Bulletin of the Transilvania University of Bragov e Vol 5(54), No. 2 - 2012
Series I1I: Mathematics, Informatics, Physics, 35-48

LOCAL AND GLOBAL STRUCTURES ON AFFINE
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Abstract

In this paper we give some cohomological obstructions to globalization of the holo-
morphic Liouville vector field, of the totally singular complex Lagrangians and of the
locally complex Lagrange structures defined on a local chart of an affine holomorphic
bundle endowed with the natural holomorphic vertical foliation. We also consider the
transversal distributions, we find the main obstructions to globalization of a complex
nonlinear connection and of the existence of an affine transversal distribution.
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1 Introduction

In the smooth category the cohomological obstructions for the globalization of some
local structures as Liouville vector fields or locally Lagrangians on Lagrangian foliations
were intensively studied in [14, 15, 16]. Also, in [4, 9] some extensions of this results on
holomorphic Lagrangian fibrations and on affine complex foliated manifolds endowed with
a complex tangent structure are given.

The aim of this paper is to obtain similar results in the complex-analytic category
for some local structures on affine holomorphic bundles. Firstly, following some results
concerning affine bundles from the real case [2, 10], we define the affine holomorphic bun-
dle notion and we discuss the holomorphic vector pseudo-fields. Also, the holomorphic
semi-basic 1-forms are defined and a holomorphic transverse Liouville 1-form is obtained.
Next, with respect to the natural holomorphic vertical foliation, we find the cohomological
obstructions to globalization of the holomorphic Liouville vector field, of the totally singu-
lar complex Lagrangians and of the locally complex Lagrange structures defined on a local
chart of an affine holomorphic bundle. Finally, we consider transversal distributions, we
find the cohomological obstruction to globalization of a complex nonlinear connection and
we discuss about the integrability of the horizontal distribution and its holomorphy. We
also obtain the main cohomological obstructions for the existence of an affine transversal
distribution. The notions are introduced here by analogy with the real case intensively
studied by I. Vaisman in several papers.
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2 Affine holomorphic bundles

2.1 Basic definitions and notations

A holomorphic bundle (fibration) is a triplet £ = (E,n, M), where E and M are
complex manifold which are connected and paracompact and 7 : E — M is a holomorphic
submersion. We say that FE is the total space, M is the base manifold and 7 is the canonical
projection of the holomorphic bundle £. In the sequel we identify the holomorphic bundle
with the total space E. For every z € M, the sets E, = 7 1(2) are closed submanifolds
of E, which are supposed to be connected. Let us denote by n the complex dimension
of M and by m the complex dimension of E,, for any z € M. Let (U, pq) be a local
chart on M with the complex coordinates (2*), k = 1,...,n and (Vj,4) be a local chart
on E with the complex coordinates v = (z%,7%), k = 1,...,n,a = 1,...,m such that
(Vo) = Uy. Then, at local change maps (Vy, o) — (V3,%3) on E the change rules of
the local complex coordinates on E have the form

P z/j(zk) , n/b = n/b(zk,n“), (2.1)

k

/! . . / . .
where 27 are holomorphic functions on z*, and 1'® are holomorphic functions on z* and

n® and det %7777: # 0.
A morphism of the holomorphic bundles 7 : E - M andn:E— Misa couple

(fo, f1), where fo : M’ — M and f; : E' — E such that mo fi = foon, ie. f, sends
fibers to fibers; we also say that fi is a fo-morphism of holomorphic bundles.

Definition 1. An affine holomorphic bundle is a holomorphic bundle m : E — M in which
the change rules of the local complex coordinates on E have the form

/

2 =20(F) 0t = MI(Fm" + B (), (2.2)

where Mfl’ and B® are holomorphic functions on zF and det Mfl’ # 0.

Throughout this paper, we assume that F is an affine holomorphic bundle.

Let J be the natural complex structure of manifold E. We also consider T'E and
T'E = T'E to be its holomorphic and antiholomorphic tangent bundles and TcE =
T'E & T"E the complexified tangent bundle of the real tangent bundle Tr E. From (2.2)
the following change rules for the natural local frames on T;E result:

=M (2.3)

0 97 9 oMp 9 KA
ot onr T ton’

b 9B" 0 0 p O
@_821’“82'1—'—

0zF T 0zk

By conjugation over all in (2.3) we get the change rules of the natural local frames on
T l/: FE, and then the behaviour of the J complex structure

0 0 0 0 0 0 0 0
J(azk) Zazk"]<azk) Zaz’“’J<377“> Zan“’J<377“> ‘o 24
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The natural dual bases on T;L*E change according to the rule

7.

’ J : Mp B®
dz7 = gzdzk dn? = (8 @t 4 a) dzF + MPdn® (2.5)

zk 0zF 0zF

and by conjugation we obtain the change rules of the natural dual bases on TJ*E.

Thus, the coordinates of the vectors Z = Z k% +Z° aga € I'(T'E) have the following

change rules

!5 82,‘7 k lb 8M2 a 8Bb k b r7a

and the coordinates of the co-vectors w = wydz* + wedn® € I‘(T/*E) change according to
the rules

o aZk 8Ml;1 X 0B
Vi T 9k * 923" * 0z
By conjugation over all in (2.6) and (2.7) we get the change rules of the coordinates of the
vectors from T'(T" E) and of the co-vectors from I'(T"*E), respectively.

> wa 5 wy = Mfw,. (2.7)

Definition 2. An affine local section in the affine holomorphic bundle E is a holomorphic
map s : Uy, — E such that wo s = Id|y, and its local components change according to the
rule

sP(27) = MP(2F)s (%) + Bb(2M). (2.8)

The set of affine sections on F is denoted by I'(F) and it is an affine module over
F(M), ie. for every fi,..., [, € F(M) such that fi+...+ f, =1 and s1,...,s, € I'(E),
then fis1+...4 fpsp € I'(E), where the affine combination is taken at every point z € M.
Using a partition of the unity on the base M, which can be smooth but not holomorphic,
it can be easily proved that every affine holomorphic bundle allows an affine section.

We notice that a holomorphic vector bundle 7 : E — M can be canonically associated
with an affine holomorphic bundle 7 : E — M. More precisely, using local coordinates,
an affine holomorphic bundle reduces to a holomorphic vector bundle if in (2.2) we have
B = 0. In this case, we say that E is of holomorphic vector type or according to the
terminology from [10], we call E a central affin holomorphic bundle.

Let us consider V, E = kerm,|, for every u = (z,7) € E, then we obtain the vertical
distribution or the vertical sub-bundle of T'E, denoted by V' E which in view of (2.3) is an
integrable and holomorphic one. This distribution is tangent to the holomorphic vertical
foliation V (the foliation by fibers of 7). Let T'(V'E) be the module of the holomorphic
vertical sections. The local complex coordinates on V'E have the form (zk,n“,g““) and
change by the rules

2= (R = M+ B (= Mk (2.9)

Definition 3. A Liouwville type section is a holomorphic vertical section S € F(V/E) which

has the local form
Se(2F n) = n® + CY(2N), (2.10)

where C® are holomorphic functions on (2*) variables.
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Similarly to the real case [10], using (2.2), (2.9) and (2.10) we obtain

Proposition 1. Every Liouville type section in T(V'E) defines an affine section in T'(E)
and conversely.

2.2 Holomorphic vector pseudo-fields

In this subsection, by analogy with the real case, [10], we define the holomorphic
vector pseudo-field notion on a holomorphic bundle. We also obtain an inductive method
in obtaining affine holomorphic bundles canonically associated with a holomorphic vector
pseudo-field.

Let U, = m(V4,). A complex (1,0)-vector field (or more generally a (p,0)-vector field)
on M is holomorphic if its local components are holomorphic functions on (2*) variables.

Definition 4. A holomorphic vector pseudo-field on E is an asssociation of a local holo-
morphic vector field Ty, € Xno1(Va) with every domain V,, of the given atlas on E, such
that T'o(n®) = 0 and for every two domains Vo and Vg which have the complex co-
ordinates (2, n®) and (27,n'?), respectively, then on the intersection Vy N Vg we have
To(2%) = Tp(2%) and To(27) = Tg(27).

From the above definition, we obtain the following change rule for I':

e O
Ts=To—Ta(n®) =57
B ( )(977b

(2.11)

Conversely, it can be proved that the association of a local holomorphic vector field I'y, €
KXot (Vo) with the domain V,,, such that condition (2.11) holds on the intersection V, NV,
then a holomorphic vector pseudo-field is obtained.

In the following we present some examples of holomorphic vector pseudo-fields:

1) Let 7 : E — M be a holomorphic bundle and Z € A}, (M) be a holomorphic
vector field on the base M. If the holomorphic vector field Z has the local form
Z =17 "3(2)8%,C € Xpol(Uy) then, Ty, = ZF (z)% is a holomorphic vector pseudo-field
on Vy =71 H(U,).

2) Let 7 : E — M be a holomorphic bundle and D : V'(E) — T'M be an m-morphism
of holomorphic vector bundles, where T' M is the holmorphic tangent bundle of M
and V € Xpo1(V'(E)) is a holmorphic vertical vector field on E.

Using the local complex coordinates, if V = V4(z, 77)8%,1 € Xuol(V'E) and

8 D k (9
V“(z,n)a—na - Da(zan)va(%ﬁ)ﬁ
(Z¥ = D¥V* are holomorphic functions on V' (E)) and {%} are holomorphic vector
fields on M, then T, = D¥(2,n)V%(z, n)% € Xhol(Va) defines a holomorphic vector
pseudo-field (here {%} are local vector fields on E).
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Remark 1. In the second example we can consider the particular case when V = n® 82a 18
the holomorphic Liouville vector field. Then, the associated holomorphic pseudo-field has

the local form Ty, = Dﬁ(z,n)na%k.
We have,

Proposition 2. If 7 : E — M is an affine holomorphic bundle and I" is a holomorphic
vector pseudo-field on E, then there is an affine bundle 7 E — F and a holomorphic
vector pseudo-field I on E which is naturally induced by I'.

Proof. We assume that the local complex coordinates change on E according to the for-
mulas (2.2) and we define the change rule of the complex coordinates on E" on 7~ (V)N
w1 (V) by

(R, ¢*) = MY(ZF)C 4+ Ta(n®). (2.12)
In the sequel we prove that 7 : E' — E is an affine holomorphic bundle over E. Consider
(21, 5"¢,¢"¢) the local complex coordinates in another local chart 7 ~*(V;) of E" which
change according to the rules

= k) 0 = MY+ BU(F), = MG A T ). (213)

Let us prove that (2.13) is invariant at local charts changes on E'. The link between the
local complex coordinates (2*,7%, ¢*) and (2", 1", ¢"¢) is

MR + BP (M) + B

where B”C(zk) = M[,C(Z/j)B/b(Zk) + B”C(Z/j (%)) and

/-

¢ = M=)+ D)
= M{(T)[ME(ZR)¢ + Tu(n®)] +Tp(n")
= M)+ MEGTa(n®) +Ta(n")
a/r]”C

= MEEIC+ MG)Ta(n”) + Taln™) ~ ol Gl

= M) +Ta(n'),

where in the last equality we used (2.11). Thus 7 : E' — E is an affine holomorphic

bundle. We define now 5

on®
on Wlfl(Va). We must prove that I defines a holomorphic vector pseudo-field on E'.

Indeed, it is obvious that I', (¢*) = 0 and on the intersection 7 ~1(V,) N7 ~1(Vj) of two
domains of local charts on E’, we have

T, =Tq+ ("

/

(%) = D) = Tp(z5) = Ty(eb), To(n®) = Lalr®) +C* o — ¢2,

on® N
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’ /5 1 /j /s /- ’ /-
T (29) = Tale) 4 (" 22 = Tu(2) = Tp(=") = T(9),
"

and

Troay a ’bana _ a "bara _ ra _ T /a

Ls(n®) =Tp(n) +¢ o =Ts(n*) + "My = (" =T,(n"),
1 li ! / a ,b ! ! a I (la ,b li !
Ts(n") =Ts(n b)+Cbaz,b =P =Tan®) + MIC* =Tu(n®) +¢ aza =T,(n")

which ends the proof. ]

2.3 Holomorphic semi-basic 1-forms
Let us consider the quotient bundle Q/E =TE / V'E. Then we obtain the following
holomorphic vector bundles on E exact sequence

0sVELTELQE=ExyT M- 0, (2.14)

where ¢ and p are the canonical injection and the canonical projection, respectively. We
have for V' E and Q E the local bases {82(1}, a=1,...,m and {[a%k] :p(a%k)}, k=
1,...,n, respectively. If we put, for every u € FE,

V,'E={peT(T,}E) : ¢(2)=0,YZ e T(V,E)},

we obtain a sub-bundle of T'*E called the orthogonal dual of V;E. Now, if we consider
Q+E=T"E / V'L E then we obtain a new exact sequence of vector bundles over E

0= ExyT*M=V*ELT*ELQLE 0, (2.15)

where j and g are the canonical injection and the canonical projection, respectively. For
V'LE and Q' E we have the local bases {dz*}, k = 1,...,n and {[dn®] = ¢(dn®)}, a =

1,...,m, respectively. If the change rule of the local coordinates is given by (2.1), then we
have the following change rule for the local bases {[%]} ,k=1,...,n and {[dn°]}, a =
1,....m
) 929 [ 0 , on'®
= = ,db}: dn®] . 2.16
[82’“} 02k [azﬂ] [ g on® i’ (2.16)

Thus, it follows that Q*E and V'™*E are canonically isomorphic with V'+E and Q' E,
respectively. In a similar way Q E and Q*E are canonically isomorphic with W*(TIM )
and 7*(T"* M), respectively.
A complex p-form ¢ on a complex manifold M is called holomorphic if it is of type
(p,0) and its local coefficients are holomorphic functions on (z*) variables, namely d¢ = 0.
Now, if v is a holomorphic 1-form on the complex manifold F, then similarly to [5]
Ch. II, we can prove that the following properties are equivalent:

i) For any vertical vector field Z € T(V'E), izy = 0.
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ii) For any u = (2z,7n) € E, there is a unique form ¢ € T;:Eu)M such that
Yo = T (2.17)
iii) v is a section of the holomorphic fibration

pr, : Exy T*M — E. (2.18)

A holomorphic 1-form v on F is said to be semi-basic if it has any one of these three
properties. The form ~ is basic, namely izy = Lzy = 0 for any Z € I'(V'E) if it is the
pull-back 7*u of a holomorphic 1-form g on M. To any holomorphic semi-basic 1-form -,
there is a correspondent fiber morphism f = pryoy: E — T*M (pry being the projection
ExyT*M — T/*M). Conversely, if a fiber morphism f : £ — T'*M is given, the form
such that 7, = 7 f(u) is semi-basic. In particular for the holomorphic cotangent bundle
p: T*M — M, the semi-basic form corresponding to the identity mapping of T*M is
the natural holomorphic Liouville 1-form 6p;. Also, similarly to [5] Ch. II, we can prove
in our case the relation between v and f as follows:

Proposition 3. For any holomorphic semi-basic 1-form v on E, there is a fiber morphism
f:E — T*M such that v = f*0y;. Conversely if f: E — T'*M is a morphism then the
form f*0p; is a holomorphic semi-basic 1-form on E.

Proof. We use the calculus in local complex coordinates. Let (z!,..., 2% n',... ,n™) be
the local complex coordinates on m~!(Uy) and (2!, ...,2" (1,..., () be the local complex
coordinates on p~(U,), where (Uy, (2¥)) is a local chart in M and p : T*M — M. The
forms v and 67 may be locally written by v = ~;(2*,7%)dz* , 6y = (;dz*. Then the
morphism f is defined by v; = (;. O

Proposition 4. The 1-forms induced on the complex manifold E x  T'*M by the holo-
morphic Liouville 1-forms 0 on T*E and Oy on T*M coincide. In other words we
have

7 0r = prydu. (2.19)
Proof. This can be easily cheeked using local coordinates (z',...,2",¢1,..., () on T*M
and (2. 2% 0t oo™ G, Gayty s tm) OD T'*E. The submanifold E x y; T"*M
of T'*E is defined locally by t; = ... =t,, = 0. We have 0g = (;dz" +todn® , Oy = (d2,
hence j*0p = pr3fy = Gdz'. O

The form v = pr5fy, is by definition basic with respect to the holomorphic projection
E xp T*M — T*M. Tt could be called the holomorphic transverse Liouville 1-form.

3 Some global results

Let V be the holomorphic vertical foliation of E with the leaves characterized by
2% = const. As we have already seen, the holomorphic tangent vectors of the leaves define
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the structural subbundle 7'V = V'E of T'F spanned by { 8?;a} and with the transition
functions M?(z2).

For the holomorphic vertical foliation V, we denote by QgT(E) the sheaf of germs of
holomorphic projectable (foliated) fuctions on E and by AY (E, V) the sheaf of germs of
leafwise holomorphic vertical functions, locally given by

f= a0 + B(zN), (3.1)

where a,(2), f(z) € Q).(E).

3.1 Holomorphic Liouville vector field

We can construct the following exact sequence
0— QY (B) 5 A (E,V) 5 Q0 (B) o VYE — 0 (3.2)
explicitly given by ER agn® + 8% agdn®.

Now, let us consider the holomorphic Liouville vector field on E, locally given in the
chart (Vu,vq) by

0
I'p,=n" . 3.3
i (3.3)
Then, on the intesection V,, NV # ¢ by (2.2) and (2.3) we have
n 0 0 0
I'g—Ta=n"—"7—n"+>=B"— 3.4
B n 67] b n ana 877 b ( )

and we see that the right-hand side of (3.4) defines a holomorphic vector field with co-
efficients in Qgr(E). Thus, the difference I'yg = I'g — Iy yields a cocycle (0I')qgy =
I'gy —T'oy + g = 0. This cocycle defines a Ceéch cohomology class

[[) € H'(E,Q).(E)) (3.5)

which will be called linear obstruction of V, and its vanish yields ', is globally defined.
By the same considerations as in [14], we have

Proposition 5. The affine holomorphic bundle w : E — M is of holomorphic vector type
if and only if [I'y] = 0.

Proof. The necessity is obvious. Conversely, if [I',] = 0, then there is an adapted atlas
where

n 0 / o 0 0
B = ¢0(27) 5 — vt (& 3.6
e~V g Vg (3.6)
with 1% holomorphic functions on (zk) variables. Then, in the new coordinates 2% = z*
and 7 = n® — *(2*) we obtain B*(Z¥) = 0. 0

Remark 2. We notice that the obstruction to globalization of the conjugated Liouwille
vector field I' =n* aga can be obtained in similar manner.
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3.2 Totally singular complex Lagrangians

In this subsection, as in the real case [11], we can consider the totally singular complex
Lagrangian notion on an affine holomorphic bundle E, that is a real-valued function L :
E — R which is affine in the fibers coordinates, or equivalently it has a null vertical
complex hessian. Such a complex Lagrangian is locally given in the chart (Vg, 1) by

La(2",0") = aa(2*) (0" +7%) + B("), (3.7)

where a = aq(2F)dn® € T(V*E) and a.(2%), 8(z%) € QET(E), where QST(E) is the sheaf
of germs of real-valued projectable functions on FE.

If we denote by A}fr (E,Y ®V) the sheaf of germs of functions locally given by (3.7),
then similarly to (3.2) we can construct the following exact sequence

0—QE(E) 5 AE (B, Ve V) Lok (B)o (V*Ee V"E) -0 (3.8)

explicitly given by 3 -5 ag(n*+71*)+ 5 EA aq(dn® + dn®).
Then, on the intersection V,, NV # ¢ from (2.2) and (3.7) we have

Logi=Ls— Lo = ap(B+B") (3.9)

which yields a cocycle (0L)agy = Ly — Loy + Log = 0. This cocycle defines a Cech
cohomology class
1 R
[Lo] € H(E,Q,,.(E)). (3.10)
Thus, we obtain

Proposition 6. [L,] = 0 yields L, is globally defined.

3.3 Locally complex Lagrange structures

In this subsection we generalize in the case of affine holomorphic bundles some re-
sults from [9] concerning to globalization of some locally complex Lagrange structures on
complex tangent manifolds.

Let L, : E — R, be a complex Lagrange function on the affine holomorphic bundle
E, defined on V, C F, domain of local chart.

Definition 5. We say that a family {E, Ly} is a locally complex Lagrange structure on
E, if there is an atlas such that g 3 = 0?L,/On0n° glue up to a global hermitian metric
on V'E.

If {E, Ly} defines a locally complex Lagrange structure on E, by integration of g g,
we obtain a complex Lagrangian L : E — R, such that L, = Ll|y, + ln, where [, is an

affine real valued form on FE, i.e. there is ?1@ (z) and B (z) € Ry such that

(0% (03
Lo = Llv,+ Aa (0" +7")+ B . (3.11)

On the intersection V, NVz we can define a cocycle L,g := Lg — L, , L being closed with
respect to differential (6L)agy = Lgy — Lay + Lag = 0. Denoted by [L,] the cohomology
class defined by cocycle L,z. We have
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Proposition 7. [L,] € HY(E,A%(E,V & V)) and [Ly) = 0 yields L is globally defined.

Let us see when [L,] = 0. We can construct an exact sequence over affine real valued
functions, without requesting their holomorphy,

. 1,0

0— ®Y(E) 5 AY(E, Ve V)= o0Y(E) -0 (3.12)

explicitly given by the corespondence _é_’?la (n* +7")+ %e?ia dn®. This induces the
following exact sequence of cohomology groups

(x10)

0 — HY(B,8%(E) 5 B (B, AE, Ve V) "™ BB el m) — ...

Let [Lo)i = (710)*[La] € HY(E, @3 (E)). 1f [La)i = 0 then [Lo)1 € ker(r10)* = Tm*
and, therefore, there exists [Ly]2 € H'(E, ®%(E)) such that i*[Ls]2 = [La]. Hence, we can
state

Proposition 8. [L,] = 0 if and only if [La]1 = [La)2 = 0.

These are the main obstructions to globalization of locally complex Lagrange structure
on an affine holomorphic bundle E.

4 Transversal distributions

As in the real case for vector (affine) bundles [2, 6] or the general case of holomorphic
foliations [13], a normalization of the holomorphic vertical distribution V'E is a distribu-
tion H' E on E which is supplementary to V'E in T'E. The distribution H' E is called
horizontal distribution (or complex nonlinear connection on E, briefly c.n.c.). Such a nor-
malization can be defined by a right spliting of the exact sequence (2.14), i.e. by a map
o : Q' E — T'E which satisfies the conditions that o is an E-morphism of holomorphic
bundles and po o = Id|y .

Denoting as H 'E = O'(QIE>, it is a subbundle of T'E which is supplementary to V'E,
thus we obtain a normalization of V'E with H E suitable horizontal bundle. In local
coordinates, we can consider

5 ) o .0
M—U(p((azlc))—azk—]vkana,k—l,,n (41)

and {62%} is a local basis of the sections of H'E, called adapted for the c.n.c. The local
functions N{(z,7m) on E are called the coefficients of the c.n.c.
The change rule of the adapted basis is

5 _0h s
Szk  9zk 529

and consequently, the change rule for the coefficients N of the c.n.c. is

(4.2)

/-

0
0zk

, OMP oBb
b __ bara a_a
N;* = M,N} — (azk n® + azk> ) (4.3)
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Conversely, if we assume that on the domain of every local chart V,, on E, the local
functions N{(z,n) are given such that the change rule (4.3) on the intersection of two
domains hold, then the map o locally given by (4.1) is a normalization of V'E. The
normalization o gives an embedding of Q'E in T'E and a decomposition of T'E in the
direct sum

TTE=HE&V'E. (4.4)

By conjugation over all in (4.4) we get a decomposition of the complexified tangent bundle
of E, namely
TcE=HE®VE&sH E®V'E, (4.5)

where H"E is spanned by {&%} and V"E is spanned by {%} The dual adapted bases
are locally given by

{d="}, {on* = dn® + Npdz"}, {dz"}, {on" = d* + Nidz"}. (4.6)

We notice that as in the case of holomorphic vector bundles [8], a normalization of V'E
can be derived from a regular complex Lagrangian on FE, that is a real valued function
L: F — R such that g ; = 0?L/0n*0n® defines a hermitian metric tensor on the fibers of
the vertical bundle V'E. If we denote by (¢*®) the inverse of (9,3), then by using (2.3),
we obtain that the following local functions

CL - 9?L
Ni=g"—— 4.7
k=9 Ok 8ﬁb ( )
verify the change rule (4.3) and we call this normalization the Chern-Lagrange c.n.c. on
the affine holomorphic bundle E.
We can consider now the complex tensor field locally given in chart V,, by

N, = N,‘ja?]a ®d* e T(VE®Q™E).

Then, on the intersection V,, N V3 # ¢ from (2.3), (2.5) and (4.3) we have

L (OMb . OBb\ 0

and we see that the right-hand side of (4.8) defines a complex tensor field with coefficients
in .Agr(E,V). Thus, the difference Nog := Ng — N, yields a cocycle (6N)asy = Ny —
Nany 4 Nog = 0. This cocycle defines a Céch cohomology class

[No] € HY(E, A),(E,V)) (4.9)

which will be called obstruction to globalization of a c.n.c. on an affine holomorphic bundle
E. Thus, we obtain

Proposition 9. [N,] = 0 yields N, is globally defined.
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4.1 Integrability and holomorphy

However, H' F is smoothly isomorphic to Q' E which is holomorphic as V'E, generally
H'E is not a holomorphic subbundle of T"E. The existence of a holomorphic supplemen-
tary distribution H F is characterized in the general case of holomorphic foliations [13],
by the vanishing of a certain cohomological obstruction, as follows:

By the change rule (4.3), the following 1-form:

¢ =N} (4.10)

defines a global 1-form ® on E with values in H om(Q/E7 V/E) which is d”-closed, hence it
gives a cohomology class [®] € H'(E,O(Hom(Q E,V'E))) (in view of the Dolbeault-Serre
theorem [12]). Thus, we have

Theorem 1. ([13]). The vertical distribution V'E admits a supplementary holomorphic
distribution if and only if [®] = 0.

The horizontal distribution HcE = H'E @ H"E is said to be integrable if it is closed
under the Lie bracket operator, namely [['(HcE),['(HcE)] C I'(HcE).

The obstruction for the integrability of HcFE is given by the vanishing of the integra-
bility tensors R?k and R?E’ locally given by

ON¢  §N& ON¢
a J k a_ J
=5 s B o (4.11)

If the horizontal distribution is integrable, then its holomorphy can be studied with the
help of the partial Bott connection on E, that is a connection D of (1,0)-type on V'E
defined by

DxY =v'[X,Y],VX e(H E),VY e (V' E), (4.12)

where v" is the natural vertical projection.
By similar calculations as in [1], we get that the curvature of the partial Bott connection
D is given by
R=TI—-AAA, (4.13)

where II = (II}) and A = (A7) are locally given by

o VORGSO E a ONE
b:7§ 677b dZ‘]/\dZ *Tnbdzj/\dz 5 AE: 8ﬁb

dzF. (4.14)

Now, from (4.13) and (4.14) we get

Proposition 10. An integrable transversal distribution H'E is holomorphic if and only
if the partial Bott connection D is flat.
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4.2 Affine transversal distributions

Definition 6. We say that H E is an affine transversal distribution of V'E if the local
functions Ny are locally given by

Ni(z,m) = Ti(2)n” + BR(2), (4.15)
where T'Yy.(2) and B}(z) are projectable functions on E, not necessarily holomorphic.

Imposing the change rule (4.3) we get the change rules for I'f, and 3}, namely
oBY
02k

The relations (4.3) and (2.2) show that 8 = dy(ON{/0n°) glue up to a global dy-closed
form which yields a cohomology class

Mb a (9M£’ 82] /de

/ aZ /
b b b
oF Melay = MyTey — -, 57Ty B+ 5B = Moy — (4.16)

0l e H(E,.VEQV*E® H*E), (4.17)

where E denotes the sheaf of germs of foliated sections of a foliated holomorphic bundle
and dy is the exterior derivative along the leaves of holomorphic foliation V.

By the same considerations as in the real case [14], we notice that [0] does not depend
on the choice of the affine transversal distribution from (4.15). Indeed, if we choose another
affine transversal distribution H E with the local coefficients ]\7,?, then P = N,‘; - Np
defines a global section of V'E® H'*E. Clearly, if an affine transversal distribution exists,
then [#] = 0. Conversely, if [#] = 0, we have

dy(ON}/0n’) = —dy(1iy) 5 1 ET(V EQV*E® H*E). (4.18)

The local forms ygkénb are dy-closed, and provide some
V] € HY(E,V'E ® H*E) (4.19)
which does not depend on the choice of ~f,.. Finally, if [y] = 0, we shall obtain P €
I'(V'E ® H*E) such that v, = 0P¢/0n", and
on® = dn® + (N + P)dzF = 0
defines an affine transversal distribution H'E. Hence, we have

Proposition 11. The holomorphic vertical distribution V'E has an affine transversal
distribution if and only if [#] =0 and [y] = 0.

Example 1. Let E = E be a holomorphic vector bundle endowed with a complex Finsler
structure F', purely hermitian [1, 7], with the fundamental tensor h ;(z) = 0?F? /onon®
and T4 (2) = h®Ohye/0z" the local coefficients of the Chern-Finsler linear connection

CF
on E. Then the Chern-Finsler c.n.c. Nj= ng(z)nb = 0 defines an affine transversal
distribution on E.
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