Vi = Vi

It should be also noteworthy that if the desirable conditions, yfj =0 and y'| j= 5;- as
above mentioned, are satisfied, then we have
R;‘k = Rﬁjiw Pfk = Péjk? S;‘k = (Z)jk

A fundamental function or a Finsler metric is a scalar field L(x,y)which satisfies the
following three conditions:

(1) It is defined and differentiable for any point of TM™ — (0).

(2) Tt is positively homogeneous of first degree in g, that is, L(x,py)=pL(x,y) for any
positive number p.

(3) It is regular, that is,
C o 1o
gi (%, y) = 0;0;(%)
constitute the regular matrix (g;;).

The inverse matrix of (g;;) is indicated by (¢*/). The homogeneity condition (2) enables
us to consider the integral
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s = f; L(z, %)dt

along an arc ' = x'(t), independently of the choice of parameter t except the orienta-
tion. The manifold M™ equipped with a fundamental function L(x,y) is called a Finsler
space F = (M", L) and the s is called the length of the arc. Thus the following two
conditions are desirable for L(x,y) from the geometrical point of view:

(4) It is positive-valued for any point TM™ — (0).
(5) gij(z,y) define a positive-definite quadratic form.

Here we have to remark that there are some cases where the conditions (1), (4) and (5)
should be restricted to some domain of 7M™ — (0).

The value L(x,y) is called the length of the tangent vector y at a point x. We get
L%(z,y) = gij(z,y)y'y’. The set (% = 1) in the tangent space at x or geometri-
cally the set of all the end points of such y is called the indicatrix at x. If we have an

equation f(x,y)=0 of the indicatrix at x, then the fundamental function L is defined by

(f(:z,y)) —0.

The tensor g;; is called the fundamental tensor. From L we get two other important
tensors:

li=dL,  hij=Ldo;L

‘The former is called the normalized supporting element, because I' = ¢'"l, is written as

(3

y
L(z,y)
hijy? = 0 and the rank of (h;;) is equal to n — 1.

and satisfies L(x,y) = 1. The latter is called the angular metric tensor. It satisfies

In the theory of Finsler spaces two Finsler connections BI' and CT' have been important
from the beginning.

The Berwald connection BT' = (G;k, G;, 0) is uniquely determined from function L(x,y)
of I by the following five axioms:-

(B1) L; =0, i.e. L-metrical
(B2) (h)h-torsion: T;k =0
(B3) Deflection: D} =0
(B4) (v)hv-torsion: P;k =

(B5) (h)hv-torsion: C’;k =0
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The Cartan connection CT = (Fﬁg, G;, C;k) is uniquely determined from function L(x,y)
of I by the following five axioms:-

(C1) gijix = 0 i.e. h-metrical

(C2) (h)h-torsion: T;k =

(C3) Deflection tensor field D;- =0
(C4) gijlr =0, i.e. v-metrical

(C5) (h)h-torsion: S;k =0

2 Introduction

M. Matsumoto in the year 1979 [5], introduce the concept of cubic metric on a
differentiable manifold with the local co-ordinate z?, defined by

L(z,y) = (aiju(z)y'y’y*)s (5)

where, a;;,(x) are components of a symmetric tensor field of (0,3)-type depending on
the position x alone, and a Finsler space with a cubic metric is called the cubic Finsler
space.

We have had few paper studing cubic Finsler spaces [7, 2, 9, 10, 11, 12] although there are
various papers on geometry of spaces with a cubic metric as a generalization of Euclidean
or Riemannian geometry.

In paper [8] concerned with the unified field theory of gravitation and electromagnetism
Randers wrote:

”Perhaps the most characteristic property of the physical world is the unidirection of time-
like intervals. Since there is no obvious reason why this asymmetry should disappear in
the mathematical description it is of interest to consider the possibility of a metric with
asymmetrical property.

It is known that many reasons speak for the necessity of a quadratic indicatrix. The only
way of introducing an asymmetry while retaining the quadratic indicatrix is to displace
the center of the indicatrix. In other words, we adopt as indicatrix an eccentric quadratic
hypersurface. This involves the definition of a vector at each point of the space, deter-
mining the displacement of the centre of the indicatrix. The formula for the lenght ds of
a line-element dx’ must necessarily be homogeneous of first degree in da’. The simplest
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”eccentric” line-element possessing this property, and of course being invariant, is
ds = (aij(x)dxidxj)% + bi(z)dx’ (6)
where, a;j(x) is the fundamental tensor of the Riemannian affine connection, and b; is

a covariant vector determining the displacement of the centre of the indicatrix.”

In present paper, we shall study Finsler space with the fundamental function L(vy, 3) on
the lines of the Finsler space with the («, 5)-metric as studied by M. Matsumoto in paper
[12]. In Section 3 of the paper, we have work out some basic tensors namely hij, gij, Cijk
and ¢“ and work out four propositions and one theorem. Later on in the Section 4, we
have workout again three propositions and one theorem regarding the Finsler space with

(v, B)-metric.
3 Basic tensors of (v, §)-metric

Definition: A Finsler metric L(x,y) is called a (v, )-metric, when L is pos-
itively homogeneous function L(7,[) of first degree in two variables, v and [, where
73 = a1 (7)y'y’y" is cubic metric and 8 = b;(x)y’ is a one form metric [4].

Throughout the present paper, the following notations are adopted
aijr(2)yy" = ai, 209" = aij, a'bj = B', aYa; = d'

where, (a*) is the inverse matrix of (a;;). Further, subscripts v, 3 denote partial
differentiations with respect to -, 8 respectively.

As for a (v, 3)-metric,
L=L(y,5) (7)
Differentiating (7), with respect to ', we get

. L
Equation (8) can also be written as
: LL

Again differentiating (8), with respect to, y’, we have the angular metric tensor hij =
L&-ajL, as
hij = p-1ai; + qobibj + q—2(aib; + a;b;) + q-4a;a; (10)

where,

/ LL LL
(10)"  po1=7  @=LLgs, qo2="3" qa=(Ly— )
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Owing to the homogenity or hijyj = 0, we have two identities,
(p-1+q-28+ q-47*)ai + (qoB + q-27°)bi = 0
Since a; and b; are two independent vector fields, hence, we must have

p—1+ Q—25 + Q—4’Y?’ =0 (11)
qB+q-27> =0

Remark: In (10) the subscripts of coefficients p_1,qo, ¢—2,q—4 are used to indicate re-
spective degrees of homogeneity.

Again,
gij = hij + lil]’ = P-10Qij + pobibj —|—p_2(aibj + (Ijbi) +p_4aiaj (12)

where,
’ L~ L
(12) po = qo+ L3, p-2 = g2+ 57, P-a=qa+ 4
Using (11) and (12)’, we get

p—2B+p_s47®=0

It is well known that

Proposition 1:[3] Let a non-singular symmetric n-matrix (A4;;) and n quantities ¢; be
given, and put B;; = A;; + ¢ic;. The inverse matrix (B%) of (B;;) and the det(B;;) are
given by,

BY = AV — ﬁcicj, det(B;j) = A(1 + %)
where, (A¥) is the inverse matrix of (4;;), A = det(A;j), ' = A¥¢;, and ¢ = cic;.
From (12), the components g;; may be written as,
9ij = P—104j + cicj + did;
where, we put,

¢ =mb;,  di = mob; + T_2a;
2 2 _ _ 2 _
T+ Ty =po, T2 =p-2, Tly=DP4

Then putting, B;; = p_1a;j + ¢;cj, then we have, g;; = B;; + d;d;
From, defintion of BY, we have Biijk = (5f

Then,
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BY = E(aw _ p7f13-02)

where, a is reciprocal of a;;, ¢' = a%c;, and c? = c'¢; Now, by using Proposition 1,
we have

ij _ pij _ d'd?
9" =5 1+d?

where, d' = Biid;, did; = d>

|9:j] = |Bij|(1 + d*) = |p- 1%\”17”)(1 +d) =p"lalpr + ) (1 + d?)
where a is the determinant of a;;.

ij _ ij cicd _ didd
9 p1 @ p—1(p—1+c?)  1+d?

Now,

di = Bd; = p%[(ﬁop(; If;;r) 20) i 4 T_9a]

where, B'b; = b% = a"™b,,b;, a;B' = a™ab,, = a'b; = a, w2b* = c?

Again,
; N o o o
didl = - [(ETER BB - e (Bl + ' BY) + 7 pa'al]
L 17 2 = .. . . R
or d'dl = é[%BlBl + %(Bzaj + a'BY) + p_ya‘al]

Now,
d? = d;d' = m[ﬂgbzp—l +2p_1p_2a — p*,a® + p_yp_1a® + p_4c?a?]
Again,

gl = p"talp_1 + ) (1 + d?) = p"laT_s

where, 7_9 = p_1(p—1+pob?® +p_2a) + (p_2p_1a— p? 5a*) + p_sp_1a® + p_sc?a®. Thus,
the reciprocal of (g;5) is given by

3 1 o
g = —a"¥ — 5yB'B7 — s5o(B'a’ + B’a') — s_sa'ad’ (14)
b
where,
2 _
/ _ mop? +n(T_o+mp_4a?—2p_2a) _ p_op_1—73p_4a
(14) 82 = T_op— 1([) 1—‘,-62) K S0 = T—2P—-1

p_1p—atcip_y

§-2 = T_2p—1
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Differentiating (12) by y*, we get,
20351 = 2p-104j + Pogbibjbr + (k) (Piajk + p—2paib;by, (15)
- 4
+p757 a;a;by) + pT Lajazay

2

where, I1;;1) represents the sum of cyclic permutation of i, j, k.

P, = p_ja; + p_2b;

or,
(15a) 2p_1Cyjk = 202 1 aiji + pogbibsbi + (k) (Pihjr + r_4a;bjby+
r_ea;a;by) + r_ga;ajay
where,
(15a)’ T_2 =p_1pPog — 3P—-2q0,  T—4 = P_1P—23 — QoP—4 — 2P—2q—2

P—ay

T—6 = P-1D-4p — 2P-4¢-2 —P-24-4, T8 =P-1—z — 3P-4G-4

Proposition 2: The normalized supporting element [;, angular metric tensor h;;,
metric tensor g;; and (h)hv-torsion tensor Cjj; of Finsler space with (v, )-metric are
given by (8), (10), (12) and (15a) respectively.

Proposition 3: The reciprocal of the metric tensor g;; of (v, §)-metric is given by (14).

Proposition 4: The coefficients r_g, r_g,74,7_9 defined in (15a) satisfy the following
relation

r_u B+ 7‘_#_273 =0, w=2,4,6. (16)
Proof: Using (11), (13) and (15a)’, we easily get the relation (16).

Now, from (13) and (16), we have
Pos=¢p_2,  T_u_2 =21y, p=2,4,6. (17)
where, ¢ = —:%.
Using relation (17) in (15a), we easily get
(15b) 2p_1Cyjk = 202 aiji + Wi (HjpPy)
where,

Hij = hij + —3;gj2 PP
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Further, by direct computation from Cjj;, and g%, we have,
C; = p,laijkgjk + Aa; + Bb; (18)

where A and B are certain scalar.

If the Finsler space (F™) is C-reducible, then

1
Cijr = et 1)H(ijk)(hijck) (19)
from (15b) and (19), it follows that,
r_2
ik + —5—=F; P; P, = 115 h;i Ng 20
J QP% p:iQ J (]k)( J ) ( )

where, N = 2}’—‘10k — P, Conversely, if (20) is satisfied for certain covariant vector Ny,
(n+1) Y

then from (15b) we have
2p—1C35x = Wijry (hij (Pe + Ni)) (21)

which gives (19). Thus, we have,

Theorem 1: A Finsler space with (v, §)-metric is C-reducile iff equation (20) holds.

4 Important tensors of (v, 3)-metric

It follow from (15b) and (14), that the components C’;k of the (h)hv-torsion tensor CT
are given by,

2p_1Cly, = 2p° by, + (80P, — U'l; Pi) + (04, P — 'L, Py) (22)
+]%PinPk + P
-2

where, Pjg"* = P7, gijlj =1 arjkg” = az-k
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Again from (15b) and (22), we have,

4P2—1Ci:k0rij = 429%1@21@“%]‘ + 2p2—1H(ijk)(aijkPh) - (23)

@H(ijk)(PinPklh) -

— Q45 (lhpk + lkph)]

22 7 202 7
PN P PP+ 2 0 PPPy + 202 i P By +

Y L)) p72
2p2 1aly, Prhiy — 2p% [ah L (1P + 1 P)] + [hin P Pr. + hix Py Py +

hhkPP + hh]PkP + hjkP P, + hhkPP + hl]PkPh + h”PkPh]

r_o P? P
32 il + - 7 5 PiPj|PePy — Zhij(In Py + 1k Pr) -
p _o P? 4
ﬁhhk(lipj + le) + 3 L4 hhkPP + PP PkPh.

where, ;1" = %&,  PTl,. = LEQ, PrP=2 Py, =np, 0f Qrhk = Qink-
From (23), the v-curvature tensor Sh;j, of CT' is written as,
Ap? 1 Shijie = 4p2 10 (j) (Chi Crij)
where, © ;) anti-symmetric with respect to indecies j and k.
Thus,

4p%15hijk = @(jk) [4p§1az,€anj + 2p2,1(am'jPthk + aszrHij) — (24)
(P + 1 Pp) Aij — (P + 1 Py) Apg, + Hy; Py Py + Hyp PP

where,

P
77 Nij

/ 2r_ P2
Hy; = 2p% 552 ariiPr + (1+ 2)hy

Aij = 2p% a4 —

Proposition 5: The v-curvature tensor of a Finsler space with (v, §)-metric is given
by (24).

Next, h- and v-covariant derivatives X;;, X;|; of a covariant vector field X; with respect
to the Cartan connection CT' are defined by,

Xil; = anZ chgj
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where, (F;k, N;(: ng), C]Zk,) are connection coefficients of CT" and suffix 0’ means the

contraction by supporting element 3* [3, 1].

If b, = 0, then for L(v, 3)-metric, we have,
=0 and hz

because, [ r = 0. Then, the h-covariant differentiation of (15b), we have,

ilj Jl
Cijklh = P—1045kn (26)

Therefore, the v(hv)-torsion tensor P;jj is written as,

Py = Cijk|hyh = Cjklo = P10k (27)

Definition : [3] A Finsler space is called a Berwald space, if tensor Cjjy, vanishes
identically and called a Landsberg space if Cj;;)o vanishes identically.

Theorem 2: If b; is h-covarintly constant (resp. b;o), then a Finsler space with (v, 3)-
metric is a Berwald space (resp. Landsberg space) iff the tensor a;jy, (resp.  agjrpo)
vanishes identically.
Now, the hv-curvature tensor Py [3, 1] is given by,

Priji = O i) (Cijgn + ChiCrikjo)

Now,

ngcrik|0 =
2 1 1 1 r—2 1
P14, 0rik)0 5 Wikl 0Fs — o Gikjo (In L+ Pu) + 35ikio Pn+ 557 ranjo P P Pa g hyn P arigpo

Thus,

1 1
Prijk = O (na[aijrn + 5%gkoLn = gramp(nls + LiPp) (28)
+arikjoP" Hjn + arigjoAp]

where, Az] = p%lazj + %%PT.P]P}L

Proposition 6: The (v)hv-torsion tensor P;j;, and hv-curvature tensor P for (v, 3)-
metric is given by (27) and (28) respectively.

Now, the T-tensor is given by [3, 1]

Thijk = LChijlk + LiChjk + 1jChik + W Chij + InCijk
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Now, the v-derivative of C;; is given by

1
2p—1Chijlk = 201 [kanij — 201 |kChij — Z[hjk(liph +1,P) + (29)
hik(ljph + thj) + hhk(lipj + lei)] + H(hij) (H}“*Pﬂk) +
2T72
Eﬂ(hm(f’hﬂpﬂk)

Using (8), (15b) and (29), the T-tensor for (v, #)-metric is given by

1
Thijr = E[sz—ﬂkL@hij — 201k LChij — [hj(li Pn + 1 P;) + (30)
hig (L Pr + U Pj) + by (Li Py + Ui P3)] + LI 5 (Hpi Pjl) +
2r_
- LH(hij)(PhPin|k) + pgln(hijk)(lhaijk)

Sp?iz
L nijry (Hni(li P + 1 Pj))]

Thus,

Proposition 7: The T-tensor Ty, for (v, 3)-metric is given by (30).
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