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Abstract

We present general estimates with optimal constants of the degree of approxima-
tion by positive linear operators for smooth functions on simplex in Rd using weighted
K-functionals of first order.
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1 Introduction

The quantitative estimate for the remainder in Taylor’s formula using the least concave
majorant of the modulus of continuity (via K-functional K1

1 ) was established in [1]. In
this paper we give the estimates for the remainder in Taylor’s formula in several variables
with the weighted K-functional K∞

1,ϕ and we obtain general estimates for smooth functions
on simplex in Rd, d ∈ N, defined by:

S =
{
x = (x1, · · · , xd) ∈ Rd|x1, · · · , xd ≥ 0, x1 + · · ·+ xd ≤ 1

}
.

We use the notation e0 for function e0 : Rd → R, e0(x) = 1, e1 for function e1 : Rd →
Rd, e1(x) = x and πi : Rd → R for the projection on component i, i ∈ {1, . . . , d}.

2 Estimates with K∞
1,ϕ

Starting from the weight function used in [2], we consider the function

ϕ(x) = [(x1 + · · ·+ xd) (1− x1) · · · (1− xd)]
α , α ∈ (0, 1) .

We denote by Cϕ(S) =
{
f ∈ C(S \

{
vi, i = 0, d

}
) | (∃) lim

x→vi

f(x)ϕ(x) ∈ R, i = 0, d
}

and

W1
Cϕ

(S) =
{
f ∈ C(S) | ∂f

∂xi
∈ Cϕ(S), i = 1, d

}
,
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where vi, i = 0, d are simplex vertices. We consider the K-functional

K∞
1,ϕ(f, t) = K∞

(
f, t;C(S),W1

Cϕ
(S)
)
, t > 0, 1 ≤ s ≤ ∞

defined for the Banach space (C(S), ‖·‖) and the semi-Banach subspace(
W1

Cϕ
(S), |·|W 1

Cϕ

)
, |f |W 1

Cϕ
= ‖ϕ∇f‖∞ =

∥∥∥∥(∥∥∥∥ϕ ∂f∂x1

∥∥∥∥ , · · · ,∥∥∥∥ϕ ∂f∂xd
∥∥∥∥)∥∥∥∥

∞
by

K∞
1,ϕ (f, t) = inf

g∈W1
Cϕ

(S)
max {‖f − g‖ , t ‖ϕ∇g‖∞} .

Lemma 1. If f ∈ Cr(S), x ∈ S \
{
vi, i = 0, d

}
, y ∈ S then for the remainder in Taylor’s

formula of order r we have the following estimate

|Rr,f,x(y)| ≤ 1
r!

(
2 +

‖y − x‖1

t(r − α+ 1)ϕ(x)

)
· (1)

·
∑

r1+···+rd=r

r!
r1! · · · rd!

d∏
i=1

|yi − xi|ri K∞
1,ϕ

(
∂rf

∂xr11 · · · ∂xrdd
, t

)
from where

|Rr,f,x(y)| (2)

≤
‖y − x‖r1

r!

(
2 +

‖y − x‖1

t(r − α+ 1)ϕ(x)

)
max

r1+···+rd=r
K∞

1,ϕ

(
∂rf

∂xr11 · · · ∂xrdd
, t

)
.

Proof. Let f ∈ Cr(S) and x ∈ S \
{
vi, i = 0, d

}
, y ∈ S, x 6= y. We consider the function

ψ(u) = (1− u)x + uy, u ∈ [0, 1] and h(u) = f (ψ(u)).
Step 1: we prove that

|Rr,f,x(y)| = |Rr,h,0(1)| ≤ 1
r!

(
2 +

1
t(r − α+ 1)ϕ(x)

)
K∞

1,ϕ◦ψ

(
h(r), t

)
. (3)

Let g ∈ Wr+1
Cϕ◦ψ

[0, 1]. Using the integral form of the remainder and the fact that the

function u 7→ 1− u

ϕ (ψ(u))
1
α

, u ∈ (0, 1) is decreasing [2] we have

|Rr,g,0(1)| =

∣∣∣∣∣∣ 1r!
1∫

0

g(r+1)(u)(1− u)rdu

∣∣∣∣∣∣
≤ 1
r!

1∫
0

∣∣∣ϕ(ψ(u))g(r+1)(u)
∣∣∣ (1− u)r

ϕ(ψ(u))
du

≤
∥∥(ϕ ◦ ψ)g(r+1)

∥∥
r!

1∫
0

(1− u)r
1

ϕ(ψ(0))(1− u)α
du

=

∥∥(ϕ ◦ ψ)g(r+1)
∥∥

r!(r − α+ 1)ϕ(x)
.
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We have

|Rr,h−g,0(1)| =

∣∣∣∣∣(h− g)(1)−
r∑

k=0

(h− g)(k)(0)
k!

∣∣∣∣∣ =
∣∣∣∣∣Rr−1,h−g,0(1)− (h− g)(r)(0)

r!

∣∣∣∣∣
≤ |Rr−1,h−g,0(1)|+

∥∥(h− g)(r)
∥∥

r!
≤ 2
r!
·
∥∥∥h(r) − g(r)

∥∥∥ .
Then

|Rr,h,0(1)| ≤ |Rr,h−g,0(1)|+ |Rr,g,0(1)|

≤ 1
r!

(
2
∥∥∥h(r) − g(r)

∥∥∥+
1

(r − α+ 1)ϕ(x)

∥∥∥(ϕ ◦ ψ)g(r+1)
∥∥∥)

≤ 1
r!

(
2 +

1
t(r − α+ 1)ϕ(x)

)
max

{∥∥∥h(r) − g(r)
∥∥∥ , t ∥∥∥(ϕ ◦ ψ)g(r+1)

∥∥∥} .
Since g is arbitrary this implies (3).

Step 2: From (3) it results

|Rr,f,x(y)| ≤ 1
r!

(
2 +

‖y − x‖1

t(r − α+ 1)ϕ(x)

)
K∞

1,ϕ◦ψ

(
h(r),

t

‖x− y‖1

)
. (4)

Let ε > 0. We choose gr1,··· ,rd ∈ C1(S), ri ∈ N∪{0} , i = 1, d : r1 + · · ·+ rd = r, such that

K∞
1,ϕ

(
∂rf

∂xr11 · · · ∂xrdd
, t

)
+ ε

≥ max
{∥∥∥∥ ∂rf

∂xr11 · · · ∂xrdd
− gr1,··· ,rd

∥∥∥∥ , t ‖ϕ∇gr1,··· ,rd‖∞} .
We consider the function

h0(u) =
∑

r1+···+rd=r

r!
r1! · · · rd!

gr1,··· ,rd (ψ(u))
d∏
i=1

(yi − xi)
ri .

We have

K∞
1,ϕ◦ψ

(
h(r),

t

‖x− y‖1

)
≤ max

{∥∥∥h(r) − h0

∥∥∥ , t

‖x− y‖1

∥∥(ϕ ◦ ψ)h′o
∥∥} .

Since ∣∣∣h(r)(u)− h0(u)
∣∣∣ = |drf (ψ(u)) (y − x)r − h0(u)|

=

∣∣∣∣∣ ∑
r1+···+rd=r

r!
r1! · · · rd!

(
∂rf

∂xr11 · · · ∂xrdd
− gr1,··· ,rd

)
(ψ(u))

d∏
i=1

(yi − xi)
ri

∣∣∣∣∣
≤

∑
r1+···+rd=r

r!
r1! · · · rd!

∥∥∥∥ ∂rf

∂xr11 · · · ∂xrdd
− gr1,··· ,rd

∥∥∥∥ · d∏
i=1

|yi − xi|ri .
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hold for u arbitrary this implies

∥∥∥h(r) − h0

∥∥∥ ≤ ∑
r1+···+rd=r

r!
r1! · · · rd!

∥∥∥∥ ∂rf

∂xr11 · · · ∂xrdd
− gr1,··· ,rd

∥∥∥∥ · d∏
i=1

|yi − xi|ri .

Also, since

∣∣ϕ(ψ(u))h′0(u)
∣∣ =

∣∣∣∣∣ ∑
r1+···+rd=r

r!
r1! · · · rd!

ϕ(ψ(u))dgr1,··· ,rd (ψ(u)) (y − x)
d∏
i=1

(yi − xi)
ri

∣∣∣∣∣
≤

∑
r1+···+rd=r

r!
r1! · · · rd!

‖ϕ∇gr1,··· ,rd‖∞ · ‖y − x‖1 ·
d∏
i=1

|yi − xi|ri .

hold for u arbitrary this implies

∥∥(ϕ ◦ ψ)h′0
∥∥ ≤ ∑

r1+···+rd=r

r!
r1! · · · rd!

‖ϕ∇gr1,··· ,rd‖∞ · ‖y − x‖1 ·
d∏
i=1

|yi − xi|ri .

Then

K∞
1,ϕ◦ψ

(
h(r),

t

‖x− y‖1

)
≤ max

{∥∥∥h(r) − h0

∥∥∥ , t

‖x− y‖1

∥∥(ϕ ◦ ψ)h′o
∥∥}

≤
∑

r1+···+rd=r

r!
r1! · · · rd!

d∏
i=1

|yi − xi|ri max
{∥∥∥∥ ∂rf

∂xr11 · · · ∂xrdd
− gr1,··· ,rd

∥∥∥∥ , t ‖ϕ∇gr1,··· ,rd‖∞}

≤
∑

r1+···+rd=r

r!
r1! · · · rd!

d∏
i=1

|yi − xi|ri
(
K∞

1,ϕ

(
∂rf

∂xr11 · · · ∂xrdd
, t

)
+ ε

)
.

Since ε is arbitrary this implies

K∞
1,ϕ◦ψ

(
h(r),

t

‖x− y‖1

)
≤

∑
r1+···+rd=r

r!
r1! · · · rd!

d∏
i=1

|yi − xi|ri K∞
1,ϕ

(
∂rf

∂xr11 · · · ∂xrdd
, t

)
.

Finally, with (4) it results (1).

Theorem 1. Let r ∈ N, L : C(S) −→ C(S) a positive linear operator and f ∈ Cr(S).
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Then (∀)x ∈ S \
{
vi, i = 0, d

}
, (∀)t > 0 we have

|L(f,x)− f(x)| ≤ |f(x)| · |L (e0,x)− 1| (5)

+
r∑

k=1

1
k!

∑
k1+···+kd=k

k!
k1! · · · kd!

·

∣∣∣∣∣ ∂kf

∂xk11 · · · ∂xkdd
(x)

∣∣∣∣∣ ·
∣∣∣∣∣L
(

d⊗
i=1

(πi − xie0)
ki ,x

)∣∣∣∣∣
+

 2
r!
L (‖e1 − xe0‖r1 ,x) +

L
(
‖e1 − xe0‖r+1

1 ,x
)

tr!(r − α+ 1)ϕ(x)

 ·

· max
r1+···+rd=r

K∞
1,ϕ

(
∂rf

∂xr11 · · · ∂xrdd
, t

)
.

Conversely, if (∃)Ak, B, C ≥ 0, k = 0, r such that

|L(f,x)− f(x)| ≤ A0 · |f(x)| |L (e0,x)− 1| (6)

+
r∑

k=1

Ak
∑

k1+···+kd=k

k!
k1! · · · kd!

·

∣∣∣∣∣ ∂kf

∂xk11 · · · ∂xkdd
(x)

∣∣∣∣∣ ·
∣∣∣∣∣L
(

d⊗
i=1

(πi − xie0)
ki ,x

)∣∣∣∣∣
+

B · L (‖e1 − xe0‖r1 ,x) + C
L
(
‖e1 − xe0‖r+1

1 ,x
)

tϕ(x)

 ·

· max
r1+···+rd=r

K∞
1,ϕ

(
∂rf

∂xr11 · · · ∂xrdd
, t

)
holds for all positive linear operator L : C(S) −→ C(S), any f ∈ Cr(S), any x ∈ S and

any t > 0 then A0 ≥ 1, Ak ≥
1
k!
, k = 1, r, B ≥ 2

r!
and for Ak =

1
k!
, k = 1, r we have

C ≥ 1
r!(r − α+ 1)

.

Proof. We have

f(y)− f(x) =
r∑

k=1

1
k!
dkf(x) (y − x)k +Rr,f,x(y)

=
r∑

k=1

1
k!

∑
k1+···+kd=k

k!
k1! · · · kd!

· ∂kf

∂xk11 · · · ∂xkdd
(x) ·

d∏
i=1

(yi − xi)
ki +Rr,f,x(y)

from which

L (f − f(x)e0,x)

=
r∑

k=1

1
k!

∑
k1+···+kd=k

k!
k1! · · · kd!

· ∂kf

∂xk11 · · · ∂xkdd
(x) · L

(
d⊗
i=1

(πi − xie0)
ki ,x

)
+L (Rr,f,x,x)
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Then

|L(f,x)− f(x)| ≤ |f(x)| · |L (e0,x)− 1|+ |L (f − f(x)e0,x)|
≤ |f(x)| · |L (e0,x)− 1|

+
r∑

k=1

1
k!

∑
k1+···+kd=k

k!
k1! · · · kd!

·

∣∣∣∣∣ ∂kf

∂xk11 · · · ∂xkdd
(x)

∣∣∣∣∣ ·
∣∣∣∣∣L
(

d⊗
i=1

(πi − xie0)
ki ,x

)∣∣∣∣∣
+L (|Rr,f,x| ,x)

≤ |f(x)| · |L (e0,x)− 1|

+
r∑

k=1

1
k!

∑
k1+···+kd=k

k!
k1! · · · kd!

·

∣∣∣∣∣ ∂kf

∂xk11 · · · ∂xkdd
(x)

∣∣∣∣∣ ·
∣∣∣∣∣L
(

d⊗
i=1

(πi − xie0)
ki ,x

)∣∣∣∣∣
+

 2
r!
L (‖e1 − xe0‖r1 ,x) +

L
(
‖e1 − xe0‖r+1

1 ,x
)

tr!(r − α+ 1)ϕ(x)

 ·

· max
r1+···+rd=r

K∞
1,ϕ

(
∂rf

∂xr11 · · · ∂xrdd
, t

)
,

which is (5).
If we choose L(h,x) = 0 and f = e0 and replace in (6) we obtain A0 ≥ 1.
If we choose L(h,x) = h(1, 0, . . . , 0), f(x) = xk1, k = 1, r, x = 0 and replace in (6) we

obtain Ak ≥
1
k!

.

To show that B ≥ 2
r!

we choose L(h, x) = h(1, 0, . . . , 0) and f(x) = 2xr+a1 with a > 0.

For g = (r + a) · (r + a− 1) · · · (a+ 1) e0 we have

max
r1+···+rd=r

K∞
1,ϕ

(
∂rf

∂xr11 · · · ∂xrdd
, t

)
= K∞

1,ϕ

(
∂rf

∂xr1
, t

)
≤ max

{∥∥∥∥∂rf∂xr1
− g

∥∥∥∥ , t ‖∇g‖∞}
=
∥∥∥∥∂rf∂xr1

− g

∥∥∥∥ = (r + a) · (r + a− 1) · · · (a+ 1) .

We replace in (6) and passing to limit t → ∞, x → 0, a → 0 (in this order) we obtain

B ≥ 2
r!

.

To show that C ≥ 1
r!(r − α+ 1)

if Ak =
1
k!
, k = 1, r we choose L(h, x) = h(0) and

f(x) =
α

1− α

1∫
(x1+···+xd)1−α

(
u

1
1−α − x1 − · · · − xd

)r
du.

We have f(0) =
α

r − α+ 1
,
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∂kf

∂xk11 · · ·xkdd
=

α

1− α
(−1)k

r!
(r − k)!

1∫
(x1+···+xd)1−α

(
u

1
1−α − x1 − · · · − xd

)r−k
du, k = 1, r

and

K∞
1,ϕ

(
∂rf

∂xr11 · · · ∂xrdd
, t

)
≤ t

∥∥∥∥∥ϕ ∂r+1f

∂xr+1
1 ∂xr22 · · ·xrdd

∥∥∥∥∥ = tr!α.

We replace in (6) and passing to limit t→ 0 we obtain

α

r − α+ 1
− α

1− α

1∫
(x1+···+xd)1−α

(
u

1
1−α − x1 − · · · − xd

)r
du

≤ α

1− α

1∫
(x1+···+xd)1−α

r∑
k=1

(
r

k

)(
u

1
1−α − x1 − · · · − xd

)r−k
(x1 + · · ·+ xd)kdu

+C · r!α(x1 + · · ·+ xd)r+1−α

(1− x1)
α · · · (1− xd)

α

ie

α

r − α+ 1
− α

1− α

1∫
(x1+···+xd)1−α

(
u

1
1−α − x1 − · · · − xd

)r
du

≤ α

1− α

1∫
(x1+···+xd)1−α

(
u

r
1−α −

(
u

1
1−α − x1 − · · · − xd

)r)
du

+C · r!α(x1 + · · ·+ xd)r+1−α

(1− x1)
α · · · (1− xd)

α

from where
1

r − α+ 1
≤ C · r!

(1− x1)
α · · · (1− xd)

α . Passing to limit x → 0 we obtain

C ≥ 1
r!(r − α+ 1)

.

Example 1. The Bernstein operators are defined by

Bn (f,x) =
n∑

k1+···+kd=0

f

(
k1

n
, . . . ,

kd
n

)
bn,k (x) (7)

where

bn,k (x) =
n!

k1! · · · kd! ·
(
n−

d∑
i=1

ki

)
!
xk11 · · ·xkdd

(
1−

d∑
i=1

xi

)n− d∑
i=1

ki
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with n ∈ N and k1, . . . , kd ∈ N ∪ {0}. We have

Bn (‖e1 − xe0‖1 ,x) =
d∑
i=1

Bn (|πi − xie0| ,x)

≤
d∑
i=1

√
Bn

(
(πi − xie0)

2 ,x
)

=
d∑
i=1

√
xi(1− xi)

n

and

Bn

(
‖e1 − xe0‖2

1 ,x
)

=
d∑
i=1

Bn

(
(πi − xie0)

2 ,x
)

+ 2
∑

1≤i<j≤d
Bn (|πi − xie0| · |πj − xje0| ,x)

≤
d∑
i=1

Bn

(
(πi − xie0)

2 ,x
)

+ 2
∑

1≤i<j≤d

√
Bn

(
(πi − xie0)

2 ,x
)
·Bn

(
(πj − xje0)

2 ,x
)

=

(
d∑
i=1

√
Bn

(
(πi − xie0)

2 ,x
))2

=

(
d∑
i=1

√
xi(1− xi)

n

)2

.

For r = 1 and t =
d∑
i=1

√
xi(1− xi)

n
, from (5) result

|Bn (f,x)− f (x)| ≤ 5− α

2− α

(
d∑
i=1

√
xi(1− xi)

n

)
max
j=1,d

K∞
1,ϕ

(
∂f

∂xj
,

1
ϕ (x)

d∑
i=1

√
xi(1− xi)

n

)
.
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[1] Gonska, H.H., Piţul, P. and Raşa, I., On Peano’s form of the Taylor remainder,
Voronovskaja’s theorem and the commutator of positive linear operators, Numerical
Analysis and Approximation Theory (Proc. Int. Conf. Cluj-Napoca 2006, ed. by O.
Agratini and P. Blaga), 55-80.
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