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Abstract

We consider a foliation F of a Finsler manifold M. Its tangent manifold TM is
Riemannian with respect to the Sasaki-Finsler metric and admits a natural foliation
as a fibered manifold, called vertical foliation. Foliation on M determines a foliation
Fr on TM. The bundle TT M has two decompositions with respect to vertical folia-
tion and to Fr, respectively. We define the vertical-tangent, the horizontal-tangent,
the vertical-transversal and the horizontal-transversal vector fields on TM. We also
define a new type of differential forms on T'M. The exterior derivative on T'M admits
a decomposition into some operators, one of them satisfies a Poincare type lemma,
and we established a de Rham theorem for this particular one.
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1 Preliminaries

Finding new topological invariants of differentiable manifolds is still an open problem
for geometries. The cohomology groups are such invariants. The Finsler manifolds are
interesting models for some physical phenomena, so their properties are also useful to
investigate, [1], [2], [3], [5]. The cohomology groups of manifolds, related sometimes to
some foliations on the manifolds, have been studied in the last decades, [8], [9]. A study
of foliations on a Lagrangian manifolds could be found in [7]. Our present work intends
to develop the study of the Finsler manifolds and the foliated structures on the tangent
bundle of such a manifold.

For the beginning, we present the verical foliation on the tangent manifold TM of
a n-dimensional Finsler manifold (M, F'), following [1]. In this paper the indices take
the values 1, j, 41, j1,... = 1,n. Let (M, F) be a n-dimensional Finsler manifold and G
be the Sasaki-Finsler metric on its tangent manifold 7M. The vertical bundle VI'M of
T M is the tangent (structural) bundle to vertical foliation Fy determined by the fibers of
7 :TM — M. If (2%,9"),_s— are local coordinates on TM, then VT'M is locally spanned
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by {a%l}Z A canonical transversal (also called horizontal) distribution is constructed in

[1] as follows. We denote by (g% (z,y));; the inverse matrix of g = (g;;(z,y))i ;j, where

1 0%F?

9ij(z,y) = iw(:r,y), (1.1)

and F' is the fundamental function of the Finsler manifold. Obviously, we have the equal-
ities 2% — Qgik _ 99ik

oyt ™ Oyl T Oyt
We locally define the functions
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There exists on TM a n distribution HT M locally spanned by the vector fields

b _ 0 59
Sxt Ot L Oyd’

(V)i =1,n. (1.2)

The Riemannian metric G on T'M is satisfying
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((5xz7 6$j) (ay,L? 8y9) g] G((sz ayj) O (V)Z -] ( 3)

The local basis {
decomposition

5‘;, 8%1.}2- is called adapted to vertical foliation Fy and we have the

TTM = HTM & VTM. (1.4)

2 Vertical cohomology of T'M

Corresponding to decomposition (1.4) we have the decomposition of module of vector fields
on TM into horizontal vector fiels X"*(TM) locally spanned by {+2;} and vertical vector

Sz
fiels XV(T'M) locally spanned by { a?ﬁ }. We also have two distributions, the vertical one
being integrable. The Poisson braket of two horizontal vector fields depends on

[5 5}: ) N 5G§_5G§€ (2.1)

ozt 6ad Woyk> T §pk T §ai

The horizontal distribution is integrable iff Rfj = 0 for all indices.

We apply theory of differential forms on foliated manifolds, [9], to the Riemannian
foliated manifold (T'M, G, Fy) and we consider the (p,q)-forms on T'M being (p + ¢)-
forms on TM which are non-zero only for p-arguments in X”(T'M) and g-arguments in
XY(TM). The module of (p, q)- forms is denoted by QP4(T'M ) and we have the following
decomposition of module of r-forms on T'M:

O (TM) =pyqer UQPI(TM).
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Local cobasis adapted to vertical foliation is {dz?,dy’ = dy' + Gé-dxj }. Locally, w €
QOP9(TM) has the following expression:

w = aimmipjlqudx“ Adz2 A ... Adz A 5yj1 A A (5yjq.

We compute déy’ = Z,Kj R;kdxk Adxd + Zk,j zTchiyk Adx?, hence the exterior deriva-
tive on T'M admits a decomposition into three operators:
d =dio+da,—1 + doi,
dyo : QPUTM) — QPFFYYTM);  do_y - QPYTM) — QP27 (T M),
doy : QPYTM) — QPITH(TM),
locally given by:

SCuiis s ] ) ) ) ) .
diow = dez Adz™ Ndx N ..o ANdx' NSyt N LA dyTT+
T

HGI* . . . . . N .
+a¢112...¢pj1.,.jqa—§6yl Adzt Adz Adz®? A AN AT A Sy A A SyTE A LA Syl
Y

where the symbol 5gjjk means that this element is missing.
dy 1w = ailiz_,_ipjlquRglkda:l Adzt Adz™ Adz® A A dxt A Sy A LA 5ijk A o A Syla,
Oiyiy..ipj1.jq
oyt
From d? = 0 it follows dgl = 0, this operator being exactly the foliated derivative
of (TM, Fy) from [9]. It is known that the foliated derivative satisfies a Poincare type
lemma. Let us denote by ®" the sheaf of germs of basic functions on T'M, that means

f € Q°TM) such that do; f = 0. The de Rham cohomology groups of foliated manifold
(T M, Fy) are the quotient groups of the following semiexact sequence

dow = Syt Adx™ Adz® A A dz A Syt A LA Syl

OY(TM) — QUTM) ™ Q0L (Tar) % Q02T ™ ...

KeT’d()l
do1 (QO,q—l (TM)) ’

and these groups are so called v-cohomology of TM. Here Kerdy = {w € QUU(TM),dyw =
0} is the set of dgi-closed (0, q)-forms which is usually denoted by Z%¢(TM). The set
do1 (Q%9=Y(TM)) is usually denoted by B»4(TM) and it is called the set of do;-exact
(0, g)-forms.

The sheaves sequence

HY(TM) =

d d d
0— oY — Q0 QO 2 o2 %L

Y

is a fine resolution of ®”. A de Rham theorem is also true, H{(T'M) is isomorphic with
the g-dimensional Cech cohomology group of T'M with coefficients in ®”. All these results
come from the theory of foliated manifolds applied to (T'M, Fy).
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3 Foliated Finsler manifold

In this section we consider the Finsler manifold (M, F') from the previous sections endowed
with a m-codimensional foliation F. It follows that there is a partition of M into n —m
-dimensional submanifolds, called leaves. In the following, the indices take the values
u,v,u1,v1,... =m+ 1,n and a, b, aq,bi,...= 1,m. There is an atlas on M adapted to this
foliation with local adapted charts (U, (z®, 2*)) such that the leaves are locally defined by
x® = constant, for all a = 1, m.

The local coordinates on the tangent manifold 7'M are (z?,z%, y*, y*). Generally, for
two local charts (U, (z*)) and U, (1)), whose domains overlap, on TM, in U NU we have

oz,
oz

~i1 __

Y

Now, the above relations give the following changing coordinates rules on T'M:
=) B =52,

gin oFm . oEm
b= gt Y _axay+axuy‘

Foliation F on M determine a 2m-codimensional foliation F7 on T'M, whose leaves are
locally defined by

z% = constant, y* = constant.

Taking into account decomposition (1.4) of TTM, the local base {&%,&%, 82@78%

adapted to vertical foliation satisfies the following relations in U N U:

) oxr® ¢ ox% ¢

S O™ x% | 91 dxt’

0 ox* 0 ox* 0

og*  0iw Oyt | 09I oy’
5 ot b
sxur 93w da’
o oxv 9

oy 05 oy
Returning now to the foliation F7, the tangent bundle T F7 to leaves, also called the

structural bundle of this foliation, is locally spanned by {5%”, %} and it is a subbundle
of TT M.

Definition 3.1. We say that the foliation F of M is compatible with the Finsler
structure F' on M if, in every local chart around a point (x,y) € TM, the matriz
1 0*F?

(guv>u,va guv($ay) = §W($>y)7
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is nondegenerate and the functions G* are satisfying the relation

0G¢
oyv 0

)

foralla=1,m, u=m+ 1,n.

Remark 3.1. The condition that a foliation is compatible to F' has geometrical
meaning. Indeed, in U N U we have

ox* oz"

Gui,vr = Guo OFuL 9L’
and the matix (aaj%)u,m s obviously nondegenerate in every local chart.

Proposition 3.1. If the foliation F of M is compatible with the Finsler structure
F on M, then the vector fields on T M locally given by

) u 0 0 u 0
éa_ém“_taw’ Ca—aiya— “ Py

(3.1)
are orthogonal to {52}, {#:u}, with respect to Sasaki-Finsler metric G from (1.3), where
{tl} are solutions of the system gap — t2guy = 0.

Proof. The compatibility between foliation on M and the Finsler structure of this manifold
assures the solvability of the system gq, — t§guy = 0. Moreover, computing

1) 0
as « ) — au*tg‘ Uy as ) = au*tz VU
G(§ 5x“) g g G(¢ ayu) g g

it results that these vector fields are orthogonal. O

As a consequence of the above Proposition, for a vector X € T'M we have the followig
decomposition:

) .0

X=X"—+Y"— =
dxt + oy’

a d u d a a U 6 _
- “ @ ox “ @ oyv’
The basis
) 0
{£a7 51:1/,7(@’ ayu} (32)

is adapted to Fr and to vertical foliation, too. We denote by T F7 the orthogonal bundle
to T F7 with respect to Sasaki-Finsler metric on T'M.
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Definition 3.2. The vertical component of a section of TFr is called a vertical-

tangent vector field on T M. Their collection is denoted by V Fr.

The horizontal component of a section of TFr is called a horizontal-tangent vector
field on TM . Their collection is denoted by HFr.

The vertical component of a section of T+Fr is called a vertical-transversal vector
field on TM. Their collection is denoted by V=Fr.

The horizontal component of a section of T+Fr is called a horizontal-transversal
vector field on TM. Their collection is denoted by H-Fr.

From the above definition we have the decomposition of module of vector fields on T' M
into H*Fr @ HFr @ VY Fr @ VFr. Locally, H-Fr, HFr, V+F7, V. Fr are spanned by

{€ah, {52} {Ca, {32 ), respectively.
The cobasis dual to basis (3.2) is {dz?, 0", dy*, n"}, where 6" = dz" + tidz®, n* =
oy" + tioy®.

Definition 3.3. A (0,q)-form w on TM is called a (0, s,t)-form if s+t = q and if
it is nonzero only for s-arguments in V=-Fr and t-arguments in VFr.

We denote the space of (0, s,t)-forms by Q%**(TM) and we have
QOYTM) = Ugy4=gQ°*H(TM).
The foliated derivative dy; acts on a (0, s, t)-form locally given by
W= Qg a9, asut,.u OY™ A AOY*S AU A LAY
as it follows:

do1w = Ca(Qay ag,....as 1, ue)0Y" A OYE A oA YT AN LAY

+(—1)$60‘“1"’25"3&“1""“ Y™ A NSy ARt AU A L AR
Yy

Hence there are two operators

do1o: QUSHTM) — QUSTYHTM),  dogq : QUSHTM) — QU5 (TM),

with
do1 = dp1,0 + doy,1,

and

0
dooiw = (—1)* a““”é"f’“““’“t SY™ A o ASY™ AN AR A AU
Y
The equality d%; = 0 implies d%,O,l = 0. A function f € QO(TM) is called vertical basic if
do,o,1f = 0.

We denote by ®%0 the sheaf of germs of vertical basic functions. The following sequence
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OO0 (TM) — QUTM) 3" QOO (Tar) 9%t 002 (Tar) 8

is semiexact and we call the quotient group

Z904(T M)
q —
H’v,t (TM) - B0.0,g (TM) )

the v,t-cohomology of TM. Here Z%%4(TM) = {w € QV9(TM),dy 01w = 0} is the set of
dp 0.1-closed (0,0, g)-forms. The set BY(TM) = dg1(Q%%9=1(TM)) is called the set of
do,0,1-exact (0,0, ¢)-forms.

Remark 3.2. We have the following strict inclusions:
Z%(TM) N QY% (TM) c Z%9TM), BY(TM)NQ"(TM) c B®OY(TM).
Another property of the operator dp 1 is a Poincare type lemma, namely

Theorem 3.1. Let w be a do,1-closed (0,0,t)-form. For every open domain U &
TM there is v € QO =YU) such that in U we have the equality w = dop17-

Proof. Since w is a (0,0, t)-form, its local expression is
W= Qg g, A AR
From dp g 1w = 0 it follows do1w = Co(Quy ug,... ue)OY* AU AL A, SO
doiw =0 (modulo d&y*,69°, ...,y

mfn)

But the operator dy; satisfies a Poincare type lemma, hence in space dy* = 0 we have that
for every open domain U of T'M there is a (0,¢ — 1)-form ¢ such that in U

w=doo1p (modulo Syt 02, .., 6y,
Let v be the (0,0,¢ — 1)-component of ¢. Then we have the following equality in U:
w = d07071"}/ + g N\ (Sya,

with pg (0, — 1)-forms on U. By equalizing the terms of the same type in the above
equality we obtain w = dp .17, so every do,o,1-closed form is locally dg o 1-exact. O

Let Q%04 the sheaf of germs of (0,0, ¢)-forms and i : ®%° — QO the natural inclusion.
The shaves %99 are fins, so the shaves sequence

d d d
0 @00 _, g0 1 oo nr goo2 dny

9

is a fine resolution of the sheaf ®*°. Applying now a well-known theorem of algebraic
topology it results a de Rham type theorem for the v, t-cohomology of T'M:

Theorem 3.2. Hg’t(TM) 18 isomorphic with the g-dimensional Cech cohomology
group of TM with coefficients in ®%0.
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