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HOMOGENOUS STELLAR MODEL HAVING THE CHEMICAL
COMPOSITION: X =0.7405 AND Z = 0.0135

Emil TATOMIR, !

Abstract

A mathematical model having the mass equal with one solar mass, the abundance
of the hydrogen X = 0.7405 the abundance of the helium Y = 0.246 and the abundance
of the metals Z = 0.0135 is presented. This model corresponds to the old stars of
Population IT or to the stars of sequence of the subdwarfish stars with the deficiency
of the metals.

In this paper the differential equations for the radiativ nucleus, their numerical
solution and the numerical results of the model are presented.
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1 Problem formulation

We consider a model of a star with a radiative nucleus and a convective cover. Solving
the problem integration must be performed both from the centre and from the surface and
the solutions thus obtained have to be connected, so that the continuity of the considered
parameters should be ensured. To give a model of the interior of a star means to determine
the variations of pressure, temperature, mass and luminosity along the ray. The following
equations of hydrostatic equilibrium, mass distributions, luminosity and temperature are
valid for the radiative nucleus (see, e.g., Menzel and others, 1963; Aller and McLaughlin,
1965; Cox and Giuli, 1968):

o) G, (1)
dl\ér(r) = 47wr?p(r)
dzy) = dar?p(r)e(r)
dr(r) _ 3 k(r)p(r)L(r) L(r)
dr 4ac T3 (r) 4772
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p(r) is the density at the r distance from the centre, ¢(p,7T, X,Y’) is the energy
generation per gram per second, k(p, T, X,Y’) is the opacity corresponding to the mass
unity, and X,Y are the proportions of hydrogen and helium. The system (1) has the
following limit conditions in the centre of the star:

M(0) =0, L(0) = 0, P(0) = P(c) =7, T(0) = T(c) =7 at r = 0. 2)
1

K

The law of the gas P (r) = L (r) T (r) is valid for the whole interior.
The hydrostatic equilibrium equation as well as the mass distribution and the adiabatic
equations (Menzel and others, 1963):

LA NG Q
dM (r) = 4mwr?p (r)

dr
P(r) = Kp(r)i or P(r) = K;T (r)%"

are valid for the whole convective zone.
System (3) has the following boundary conditions at the star surface:

M=My, L=1Ly, T=0, P=0, at r = Ry. (4)
Schwarzschild’s transformations are applied to systems (1) and (3) (Schwarzschild,1958):

pGM?
P(r) = "¢ (5)
_ g HGM
T(r) =t R
M(r)y = ¢ M
L(ry = f-L
r = R-x

where henceforth p, t, ¢, x, f are dimensionless variables. To produce the energy we consider
the following formula :

e =eop (r)T*? (r) where g9 = 2.8 - 10733 X? (6)
and for opacity :
X+Y
59.3

Using Schwarzschild’s transformations and laws (6) and (7) in systems (1) and (3),
they become :

)1+ X)*7 (7)

K= n0p0‘75(r)T_3'5(7’) where kg = 6.52 - 1024(Z +

dt B p1.75

dp pq dg px® df
dr - dr _Ox2t8~25 (8)

e e I bl
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respectively
dp pg dqg  pa®
i i 9)
where
H 2.5
E = 47K <k> G'OMOSRNP 2 (10)

3rkg 1 k\"° LR“»
dac (47> \ HG MB-T5,75

4.5
p = & (GH> M®? 45

1\ % LRT5"

The boundaries become as follows :

at the centre : x=0,f=0,¢q=0,t=7,p=" (11)
and at the surface : z=1,f=1,¢q=1,t=0,p=0.

If we start the integration of system (8), we obtain two infinite assemblies of solutions
for the nucleus, due to the possibility of choosing the values of pressure and temperature
in the centre. We perform another variable transformation, which will remove an infinite
assembly of solutions for the radiative nucleus.

We consider :

x = xzoz” and t = tot", (12)
fo= Jfof"
p = pop” and ¢ = qoq"
where xg, to, fo, Po, go are indefinite constants. We impose the following form to the system
(8) :
dp*  _  p'¢ (13)
dr* 2
dq* p*x*2
do* t*
df* — p*2x*2t*2'5
dx*
dt* p*1‘75f*
do* {8252
and thus x, to, po, fo, g0, C, D verify system (14) :
3 1.75 24253
T telxg =1
o _ g PTo_y gPo g pPolo T =1 (14)

toxzo  toqo 9251 Jo
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If we consider an already known chemical composition, we may calculate the value of
C and D, but beside them system (14) contains five unknown quantities, so one of them
may be chosen. We have chosen ty = t., so ¢} = 1.

Both system (9) and system (13) present singularities in the points where the boundary
conditions are given. A difficult problem, the one of connecting the solutions should be
elucidated. We have to ensure the continuity of parameters P(r),T(r), M(r) and L(r).
The relations introduce three new parameters :

dlog M (r)
U = ———~= 15
dlogr (15)
v - dlog P (1)
dlogr
dlog P (1)
1 =2 7
(n+1) dlogT (r)

We perform the calculations in (15) and we obtain:

U = 4mr = = (16)

vV =

tr - t*x*

and (n + 1) corresponding to the radiative nucleus from (15) will become:

1 M T4 1 8.25 *1%8.25
(n+ 1), = 6rac GM (r)T%(r) _ 1 qtl _ gt 1 (17)
3 P(r)s(r)L(r) C fpt™  frp*17

We obtain (n 4 1) corresponding to the convective zone and we get :

(n + 1)eony = 2.5 (18)

Pressure and temperature being continuous functions, (n + 1) should be a continuous
function. The convective zone begins in point z* where (n + 1) = 2.5. Starting with
a certain value for p’, within the plan (U,V) we obtain a corresponding curve with a
final corresponding value (U;, V;) where the radiative zone ceases to exist. Starting with
a certain F we can integrate system (9) and set out plot a corresponding curve in the
plan (U, V). But the continuity of the functions corresponding to mass and pressure asks
a continuous curve in the plan (U, V). Thus, if we choose a certain E, then we may choose
a value for p so that continuity within the plan (U, V') should be obtained, but we may
consider the problem the other way as well, that is to start by choosing p} and then to
interpolate as against FE.

We suppose that a connection for a certain E' and for a p} has been achieved, then
we determine constants xg, po, fo, qo, to, C and D. The assumption that a connection has
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been achieved gives us the value of parameters g, p, f,t at the overlapping both from the
surface and from the centre, thus we know: x;s, ¢;s, tis, Pis and Xie, Pic, tic, fic, ¢ic and, as
there is no energy produced within the convective zone, it follows that f;s = 1, where “is”
shows that there is a value at the inference considered from surface, and “ic” shows that

there is a value of a parameter, considered from the centre. Using (12), we have:

Tis = xoxzca Dis = pOP:c’ fis =1= fﬂfi*c’ dis = QOQ;m tis = tOt:c) (19)

which give us values xg, fo,t0,qo. The system (14) gives us the values of C and D. We
suppose that the values of C' and D are calculated for a certain E and p} for which a con-
nection of the solutions has been achieved. Using the formulae of C' and D given by (10),
where M, R, L which stand for mass, ray, luminosity corresponding to Sun at the present
time are considered as known data and testing with different chemical compositions, we
try to obtain values for C' and D, equal to those resulting from the calculation. Thus, once
the calculus achieved, that is a chemical composition which has been determined, it should
be reconsidered until a chemical composition as close as possible to the one determined in
spectroscopy is obtained.
The formulas (1) — (19) are given in (Menzel, 1963).

2 The problem solved numerically
System (13) has the following limit conditions:

2" =0,f"=0,¢" =0,t* =1 and p* chosen (20)

This system has a singularity in z* = 0, but system (13) admits solutions in analytic
form for each and every neighbourhood of this singularity point. These analytic solutions
are prolonged by continuity in point * = 0 as well. We note p; = pg, considering the
Yanx™ solutions and imposing the condition that these series should verify (13), we obtain:

1 1

p(z) = po— épgxz + (pd —p8‘75)4 +02° + Agaz® + ... (21)

1 1
q(x) = §p0x3 + 30 (p§'75 — p%) 2% 4 025 + B7x7 + ...

1 1 1
fl@) = 3pge’ - <15p3 + 12198‘75) 2% +02% + Cra” + ...

L3 99 775 3 75\ 4

tx) = 1-— gpg T2 4 <1440p5 - 32p05> zt + 025 + Dga® + ..

Series (21) will help us in calculating the values of the solutions in four points contigu-
ous to the origin and to the integration pass h = 0.01. In order to obtain the value of the
solutions for the following point, we use Adams-Bashforth’s extrapolation formula of the
forth order (Mozynski, 1973):
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55 59 37 9
Viki =V +h <24fk - ﬂfk—l + ﬂfk;—2 — 24fk:—3> (22)

which allows us to calculate the solution in a certain point, if we know the values in four
previous points.
Adams-Moulton’s interpolation formula :

Vi1 = Vi + h[b-1 fir1 + . + b3 fr—3] (23)
contains solution Vi1 within the right term in the item f;41. From (22) we obtain a
Vi1 @ which substituted in (23) gives the possibility of obtaining a Vj.41 (V. We apply
the successive approximations method and we obtain:

(n+1) _ 251 (n)
VAT = Vi+ ok (ka,VkH) + (24)
h
790 (646 f1, — 264 fr,—1 + 106 fr—2 — 19 f_3)

The process of approximation continues until ‘Vk—i-l (nt1) _ Vi+1 (n) < 10_11|. System
(9) will be intd under the following condition: for x = 1,p =t = 0,q = 1, E chosen. We
perform the variable y = 1 — x, we denote the variable by x as well, and thus system (9)
becomes:

dp Pq

de— t(1-2)? (25)
dg _  p(l—u=)

de — t

dt 1 pq

dz — 25E25(1 — 1)’

It has a singularity in point x = 0 because of t.
For system (25) we propose Taylor’s series:

p(x) = a4+ axx® +azz® + ... (26)
q(z) = 1+ b1z + baz? + b + ...
t(x) = crz+cpr?+ezad + .

p(z) = %(1—@“)2‘5—1—... (27)
0(@) = 1o (-2 4

1 14F
t(x) = ﬁ(l_m)+4+25E( z)? +
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We use (26) in calculating the value of the solutions in one single point contiguous to
1. In order to calculate the values of the solutions in the following three points, we use
Runge-Kutta’s method for non-autonomous systems :

1 1 1 1
= h(Zl+ 2l + —ls + 1 )
Vit Vi + (61+32+33+64) (28)
h h
o= f(t Vi) andl?:f<xk+27Vk+2l1>

h h
I3 = f(tk+2>,Vk+2l2
la = f(te+h,Vi+hl3)
h = g —z=107°

Thus, we obtain the values of the solutions in four points, which allow us to continue
with the predictor-corrector method.

3 Results and conclusion

As we have already stated in the first chapter, we choose a p} and perform the inter-
polation considering different values of E until we obtain a connection within the plan
(U,V), and with the help of values C' and D resulting from the calculus, we determine a
chemical composition. The whole calculus is repeated by choosing another p} and obtain-
ing a new model until the corresponding chemical composition is as close as possible to
the one obtained spectroscopically. The results obtained are presented in Tablel.

In this table the pressure (P) is expressed in units of 10'® dyne/cm?, the temper-
ature (T) in units of 10°K, the density p in gr/cm?, ¢ is the reduced mass and f is the
reduced luminosity. After the connection of the solution of the radiative nucleus to the
one of the convective zone the following values are obtained:

pe = 0.6805133181685, E = 0.80, X = 0.7405, Y = 0.246, Z = 0.0135.

Solving system (13), using the boundary conditions in the centre of the star (20)
indeterminacy appears under the form of 0/0. I have proposed the Taylor’s series Ya,x"
for the integration of this system:

= po+ A1z + Asxo + Aza® + ... (29)
Bix + Boa? 4+ Bsa® + ...

Ciz + Coz® + Caa® + ...

= 14 Dy + Dox® + Dsa® + ...

~
~~ I~
\_/\Z:g/\_/\_/
|
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X P q f T P
0.000 0.17799 0.000 0.000 13.7187 94.0188
0.0057 0.17778 0.129E-4 0.1727E-3 13.7133 93.9492
0.0231 0.17479 0.822E-3 0.789E-2 13.6327 92.9105
0.0403 0.16840 0.434E-2 0.0397 13.4475 90.6617
0.0807 0.14271 0.0325 0.2423 12.7285 81.2352
0.1038 0.12370 0.0654 0.4132 12.1496 73.7822
0.2018 0.04753 0.3293 0.9205 9.1723 37.5714
0.2537 0.02400 0.4990 0.9723 7.6797 22.6540
0.3546 0.531E-2 0.7586 0.9995 5.3750 7.1702
0.4066 0.235E-2 0.8436 0.9998 4.4781 3.8105
0.4527 0.112E-2 0.8964 0.9999 3.8123 2.1530
0.5046 0.494E-3 0.9366 0.9999 3.1861 1.1258
0.5450 0.258E-3 0.9576 0.9999 2.7590 0.6768
0.6055 0.965E-4 0.9777 0.9999 2.2442 0.3123
0.6546 0.426E-4 0.9872 0.9999 1.8837 0.1637
0.7008 0.192E-4 0.9928 0.9999 1.5909 0.0874
0.7555 0.709E-5 0.9966 0.9999 12879 0.0398
0.8045 0.272E-5 0.9983 0.9999 1.0528 0.0285
0.8507 0.102E-5 0.9992 0.9999 0.8619 0.0085
0.8952 0.375E-6 0.9997 0.9999 0.7231 0.0037

Figure 1:
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where py = p}, and I take z instead of z* for an easier use. I have assumed that the
pressure p(x), the temperature ¢(z), the luminosity f(z) and the mass ¢(z) are continuous
functions and using series (28) in (13) I obtained their expressions given by (21).

Then I have showed the classical methods of numeric integration used to solve
such a system (formulae 22-24) using the successive approximations until

Vi ™D v @) <1071,
When the boundary conditions at the surface of the star are used:

z=1, f=1,¢g=1,¢t=0, p=0. (30)

system (9), which corresponds to the convective cover, has also the indeterminacy under
the form of 0/0. Using the series of powers, we obtained for the convective cover expression
(27) and we have shown how formulae (28) are used to continue the integration of system
(25). In conclusion this way of mathematical and numerical approaches permits the ob-
taining of any homogeneous stellar model which has a radiative nucleus and a convective
cover. The papers quoted in the text were consulted at the writing of this paper. The other
papers quoted in the References are recommended to be read for a better understanding
of the studied theme.

The values of the constants which appear in the paper are

G =6.672-10"8cm3g1s!

R =6.96-10"cm

H =1.6725-10"%g

M = 1.9891 - 10%3¢g

k = 1.3805 - 10~ 1%erg/K

_ 4

W= 335x—2

a="T7.564 erg-cm 2deg™*

¢ = 2.99792458¢cm - s7!

L =312-10%erg st

References
[1] Aller, L.H. and McLaughlin, Stellar structure, University of Chicago, 1965.

[2] Burbridge, G.R. and Burbridge, E.M., Handbuch der Physik, 5, 251, 1958.

[3] Christensen-Dalsgaard, J. and Berthomieu, G., Solar Interior and Atmosphere, The
University of Arizona Press, 1992.

[4] Cox, J.P. and Giuli, R.T., Principles of stellar structure, Gordon and Breach, New
York, 1968.

[5] Haselgrove, C.B. and Hoyle, F., Mon. Not. Roy. Astron. Soc. 119(1959), 112.



106 Emil Tatomir

[6] Kirsten, T. and the Gallex collaboration, Inside the Sun, Kluwer Academic Publishers,
1990

[7] Kurucz, R.L., Stellar atmospheres: Beyond classical models, 1991.
[8] Menzel, D., Stellar Interior, vol VI, Chapman and Hall Ltd. London, 1963.

[9] Moszynsky, K., Numerical methods of solving the ordinary differential equations,
Technical Press, Bucharest.

[10] Schwarzschild, M., Structure and evolution of the stars, Princeton University Press,
1958.

[11] Sears, R.L., Ap. Journal, 140 (1964), 477.

[12] Tatomir, E., Thesis, University of Cluj-Napoca, 1986.



