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SMOOTH FUNCTIONS ON SIMPLEX

Maria TALPAU DIMITRIU!

Abstract

We present general estimates with optimal constants of the degree of approxima-
tion by positive linear operators for smooth functions on simplex in R% using weighted
K-functionals of first order.
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1 Introduction

The quantitative estimate for the remainder in Taylor’s formula using the least concave
majorant of the modulus of continuity (via K-functional K{) was established in [1]. In
this paper we give the estimates for the remainder in Taylor’s formula in several variables
with the weighted K-functional K77, and we obtain general estimates for smooth functions
on simplex in R%, d € N, defined by:

S:{X:(aj‘l,"‘,.de)GRﬂJIl,“',IL’dZO, .’B1++.Td§1}

We use the notation eg for function e : R? — R, eg(x) = 1, e; for function e; : R —
RY, e1(x) = x and 7; : R? — R for the projection on component i, i € {1,...,d}.

2 Estimates with K{fp

Starting from the weight function used in [2], we consider the function

o(x)=[(z1+ - +zg) (1 —21) - (1 —29)]", € (0,1).

We denote by C,(5) = {f e C(S\{vi,i=0,d})|(3) )(ILH& fX)px) eR, i= O,d} and

Wb, (5) = { e c®)I 3L e Cyis). i =Tal.
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where v, i = 0, d are simplex vertices. We consider the K-functional

K5, (f,8) = K (f,t;C(S),W%:@(SD £>0,1<s <00

defined for the Banach space (C(5), ||||) and the seml Banach subspace
of
1 . PR
(W, (8):Fwa, )+ 1£hwe, = 1995l (H e ) by

KO (f,t)= inf —gll, t]eV :
o (f:1) et wjmaXﬂU’ gll eVl

Cop

Lemma 1. If f € C*(S), x € S\ {vi, 1= W} , ¥y €8 then for the remainder in Taylor’s
formula of order r we have the following estimate

1 Iy — x,
< = .
Rogaly) < 4 (2 D eeymes 0
d
” oy
Sl (g g )

r1++rg= r

from where

R px(¥)] (2)

ly — Iy ly — Iy . o
ST \2 K2 ——1 ).
o r! + t('/" — o+ 1)@(X) T1+I'I"1-%i’(d:7“ Le 8:[;71'1 e 8$2d ’
Proof. Let f € C*(S) and x € S'\ {Vi, 1= 0,7} , ¥y €85, x#y. We consider the function

$(u) = (1—u)x +uy, u € [0,1] and h(w) = f (4:(u)).
Step 1: we prove that

1 1
- <= (2 Ko (R,8). 3
o) = o] = 3 (24 50—y ) Ko 3
Let g € Wg;tw [0,1]. Using the integral form of the remainder and the fact that the
1—
function u — %, u € (0,1) is decreasing [2] we have
o (¢(u))e

1
1 w g™ (u (L —u) u
<! / fetwg ] St
oo f,_ e
< / U wona = ue

[( 0 )g+! H

- rli(r —a+ 1e(x)




Estimates for smooth functions on simplex 91

We have
" (h—¢)®(0 h—¢)"(0
Rego] = |h—gyn) = S PZITO g oy - 200
k=0 ’ )
IE=9)l _ 2 e _ o
< Re-tnego(D] + ol < S [n0) — g
Then
[Brpo(D)] < [Rrp—go(1)] + [Rrg0(1)]
1
< L{slpm — oo (r+1)
-7l <2Hh gt (r—a+1)p(x) H(tpolb)g H)
1 1
< L 1) _ 40 e+ |
S T (2+t(r—a+1)gp(x))max{Hh gt wrg )|}

Since g is arbitrary this implies (3).
Step 2: From (3) it results

| Iy — xI, ) < t
Ry px(y <<2+ Koy (M7, im—— ) 4
s 2 i e eto) Ko M W
Let & > 0. We choose gy, ... r, € C1(S), 1, e NU{0},i=1,d: r; +---+74 =7, such that
o f
K | =————+,t
1,30 (ax’i‘lax;da >+€
Zmax{’ o'f

™1 Ta  9ri,ra
oxy' -+ - Ox
We consider the function

¢ ||ng,..,m||oo} .

d
P = Y e 00D T =2

r1! ;
ri4-Frg=r =1

We have

K, <h( ) t) < max {Hh(’") ~ ol

. t
% =l

per; e vl

1%

)

Since

[ (w) = ho(w)| = 1" f () (y = )" = ho(w)]

r! o f d
> o ( S g) () T i 0

ri14-Frg=r =1

r! d
> ot NIRRT
7"1!~--7’d! P}

r1+-+rg=r

o f

—Gry, 1
dxy' -+ - Ozl b

IN
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hold for u arbitrary this implies

Hh(?‘) h H Z r! 9 f ﬁ’ K
—ho|| < — Gyl Yi — il "
|| L Td LroTd
iy Tt oxry' -+ - 0x, Pl
Also, since
7! d
le@@)hy)| = | Y ———0((W)dgr . ry ((w) (v — %) [] (0 — )"
rileorg! .
1t trg=r i=1
r! d
S Y eVl ly =Xl T - il
7-1+...+rd:7’ 1 d‘ i=1

hold for w arbitrary this implies

[o)holl < Y

d
7! ,
gl 16V Gry e iralloo - Iy =y - H lyi — ™.
i=1

Tt Frg=r e
Then
t t
K75 (10, ) {0 <], o
beew Ix =yl Ix =yl | o
d
r! . af
< E _ ; — x| ma ——— — Gy S tleVr .
a ri+trg=r Tl! o Td! 11;[1 ‘yz Z’ * { H 8.%? e C%Udd Irizeora ng I 7””00}
d
7! . af
< E —_— = x| K, | =t .
< e P!y }j[l lyi — i ( Ly <8SU7£1 Ol > + €>

Since € is arbitrary this implies

t
1’“’( [x =yl

r! d ri oo o f
< I — T L
o Z Tl!'--Td!H‘yl Z| Ly (8:371"13:3? )

r1+-+rg=r

Finally, with (4) it results (1). O

Theorem 1. Let r € N, L : C(S) — C(S) a positive linear operator and f € C*(S).
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Then (V)x € S\ {vi, i =0,d}, (¥V)t > 0 we have
IL(f,x) = F) < |f(x)] - L (eo, x) — 1 (5)

r 1 Kl 8k d ‘
+ZE Z Bl kg ! ()" L(ﬂ(m—%m)“,x)‘

k1 kd X
k=1 ’ k1++kd:k} 1: 61’1 “ e a$d

L (Jler = xeol; " ,x))

2
‘L _ r
+ (T! (llex = xeoll}, %) + tri(r — a+ 1)p(x)

max K yif t
ri+-+rg=r Le al"{l . axgd ’ .
Conversely, if (3)Ag, B, C >0, k =0,r such that

IL(f,x) = f(x)] < Ao - [f(x)] L (e, x) — 1] (6)

r k! o* d |
DA D Tyl kgl ! ( )" L( (Wi_wieo)kl,x)‘
=1

X
1 8azlfl e 8:5];‘1
) L (Jlex = xeoll; ™, x)
+ | B- L(llex — xeqlly ,x) + C :

k=1 ki+-+kq=k
tp(x)

o f
. max K7° —, 1t
ri+ttrg=r Le (895"1"1 s 8.%‘2‘1 ’

holds for all positive linear operator L : C(S) — C(S), any f € C*(S), any x € S and

1 — 2 1 I
any t > 0 then Ag > 1, Akzg,kzl,r,sz andforAk:E,kzzl,r we have
! 7! !
1
cC>———.
“rl(r—a+1)

Proof. We have

F) = ) =Y 5" F () (v = %) + R pxly)

1 ! o f d N
— J— . X) - s — L4 ¢ +Rr X

+L (Rr,f,m X)
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Then

[L(f, %) = FOI < )] - L (e, x) = 1] + L (f = f(X)eo, %)

< |flx )|'|L(€o, x) — 1
k! .
LY i || (@ - )

k=1 kytethg=k
+L(|Ryfl %)

< [fG[- 1L (€0, %) — 1

k!
+Z Z kll"'kd!'

k=1 """ ki4-+kg=

ok f
830]1“ . aacfld

(X)&

akf
830]1“ . -awfld
(He1 — xeo|[7H! ,X>

tri(r — a+ 1)p(x)

(X)‘ :

2
+ | gL ller = xeoll %) +

o'f
- max K| =——"T"—7.t
ridoetrg=r P <ax? e 8:E2d )

which is (5).
If we choose L(h,x) =0 and f = ey and replace in (6) we obtain Ay > 1.
If we choose L(h,x) = h(1,0,...,0), f(x) = 2%, k = 1,7, x = 0 and replace in (6) we

1
obtain Ay > E

2
To show that B > — we choose L(h,z) = h(1,0,...,0) and f(x) = 2277 with a > 0.
r!
Forg=(r+a)-(r+a—1)---(a+1)ey we have

o' f o f
K® [ ——2  _ t)] =K% +
7‘1+I},'l‘%§d:7‘ 17(’0 <8"L‘Il - 8:L‘Zd ) > 1790 <ax'll’ ? )

<max {5 - 1901}
‘ gg;{ —gH =(r+a)-r+a—1)---(a+1).
We replace in (6) and passing to limit ¢ — 0o, x — 0, a — 0 (in this order) we obtain
B> 2.
!
1 1
To show that C' > T ——— if Ay = o k = 1,r we choose L(h,z) = h(0) and
1
f(x)zlfa / (uﬁ—xl—"-—xa du.

(07

We have f(O) = m,
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ak ! 1 1 r—k _
2 ! ke e , J (Ulia—ﬂfl—"'—xd> du, k = 1,r
axll . .’L'dd 1 -« (’r. - k)' (x1+"'+Id)l_a
and
arf ar—i—lf
K ) <t = trla.
Ly <ax;1...ax;d’ > = e aae | T
We replace in (6) and passing to limit ¢ — 0 we obtain
1
(0% (6 1 r
r—a+1 1-— a

Slfa / Z()(ula—xl —xd>r_k(a?1+~-+md)kdu

(T1t-twg)t=> ©T
oz + -+ xg) T

C -
) )
ie
1
« « 1 Td
— l-aa — — v e —
r—a+l 11—« / (u o xd) Y
I )
1
o _r 1 r
él / (ulfa_(ulfa_xl_..._zd))du
-«
(x14-Fwg)l—e
LC. r!a(m +O'é‘ -+ aid)T+1;a
(1—1’1) ~-(1—a;d)
|
from where p——— <C- A=) T TP Passing to limit x — 0 we obtain
1
c> ———. O
ri(r—a+1)

Example 1. The Bernstein operators are defined by

n

CATE R SN A L NS g

ki1+-+kq=0

where
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withn € N and ky,..., kg € NU{0}. We have

Bn ’771’ — xieol ,X)

(
2 L Je(l =)
\/Bn ((m — ziep) ,x) = Z —

B (ller —xeqll,,x) =

d
i=1
d
i=1

<
=1
and
2
By <He1 — xeqlly 7X)
d
:ZB"< — zie0)?, >—|—2 Z By, (|m; — xieq| - |75 — xjeq] ,x)
i=1 1<i<j<d
d
< ZBn ( xleo x + 2 Z \/ xieo)Q ,x) - B, ((7’[']' — LUjeo)Q ,x)
=1 1<z<]<d

(S mrrn) (ZV)

d (1 — 2
Forr=1andt= > 7%( zi)
i=1

a & w [ O 1 & z; (1 — x;
Ba (%)~ f ()] < a@\/ )j%K (85 PPy (n)>
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