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EINSTEIN EQUATIONS IN A WEAKLY GRAVITATIONAL
COMPLEX FINSLER SPACE

Nicoleta ALDEA ! and Georghe MUNTEANU 2

Abstract

In this paper we give a two-dimensional complex Finsler model for the real gravita-
tion space-time. The study of the weakly gravitational field leads to some interesting
geometrical and physical aspects, such as the study of curvature invariants with re-
spect to complex Berwald frame.

A generalization of the Einstein equations is proposed for a two-dimensional com-
plex Finsler space and these are written with respect to the directions of the complex
Berwald frame attached. Some conditions are required so that the energy of the space
should be conservative. In all these results the curvature invariants play a special
meaning.
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1 Introduction

We already know in literature many paths in the study of General Relativity by using
the methods of complex geometry. These are mainly in connection with the electromag-
netic theories, with unification theories of physics fields or with spinorial techniques. The
research of electromagnetic phenomena in complex coordinates has already a long history
since 1907s’ by L. Silberstein and continued with papers of P. Dirac, E. Schroedinger and
P. Weiss, the latter two used the complex vector field F = E + ¢H in the framework of
Born-Infeld theory.

The idea of using the Hermitian metrics in Gravitation only comes to A. Einstein’
mind, [13, 14], who in 1945 attempted to establish a new relativistic theory of unified
gravitation and electromagnetism. Since the gravitational tensor Gj; is one symmet-
ric, while the electromagnetic field Fj; corresponding to the Maxwell equations is one
antisymmetric, Einstein studied the real space-time manifold endowed with the metric
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955 = Gjk+ v/—1 Fji,, which is Hermitian (i.e. 9,k = 9kj) With respect to the local natural
complex structure.

In the present paper we extend Einstein’s idea to the complex Finsler spaces proceeding
rather the other way round. It is well known (see for instance [30], p. 170) that a n-
dimensional complex Hermitian metric g with matrix (gjfc) = A+ +/—1B is coming from

A B

a real 2n-dimensional Hermitian metric G iff its matrix is (Gag) = [ B A ) , where

A is symmetric and B is an antisymmetric matrix of the Kéahler form.

Consider now a two-dimensional complex Finsler space (M, F'), with the fundamental
metric tensor g,z, j,k = 1,2. The geometry of two-dimensional complex Finsler spaces
was intensively studied by us in a recent paper, [3], using a special frame, the so-called
complex Berwald frame. The Sasaki type lift of g, induces in real coordinates a Sasaki lift
of a four-dimensional real Hermitian metric G,z and, conversely. Accordingly, the four-
dimensional space-time endowed with a real Hermitian metric G,g could be embedded in
a two dimensional complex Finsler space if some special circumstances are required. Such
conditions are obtained in Proposition 3.1, for the particular case of weakly gravitational
field. Therefore, we apply to the complex weakly gravitational field, the general settings
from the geometry of two dimensional complex Finsler spaces. So that, in Theorem 3.2
we find the expressions of the curvature invariants. These will play an essential role in the
expressions of complex Einstein equations which we do in the last part of this section.

2 Preliminaries

For the beginning we shall survey some results about 2 - dimensional complex Finsler
geometry with Chern-Finsler complex linear connection and the local complex Berwald
frames. Here we set the basic notions and terminology. For more details, see [1, 23, 3].

2.1 Complex Finsler spaces

Let M be a complex manifold of complex dimension two. We consider z € M, and
so z = (2!, 2%) are the complex coordinates in a local chart. Since z* = z*¥ + /—1zF*2,
k = 1,2, the complex coordinates induce the real coordinates {xl,xQ,x3,x4} on M. Let
TrM be the real tangent bundle. Its complexified tangent bundle T M splits into the
sum of holomorphic tangent bundle T7"M and its conjugate T” M, under the action of
the natural complex structure J on M. The holomorphic tangent bundle T"M is itself a
complex manifold, and the coordinates in a local chart will be denoted by u = (2, 1) k=12,
with n* = y* + /—=1y**2, k =1,2.

Everywhere in this paper the indices i, j, k, ... run over {1, 2}.

A two dimensional complex Finsler space is a pair (M, F), where F : T'"M — R* is a
continuous function satisfying the conditions:

i) L := F? is smooth on T'M = T'M\{0};

it) F(z,m) > 0, the equality holds if and only if n = 0;

iii) F(z,An) = |A|F(z,n) for VA € C;
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911 912
921 922
- and L := F?. Equivalently, it means that the indicatrix is

iv) the Hermitian matrix (gj,-g(z, n))j =12 = < ) , (e g = gyj) 1s positive

defined, where g;; := 85328%7
strongly pseudo-convex.
Then, g;; is called the fundamental metric tensor of the complex Finsler space. Con-

sequently, from i) we have ng n* = 5()9 nLk =1L, gi” 0t = gf?” 7" =0and L = gijniﬁj .

Consider the sections of the complexified tangent bundle of 7M. Let VIT'M C T'(T"M)
be the vertical bundle, locally spanned by {a%k}, and VT"M its conjugate. The idea of

complex nonlinear connection, briefly (c.n.c.), is an instrument in the ’linearization’ of
the geometry of the manifold 7M. A (c.n.c.) is a supplementary complex subbundle to
VT'M in T'(T'M), i.e. T’(T’M) HT'M & VT'M. The horizontal distribution H,T'M
is locally spanned by {s% = 2 — N aaj} where N (z,7) are the coefficients of the

3zk
(c.n.c.). The pair {J; := §zk’6 = 8nk} will be called the adapted frame of the (c.n.c.),
which obeys the change rules §; = %j,f ¢; and O = %i - 8’ By conjugation everywhere we

obtain an adapted frame {0z, d} on T (T"M). The dual adapted bases are {dz*,on*} and
{dz*, 51"}
Next, let us consider the Sasaki type lift of the metric tensor gz,

G = g;pd2’ ® dz" + g;p0n’ @ o0, (2.1)
which passed in the real coordinates has the form, as we have proved in [23], p. 117,
Gopdr® @ deP + Gopoy® @ 6y° ; o, 8 =14, (2.2)

where

with

A= < 911 Reg3 ) and B = ( 0 Img,3 )
Regiz 923 —Img;5 0
We note that A is symmetric, while B is antisymmetric, so that G is symmetric, i.e.
Gap = Gpa-
There exists an unique Hermitian connection D, of (1,0)— type, which satisfies in
addition DyxY = JDxY, for all X horizontal vectors, called the Chern-Finsler connection

(cf. [1]), in brief C' — F', which have a special meaning in complex Finsler geometry. The
C' — F connection is locally given by the following coefficients (cf. [23]):

g, ; h s
Nf = g™ a!];n : Llﬂ? L;‘Lk = glh5k9ﬂ ; C]hk = glhakgﬂy (2.4)

where Dgs, 0; = L;‘kéh, Dékéj = C’;lkgh, etc. Further on, the C' — F connection is the main
tool in this study.
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The nonzero curvatures of the C' — F' connection are denoted by

R(64,05)8; = Rip,0i; R(On,05)6; = Zip0i 5 R(Sn, 03)d; = Pif,bi;

‘jkh (28]
R(0p,07)0; = R;khc‘)z, R(dy, 67 )aj = j,;hai, R(ah,a,;)aj = ijha,,
R(On, )8 = Sip0i5 R(On, )05 = Sty 0, (2.5)
where
Py = —OLlj— 54ND it Sk —%Cﬁzsﬁy

The Riemann tensor

RW,Z,X,)Y) : =GRX, Y)W, Z), (2.7)
RW,Z,X,Y) = R(Z,W,Y,X)

for W, X, Z,Y horizontal or vertical vectors, has the following hh—, hto—, vh—, vi—
components: [z, = ggRﬁ.}—lk; Pin = glElehk; Ejink = ggEé}—lk; Sink = glij}—lk, which
have properties Rz = gy, 5 Egan = Pimws Pijen = Sjire 5 Sijiw = Siink = Shijh:
where Rzp := Ry, ete., (see [23], p. 77) Further, the Ricci curvature tensors are
R = 9" Ripg » Pr = ¢ i P Sk =hik = g _ﬂhk and Sj;, = g Sjmk, from which we obtain
the following Ricci scalars r := ghthk and p := ghkPhk, q = g"*=;,., s := g"* S}, Since

Pz'jkﬁ = E}z’ﬁk = Ejmp and gV = ¢7* , we deduce Py, = Ej;, and p = q.

2.2 The local complex Berwald frames

In [3] we introduced the local complex Berwald frames and by means of these, an
exhaustive study of 2 - dimensional complex Finsler spaces is made. Here, we shall sum-
marize some basic results. We set [ := [°0; and its dual form is w = [;0n", where

1. 1 . -
I'= Fn’ and [; = ngjﬁj = g;;V. (2.8)

Our aim was to construct an orthonormal frame in the vertical bundle VT'M, which is
2 - dimensional in any point. Therefore, it is decomposed into VI'M = {1} @ {I}*, where
{1} is spanned by a complex vector m. Requiring the orthogonality condition G(I,m) = 0
and G(m,m) = 1, we find

1 ) .
m = ——(—Ily01 + 1102), 2.9
ﬁ( ) (2.9)

in a fixed chart. Then {l,m, [, m}, with m given by (2.9) is called the local complex Berwald
frame of the space. Indeed, since the local frame is orthonormal we have: I'l; = m'm; =1
and I'm; = I;m’ = 0, where [; = g”l and m; = gizm

We specify that (2.9) provides only a local frame, as we point out in [3].
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With respect to the local complex Berwald frame, dy, and g;; are decomposed as follows
d; = ;1 + mym and hence, 9i5 = lil; + m;m;. Decomposing gik from ljlf‘“', ljmf“, mIt* and
mim* , from g3 gjk = (5"’ we obtain ng = ljlk mImF and ;I + mymF = (55‘.

From here is deduced

Cii = g™ Okgjm = Al'mpm; + Bm'mym;, (2.10)

where A := mjmkth',?j and B := mhmkijJhk.

Now, via the natural isomorphism between the bundles VT'M and T'M, composed
with the horizontal lift of HT'M, we obtain the following orthonormal local frame on
HoT'M, {\ = 16;, p=mid;, \:=106, i=m'}.

Using L;k = g™ 6kgjm it Tesults

e = JULl + Ul'mjly, + VImg + XT'mjmy, (2.11)
+Omiljlk + Ymimjlk- + Emiljmlrc + Hmimjmk,
where J = ljll‘“liL;k, U = mjlklAiL;A-k, \%4 ::‘ljmkliL;‘k, X = mjmkliLé-k, O := llFm;L} i
Y = mjlkmiLz-k, F = l]mkmiL}k, H = mjmkmiL;-k.

The local complex Berwald frames also satisfy important properties. We mention here
only some, which are needed in our study, (for more, see [3]),

m(l) = gmi; () =0 1(g) =0; m(g) = By (212)
ML) = Al =0; (zi):—ﬂi—omi:—%c;i;

A = =05 pf) = VI~ Bm' s ML) = (L) =0

plm') = —5(V+ H)m's Mg) = (7 +Y)g s plg) = (V + H)g.

In [3] we speak about two horizontal holomorphic sectional curvatures: one in direction
A and other in direction pu, defined as

where K := —\(J) and W := — ji(H) — $H(V + H) — BFji(E) are called the horizontal
curvature 1moariants.

Therefore, there are two vertical holomorphic sectional curvatures, one in the direction
[ and other in the direction m, defined as

Kp(z,m) == 2R(L,1,1,1) = 05 K},,,(2,n) = 2R(m, m, m,m) = 21, (2.14)
where I:= —m(B) — BTB is the wvertical curvature invariant.

Moreover, the horizontal holomorphic bisectional curvature in directions {\, u} is

By (2m) == 2R(\ A, 1, 1) + 2R, i, A, A) = 2Z, (2.15)
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where Z := — (V) — LV(V + H) — A(Y) — FBX(O) + 3FBO(J +Y) and, the vertical
holomorphic bisectional curvature in directions {l,m} is

By m(z,m) := 2R(1, 1, m, m) + 2R(m, m,1,1) = 0. (2.16)

In this way, the study of the holomorphic sectional and bisectional curvatures of a 2 -

dimensional complex Finsler space is reduced to the study of the curvature invariants I,
K, W and Z.

The vertical covariant derivatives of I, m, [ and m with respect to the C'— F' connection
are given by:

-1 1 1
llj = ggllis bl = 5l + pmmg; ) (2.17)
1 1 B -1
mi]j = ﬁmilj — Flimj — 5mimj ; mzb = ﬁmzlg + 9 TTLiTrL]7
) 1 . 1 : : -1 . 1
Py = 30— gphl's Ui=5p6l" Fli= 5l
) 1 . B . . 1 1 . B .
m'|; = ﬁljmz + §mjmZ ; om'l; = ﬁlimz — Fm;l’ — Emjmz,
and the horizontal derivatives are:
. , A 1 A
Ly = Ly =1 =15 =0; mj; = 5[(J +Y)lj + (V + H)mg]m"; (2.18)
1 - L
m; = 5[(J +Y)i; + (V + H)mz|my;
1
4 1 - L .
mp o = —5[(J +Y)i; + (V + H)mz]m"
Also, in [3] we prove that A|3m3 = —AB + £ and if the metric is pure Hermitian, i.e.

9i5(2), then A= B = 0.

The local expressions of the Riemann tensors with respect to the components of the
local Berwald frame are as follow:

B = —Apls + AT + V)l + AV + H)lpmy, + Bpms

B . B .
+§(J + Y)mzly, + §(V + H)memp|mjmyg = P, gy, ;
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and

Ree = Klisljlply + Wmemgmpmy, — Jismleljlymy, — Jism®lLlymyly, (2.20)
%O(J + V)]l — [%Om - %O(j + Y)melily i
—[Vism® + %V(V + H)lelymgmy, — %E‘Omﬂjlﬁmk

_%Elﬁlfmjmﬁlk - [%

1 -
_[FO‘O _

1 L
leﬁ + BO|6 — §FBO(J + Y)]m;mjl,;lk

3 1 - 1~ _
_E|§m5mfljmﬁmk — [FH‘O + §H(J + Y) + BE‘O}mfmjmﬁlk

_ 1 1
—Esm®lymympmy, — [FH‘G + §H(J +Y) + BEjg|mm;l;mg

_ 1 _ _
_ 1~
—[O|Sm8 — iO(V -+ H)]l;mjlﬁmk.

Now, by taking into account that g™/ = I/I” + m/m” and the orthogonality conditions
of the Berwald frame, the local expressions of the Ricci tensors become:

Sir. = Tmpmy, (2.21)
- B, . B,. - .
SRk = —[Bm + E(J +Y)il; + §(V + H)mj|my = Py,
1 1 o
Rip = {K = [5Yjo+ BOp — 5FBO(J + V)|l

1 -
+H{W — [Vigm® + §V(V + H)]}mpmy,
_ 1 1 -
—{Jjsm® + [FH[) + §H<J +Y) + BEg] }Hpmy
5 1 - 1 - _
Consequently, we find the following writing for the complex Ricci scalars:
_ B _ B
s=1 ;q:—B‘Emh—E(V~|—H):;§  r=K+W+7Z (2.22)
3 The complex Einstein equations with respect to Berwald
frame
With this preparation we are able to write a generalization of the classical Einstein
equations for a two-dimensional complex Finsler space. For real Finsler spaces such an eqa-
tions was considered by G. Asanov, [5, 4], and in a more general context of n—dimensional
real Finsler and Lagrange spaces by R. Miron, [20].

Anyway, in such generalizations to the Finsler spaces, we to take need two motifs
into account. First, the Chern-Finsler connection (or Cartan connection in real case) has
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more curvatures and therefore will obtain a large set of Einstein equations. Secondly, this
connection is with torsions and then to be in the classical context of Einstein theory, one
solution is to require the divergence of the obtained Einstein tensors vanish. Also, the
energy of the space must be conservative with respect to the geometry of the space.

Let us say that the Einstein tensors Ej;, := Ry, — $pg;;, are proportional to the energy-
momentum tensors Ty, where Ry, denotes the components of the Ricci tensors and p are
the Ricci scalars. Obvious, the unknowns are complex Hermitian potentials g;. Then, we
have

1
Ry — 5PIkh = XTrp - (3.1)

We saw that the Einstein tensor could be decomposed in a two dimensional Finsler
space by the components of the Berwald frame. Let us assume that T}, which represents
the matter aspects is decomposed by the same Berwald frame,

11 12 21 22
T =T lile+ T lyme+ T mylg+ T mpmy, . (3.2)

Now, separating the vo—, ht—, vh—, hh— components in (3.1), we obtain in order the
set of equations:

1 i1 22 12 21
§I=x T=—xT; T=T=0;

1 7 B - _ 11 2 1 B - _ 12 21
§[B|hmh+§(V+H)]:XT= XT; Bo+5(J+Y)=—xT;T=0;
1 s _ _ 11 22
§[K—W+Z+2V§m +V(V+H)] = x T=-x T;

= g 1 1 - S 12
J‘sm +[fH‘()+§H(J+Y)+BE‘()] = —xT;
e o 21
Jism +[FH‘0+§H(J+Y)+BE‘O] = —x1T,

from which we conclude,

Theorem 3.1. The complex Einstein equations of a two-dimensional complexr Finsler
space are given by

_ _ _ - B _ _ 11 22
I:K—W+Z+2V§m5+V(V+H):Blﬁmh+§(V+H):2xT:—2xT; (3.3)
12 31 _ 1 - 1._ _ 1 B - _
T=T=0; J|§m8+[fHIO+§H(J+Y)+BE|0]:f3|6+5(J+Y):0;

and their conjugates.

Due to the Einstein equations, some Ricci tensors are reduced to
Eﬁk = I m;lmk N
1
Ry, = K+Z+Vym®+ §V(V + H)lzl

1
+[W —Vigm® — §V(V + H)mjmy,.
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o 11 12 . 21
By rising the indices we obtain the energy-momentum tensors T =T I/l,+ T Umy+ T

22 : 4 . .
m? 4+ T m?my,, which in view of (3.3) are reduced to T}, = il(ljlk—mjmk) = il(ﬂjlk—
(52), and it is conservative iff the C-F connection performs D(;].Ti = Dé,Ti = 0, that

. . J
is 2(I7ly); ; = I}, and 2(IFl) [; = I [x. Then, owing (2.17)-(2.18), the energy is

conservative iff
2;Pl, =1 and 21 [Pl = 1] (3.4)

Next, the rising of the indices for Ry, gets:
Si = Im'my ; Ei = I mimy;
, 1 -
R = [K+Z+Vm’+ 5V(V + H)| Ul
1 A
+[W —Vym® — §V(V + H)] m?my.

Then the conservation law yields

20 mimy); = Ty 3 20m/my)l; =1 ; (3.5)
2E?€\] = _I|k: 3 QEi ‘j :—I’k N

€K+ Z+ Vigm® + 3V(V + H)|lzl + [W = Vism® = SV(V + H)|mpme});
=(K+W+1Z),;

2{[K +7Z+ ngg + %V(V + H)]lﬁlk + [W — ngg — %V(V + ]:I)]mﬁmk}b
= (K+ W + Z))s.

The first conditions 2(I m7my)); = I}j, can be rewriten 2(I 5% -1 Pli); =1y , which
is exactly the first condition (3.4). Similar computation gets 2(Im?my)|; =1 | , which is
equivalent to 21|17l = 1.

One particular case is when the metric is purely Hermitian, gﬁ(z), and the space is
empty. Then A = B =1 =0 and the Einstein equations reduce merely to K — W + Z +
2Vism® + V(V + H) = 0. In this case, the horizontal Ricci tensor is proportional with the
fundamental metric tensor, Rj;, = %(K +W+7Z)g;, = %rgk;” i.e. the space is Einstein.

4 A complex approximation of the weakly gravitational fields

In this section our goal is to give a complex Finsler version for the study of Gravity. We
start from the real metrics which frequently appear in the relativistic theories of weakly
gravitational fields ([11, 26]),

gaﬁ(xay) = Naps +paﬁ(9€’y) ; aaﬂ :Ha

where 1,3 is the Minkowski metric and pog(z,y) = i—g)ég is a small perturbation of 7,3,

where ® has the meaning of a gravitational potential.
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Now, the form (2.3) and [11], p.148, suggest us to consider the real metrics

A B
(Gaﬁ)a,ﬁ:1,4 - ( _B A ) )

in which we choose

_(1+%2 0 (0 —(1-%)
A.—(O _(1_27%)) and B := 1_20 g )

c2

where @ is here a smooth function on 7'M, real valued, ® # % ,and ¢ € R, ¢ # 0.
Consequently, in the complex coordinates (z¥,7%);—1 2, (Gag), s—1a can be rewritten as
a Hermitian metric

1+22  —i(1-% L
(955(2:M) ;10 = ( Mg i _ §c21>)) > , with 7 :=+/~1 (4.1)

i(1-2) -1

and the inverse matrix of (4.1) is

l?;j) _
(g k=12

Let us point out that in general the Hermitian metric (4.1) may not come from a complex
Finsler function.

[VES

14232 . (4.2)
2(1*2?%))

Df=. N[

Proposition 4.1. The following conditions are all necessary for the metric (4.1) to be
derived from the fundamental metric tensor of a complexr Finsler space:

i) ® > %;

it) ® is a homogeneous function with respect to n;

i) i®.o = ®.1, where ., = %‘; h=1,2.

The proof is obvious. Condition i) assures that g := det(g;;) = —2(1 — 26—?) > 0,

but for the pseudo-complex Finsler case the inequality from i) can be replaced with the
condition of being nondegenerate, i.e. ® # % Then, immediate computations get

. 2 . 21 . 21
5h9k12 = Cj¢~h ; Ongia = qu)'h i Ongor = _072(1)41' (4-3)

So that, 3hgj,; = ;g5 iff i®.o = . and (3h9j12)77h = (8';ng,;)ﬁh =0iff dynt = ;0" =0,
i.e. the condition ii).
Moreover, the above requirements ii) and iii) imply

®4(n' —in?) = i®a(n' —in?) =0, (4.4)

and their conjugates.
Since

9jE<Za n) = Nk + Djks
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1 —i 2 i
where (n;z) == ( P > and (p;z) = < iz% % >, the metric (4.1) under assump-
C

tions i), ii) and iii) can be used in the study of the weakly gravitational fields in the
complex Finsler space (M, L), with

20 _ . 20 _ . 29 3 20 _
L= (1‘*'67)771771 - Z(1—67)771772 + Z(1—72)772771 —(1- 67)772772-

(4.5)
Note that if function ® depends only on the position z € M, then the space (M, L)
is purely Hermitian and if ® depends only on the direction 7, then the space (M, L) is
locally Minkowski.
Once the metric tensor of the complex Finsler space (4.5) obtained, it is a technical
computation to give the expression of the C' — F' connection. Certainly, it involves some
trivial calculus which lead to

23

Ny = 0; Nl?:_@(ﬁl—iﬁ%q’k; (4.6)
c2
2 o
1 _ . 2 .2 L ]
ij = 05 Liy= —02(17_26(21,)‘131@ =1L3;, , where & := 9k
24 . )
C]lk = 0 C%k—_mq).k:ZCgk,fOr],k:1,2.
cA(1-%7)

Secondly, since (M, L) with the metric (4.5) is two-dimensional, we can study this
space with respect to the locally complex Berwald frames, verifying incessantly the global
validity of the obtained results. Corresponding to the metric (4.5) the terms of the locally
complex Berwald frames are

= 201-=); IF=— k=1,2;
g ( 02)7 Fv,'7 ) L
g 4.4 o 09, 2
I 2[( +g)l —1—21} i o 2(1 +il%) ;
l l
1 2 2 1 2 1
m = ——= =— 3 my=—gl" ; my=./9gl;
NG, NG, Ve Vs
and
—167 2 i
B = MM, J =S 1P —il?)2e,0 4.7
c9\/9 s 62‘ Pl 5 (4.7
V = 0—2 ’l — 1l | (I)Jm 5 O = 02\/§ l (l —l )q)]l )
Yy = 8 l”(IJ-lj‘E——Zli NI =il ®; j'H——g MN2®.m?
- 029| ’ A _62 g ( -1 ) VL _ng’ ‘ UL

By means of the locally complex Berwald frames the study of the vertical or horizontal
holomorphic sectional curvatures of the space (M, L) with the metric (4.5) is reduced to
the study of the complex curvatures invariants I, K, W and Z of the C' — F' connection.
Corresponding to the metric (4.5), using (4.6), after some tedious computations we obtain,
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Theorem 4.1. Let (M, L) be a complex Finsler space, where L is the metric (4.5). Then,

= nl (- P o) | (1)
K - —;izul il?)2 (- ! <I><Dk+<1>jk>llk

W = \12[— ( [+t - z2|2> q>jq>,—g+q>j,—€] mim” ;

7Z = \12[— < 241t — 12|2> @j@k+q>jk] ik

2 .
—c—2|z1 —il?)? [_02 <g|11|2 + )it - z’l2|2> ®;0p + @jk] mImk

2|11 |2 glit —il?|? 16[11?
= K W
gllt — 122 T 4112 T g2

(4|12 + g)it —al?|* - 2).

The Einstein equations can be obtained easily by replacing these quantities in (3.3).
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