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EINSTEIN EQUATIONS IN A WEAKLY GRAVITATIONAL
COMPLEX FINSLER SPACE

Nicoleta ALDEA 1 and Georghe MUNTEANU 2

Abstract

In this paper we give a two-dimensional complex Finsler model for the real gravita-
tion space-time. The study of the weakly gravitational field leads to some interesting
geometrical and physical aspects, such as the study of curvature invariants with re-
spect to complex Berwald frame.

A generalization of the Einstein equations is proposed for a two-dimensional com-
plex Finsler space and these are written with respect to the directions of the complex
Berwald frame attached. Some conditions are required so that the energy of the space
should be conservative. In all these results the curvature invariants play a special
meaning.
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1 Introduction

We already know in literature many paths in the study of General Relativity by using
the methods of complex geometry. These are mainly in connection with the electromag-
netic theories, with unification theories of physics fields or with spinorial techniques. The
research of electromagnetic phenomena in complex coordinates has already a long history
since 1907s’ by L. Silberstein and continued with papers of P. Dirac, E. Schroedinger and
P. Weiss, the latter two used the complex vector field F = E + iH in the framework of
Born-Infeld theory.

The idea of using the Hermitian metrics in Gravitation only comes to A. Einstein’
mind, [13, 14], who in 1945 attempted to establish a new relativistic theory of unified
gravitation and electromagnetism. Since the gravitational tensor Gij is one symmet-
ric, while the electromagnetic field Fij corresponding to the Maxwell equations is one
antisymmetric, Einstein studied the real space-time manifold endowed with the metric
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500091, Romania, e-mail: nicoleta.aldea@lycos.com
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gjk̄ = Gjk +
√
−1 Fjk, which is Hermitian (i.e. gjk̄ = gkj̄) with respect to the local natural

complex structure.
In the present paper we extend Einstein’s idea to the complex Finsler spaces proceeding

rather the other way round. It is well known (see for instance [30], p. 170) that a n-
dimensional complex Hermitian metric g with matrix

(
gjk̄

)
= A +

√
−1B is coming from

a real 2n-dimensional Hermitian metric G iff its matrix is (Gαβ) =
(

A B
−B A

)
, where

A is symmetric and B is an antisymmetric matrix of the Kähler form.
Consider now a two-dimensional complex Finsler space (M,F ), with the fundamental

metric tensor gjk̄, j, k = 1, 2. The geometry of two-dimensional complex Finsler spaces
was intensively studied by us in a recent paper, [3], using a special frame, the so-called
complex Berwald frame. The Sasaki type lift of gjk̄ induces in real coordinates a Sasaki lift
of a four-dimensional real Hermitian metric Gαβ and, conversely. Accordingly, the four-
dimensional space-time endowed with a real Hermitian metric Gαβ could be embedded in
a two dimensional complex Finsler space if some special circumstances are required. Such
conditions are obtained in Proposition 3.1, for the particular case of weakly gravitational
field. Therefore, we apply to the complex weakly gravitational field, the general settings
from the geometry of two dimensional complex Finsler spaces. So that, in Theorem 3.2
we find the expressions of the curvature invariants. These will play an essential role in the
expressions of complex Einstein equations which we do in the last part of this section.

2 Preliminaries

For the beginning we shall survey some results about 2 - dimensional complex Finsler
geometry with Chern-Finsler complex linear connection and the local complex Berwald
frames. Here we set the basic notions and terminology. For more details, see [1, 23, 3].

2.1 Complex Finsler spaces

Let M be a complex manifold of complex dimension two. We consider z ∈ M, and
so z = (z1, z2) are the complex coordinates in a local chart. Since zk = xk +

√
−1xk+2,

k = 1, 2, the complex coordinates induce the real coordinates {x1, x2, x3, x4} on M. Let
TRM be the real tangent bundle. Its complexified tangent bundle TCM splits into the
sum of holomorphic tangent bundle T ′M and its conjugate T ′′M , under the action of
the natural complex structure J on M. The holomorphic tangent bundle T ′M is itself a
complex manifold, and the coordinates in a local chart will be denoted by u = (zk, ηk)k=1,2,
with ηk = yk +

√
−1yk+2, k = 1, 2.

Everywhere in this paper the indices i, j, k, ... run over {1, 2}.
A two dimensional complex Finsler space is a pair (M,F ), where F : T ′M → R+ is a

continuous function satisfying the conditions:
i) L := F 2 is smooth on T̃ ′M := T ′M\{0};
ii) F (z, η) ≥ 0, the equality holds if and only if η = 0;
iii) F (z, λη) = |λ|F (z, η) for ∀λ ∈ C;
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iv) the Hermitian matrix
(
gjk̄(z, η)

)
j,k=1,2

=
(

g11̄ g12̄

g21̄ g22̄

)
, (i.e. gjk̄ = gkj̄) is positive

defined, where gjk̄ := ∂2L
∂ηj∂η̄k and L := F 2. Equivalently, it means that the indicatrix is

strongly pseudo-convex.
Then, gij̄ is called the fundamental metric tensor of the complex Finsler space. Con-

sequently, from iii) we have ∂L
∂ηk ηk = ∂L

∂η̄k η̄k = L,
∂gij̄

∂ηk ηk = ∂gij̄

∂η̄k η̄k = 0 and L = gij̄η
iη̄j .

Consider the sections of the complexified tangent bundle of T ′M. Let V T ′M ⊂ T ′(T ′M)
be the vertical bundle, locally spanned by { ∂

∂ηk }, and V T ′′M its conjugate. The idea of
complex nonlinear connection, briefly (c.n.c.), is an instrument in the ’linearization’ of
the geometry of the manifold T ′M . A (c.n.c.) is a supplementary complex subbundle to
V T ′M in T ′(T ′M), i.e. T ′(T ′M) = HT ′M ⊕ V T ′M. The horizontal distribution HuT ′M
is locally spanned by { δ

δzk = ∂
∂zk − N j

k
∂

∂ηj }, where N j
k(z, η) are the coefficients of the

(c.n.c.). The pair {δk := δ
δzk , ∂̇k := ∂

∂ηk } will be called the adapted frame of the (c.n.c.),

which obeys the change rules δk = ∂z′j

∂zk δ′j and ∂̇k = ∂z′j

∂zk ∂̇′
j . By conjugation everywhere we

obtain an adapted frame {δk̄, ∂̇k̄} on T ′′
u (T ′M). The dual adapted bases are {dzk, δηk} and

{dz̄k, δη̄k}.
Next, let us consider the Sasaki type lift of the metric tensor gjk̄,

G = gjk̄dzj ⊗ dz̄k + gjk̄δη
j ⊗ δη̄k, (2.1)

which passed in the real coordinates has the form, as we have proved in [23], p. 117,

Gαβdxα ⊗ dxβ + Gαβδyα ⊗ δyβ ; α, β = 1, 4, (2.2)

where

(Gαβ)α,β=1,4 =
(

A B
−B A

)
, (2.3)

with

A :=
(

g11̄ Reg12̄

Reg12̄ g22̄

)
and B :=

(
0 Img12̄

−Img12̄ 0

)
.

We note that A is symmetric, while B is antisymmetric, so that Gαβ is symmetric, i.e.
Gαβ = Gβα.

There exists an unique Hermitian connection D, of (1, 0)− type, which satisfies in
addition DJXY = JDXY, for all X horizontal vectors, called the Chern-Finsler connection
(cf. [1]), in brief C − F , which have a special meaning in complex Finsler geometry. The
C − F connection is locally given by the following coefficients (cf. [23]):

Nk
j = gmk ∂glm

∂zj
ηl = Lk

ljη
l ; Lh

jk = glhδkgjl ; Ch
jk = glh∂̇kgjl, (2.4)

where Dδk
δj = Lh

jkδh, D∂̇k
∂̇j = Ch

jk∂̇h, etc. Further on, the C − F connection is the main
tool in this study.
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The nonzero curvatures of the C − F connection are denoted by

R(δh, δk̄)δj = Ri
jk̄hδi ; R(∂̇h, δk̄)δj = Ξi

jk̄hδi ; R(δh, ∂̇k̄)δj = P i
jk̄hδi;

R(δh, δk̄)∂̇j = Ri
jk̄h∂̇i ; R(∂̇h, δk̄)∂̇j = Ξi

jk̄h∂̇i ; R(δh, ∂̇k̄)∂̇j = P i
jk̄h∂̇i;

R(∂̇h, ∂̇k̄)δj = Si
jk̄hδi ; R(∂̇h, ∂̇k̄)∂̇j = Si

jk̄h∂̇i, (2.5)

where

Ri
jhk

= −δhLi
jk − δh(N l

k)C
i
jl ; Ξi

jhk
= −δhCi

jk = Ξi
khj

; (2.6)

P i
jhk

= −∂̇hLi
jk − ∂̇h(N l

k)C
i
jl ; Si

jhk
= −∂̇hCi

jk = Si
khj

.

The Riemann tensor

R(W,Z, X, Y ) : = G(R(X, Y )W,Z), (2.7)

R(W,Z, X, Y ) = R(Z,W, Y,X)

for W,X, Z, Y horizontal or vertical vectors, has the following hh̄−, hv̄−, vh̄−, vv̄−
components: Rj̄ih̄k := glj̄R

l
ih̄k

; Pj̄ih̄k := glj̄P
l
ih̄k

; Ξj̄ih̄k := glj̄Ξl
ih̄k

; Sj̄ih̄k =: glj̄S
l
ih̄k

, which
have properties Rijkh = Rjihk ; Ξijkh = Pjihk; Pijkh = Ξjihk ; Sijkh = Sjihk = Shijk,

where Rijkh := Rı̄jk̄h, etc., (see [23], p. 77). Further, the Ricci curvature tensors are
Rh̄k = gj̄iRj̄ih̄k , Ph̄k = gj̄iPj̄ih̄k , Ξh̄k = gj̄iΞj̄ih̄k and Sh̄k = gj̄iSj̄ih̄k, from which we obtain
the following Ricci scalars r := gh̄kRh̄k and p := gh̄kPh̄k, q := gh̄kΞh̄k, s := gh̄kSh̄k. Since
Pijkh = Ξjihk = Ξjı̄kh̄ and gij̄ = gj̄i , we deduce Ph̄k = Ξk̄h and p = q̄.

2.2 The local complex Berwald frames

In [3] we introduced the local complex Berwald frames and by means of these, an
exhaustive study of 2 - dimensional complex Finsler spaces is made. Here, we shall sum-
marize some basic results. We set l := li∂̇i and its dual form is ω = liδη

i, where

li =
1
F

ηi and li =
1
F

gij̄ η̄
j = gij̄l

j̄ . (2.8)

Our aim was to construct an orthonormal frame in the vertical bundle V T ′M , which is
2 - dimensional in any point. Therefore, it is decomposed into V T ′M = {l}⊕{l}⊥, where
{l}⊥ is spanned by a complex vector m. Requiring the orthogonality condition G(l, m̄) = 0
and G(m, m̄) = 1, we find

m =
1
√

g
(−l2∂̇1 + l1∂̇2), (2.9)

in a fixed chart. Then {l, m, l̄, m̄}, with m given by (2.9) is called the local complex Berwald
frame of the space. Indeed, since the local frame is orthonormal we have: lili = mimi = 1
and limi = lim

i = 0, where li = gij̄l
j̄ and mi = gij̄m

j̄ .
We specify that (2.9) provides only a local frame, as we point out in [3].
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With respect to the local complex Berwald frame, ∂̇k and gij̄ are decomposed as follows
∂̇i = lil + mim and hence, gij̄ = lilj̄ + mimj̄ . Decomposing gj̄k from ljlk̄, ljmk̄, mjlk̄ and
mjmk̄, from gij̄g

j̄k = δk
i we obtain gj̄k = ljlk̄ + mjmk̄ and lil

k + mim
k = δk

i .

From here is deduced

Ci
jk = gm̄i∂̇kgjm̄ = Alimkmj + Bmimkmj , (2.10)

where A := mjmklhCh
kj and B := mhmkmjCh

jk.

Now, via the natural isomorphism between the bundles V T ′M and T ′M , composed
with the horizontal lift of HT ′M, we obtain the following orthonormal local frame on
HCT ′M, {λ := liδi, µ = miδi, λ̄ := lı̄δı̄, µ̄ = mı̄δı̄}.

Using Li
jk = gm̄iδkgjm̄ it results

Li
jk = Jliljlk + Ulimjlk + V liljmk + Xlimjmk (2.11)

+Omiljlk + Y mimjlk + Emiljmk + Hmimjmk,

where J := ljlkliL
i
jk, U := mjlkliL

i
jk, V := ljmkliL

i
jk, X := mjmkliL

i
jk, O := ljlkmiL

i
jk,

Y := mjlkmiL
i
jk, E := ljmkmiL

i
jk, H := mjmkmiL

i
jk.

The local complex Berwald frames also satisfy important properties. We mention here
only some, which are needed in our study, (for more, see [3]),

m(li) =
1
F

mi ; m̄(li) = 0 ; l(g) = 0 ; m(g) = Bg ; (2.12)

λ̄(li) = λ̄(li) = 0 ; λ(li) = −Jli −Omi = − 2
L

Gi ;

µ̄(li) = µ̄(li) = 0 ; µ(li) = −V li − Emi ; λ(L) = µ(L) = 0 ;

µ̄(mi) = −1
2
(V̄ + H̄)mi ; λ(g) = (J + Y )g ; µ(g) = (V + H)g.

In [3] we speak about two horizontal holomorphic sectional curvatures: one in direction
λ and other in direction µ, defined as

Kh
F,λ(z, η) := 2R(λ, λ̄, λ, λ̄) = 2K ; Kh

F,µ(z, η) = 2R(µ, µ̄, µ, µ̄) = 2W, (2.13)

where K := −λ̄(J) and W :=− µ̄(H)− 1
2H(V̄ + H̄)− BFµ̄(E) are called the horizontal

curvature invariants.
Therefore, there are two vertical holomorphic sectional curvatures, one in the direction

l and other in the direction m, defined as

Kv
F,l(z, η) := 2R(l, l̄, l, l̄) = 0 ; Kv

F,m(z, η) = 2R(m, m̄,m, m̄) = 2I, (2.14)

where I := −m̄(B)− BB̄
2 is the vertical curvature invariant.

Moreover, the horizontal holomorphic bisectional curvature in directions {λ, µ} is

Bh
F,λ,µ(z, η) := 2R(λ, λ̄, µ, µ̄) + 2R(µ, µ̄, λ, λ̄) = 2Z, (2.15)
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where Z := − µ̄(V ) − 1
2V (V̄ + H̄) − λ̄(Y ) − FBλ̄(O) + 1

2FBO(J̄ + Ȳ ) and, the vertical
holomorphic bisectional curvature in directions {l, m} is

Bv
F,l,m(z, η) := 2R(l, l̄,m, m̄) + 2R(m, m̄, l, l̄) = 0. (2.16)

In this way, the study of the holomorphic sectional and bisectional curvatures of a 2 -
dimensional complex Finsler space is reduced to the study of the curvature invariants I,
K, W and Z.

The vertical covariant derivatives of l,m, l̄ and m̄ with respect to the C−F connection
are given by:

li|j =
−1
2F

lilj ; li|j̄ =
1

2F
lilj̄ +

1
F

mimj̄ ; (2.17)

mi|j =
1

2F
milj −

1
F

limj −
B

2
mimj ; mi|j̄ =

−1
2F

milj̄ +
B̄

2
mimj̄ ;

li|j =
1
F

δi
j −

1
2F

ljl
i ; li|j̄ =

−1
2F

lj̄l
i ; F |j =

1
2
lj ;

mi|j =
−1
2F

ljm
i +

B

2
mjm

i ; mi|j̄ =
1

2F
lj̄m

i − 1
F

mj̄l
i − B̄

2
mj̄m

i,

and the horizontal derivatives are:

li|j = li|j̄ = li|j = li|j̄ = 0; mi
|j =

1
2
[(J + Y )lj + (V + H)mj ]mi; (2.18)

mi|j̄ =
1
2
[(J̄ + Ȳ )lj̄ + (V̄ + H̄)mj̄ ]mi;

mi|j = −1
2
[(J + Y )lj + (V + H)mj ]mi;

mi
|j̄ = −1

2
[(J̄ + Ȳ )lj̄ + (V̄ + H̄)mj̄ ]m

i

Also, in [3] we prove that A|j̄mj̄ = −AB̄ + B
F and if the metric is pure Hermitian, i.e.

gij̄(z), then A = B = 0.

The local expressions of the Riemann tensors with respect to the components of the
local Berwald frame are as follow:

Sjihk = I mh̄mr̄mjmk ; (2.19)

Ξrjhk = −[A|h̄lr̄ + A(J̄ + Ȳ )lr̄lh̄ + A(V̄ + H̄)lr̄mh̄ + B|h̄mr̄

+
B

2
(J̄ + Ȳ )mr̄lh̄ +

B

2
(V̄ + H̄)mr̄mh̄]mjmk = Pj̄rk̄h ;
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and

Rr̄jh̄k = Klr̄ljlh̄lk + Wmr̄mjmh̄mk − J̄|sm
slr̄ljlh̄mk − J|s̄m

s̄lr̄ljmh̄lk (2.20)

−[
1
F

Ō|0 −
1
2
Ō(J + Y )]lr̄mjlh̄lk − [

1
F

O|0̄ −
1
2
O(J̄ + Ȳ )]mr̄ljlh̄lk

−[V|s̄m
s̄ +

1
2
V (V̄ + H̄)]lr̄ljmh̄mk −

1
F

Ē|0mr̄ljlh̄mk

− 1
F

E|0̄lr̄mjmh̄lk − [
1
F

Y|0̄ + BO|0̄ −
1
2
FBO(J̄ + Ȳ )]mr̄mjlh̄lk

−E|s̄m
s̄mr̄ljmh̄mk − [

1
F

H̄|0 +
1
2
H̄(J + Y ) + B̄Ē|0]mr̄mjmh̄lk

−Ē|sm
slr̄mjmh̄mk − [

1
F

H|0̄ +
1
2
H(J̄ + Ȳ ) + BE|0̄]mr̄mjlh̄mk

−[O|s̄m
s̄ − 1

2
O(V̄ + H̄)]mr̄ljmh̄lk

−[Ō|sm
s − 1

2
Ō(V + H)]lr̄mjlh̄mk.

Now, by taking into account that gr̄j = ljlr̄ + mjmr̄ and the orthogonality conditions
of the Berwald frame, the local expressions of the Ricci tensors become:

Sh̄k = I mh̄mk (2.21)

Ξh̄k = −[B|h̄ +
B

2
(J̄ + Ȳ )lh̄ +

B

2
(V̄ + H̄)mh̄]mk = Pk̄h

Rh̄k = {K− [
1
F

Y|0̄ + BO|0̄ −
1
2
FBO(J̄ + Ȳ )]}lh̄lk

+{W − [V|s̄m
s̄ +

1
2
V (V̄ + H̄)]}mh̄mk

−{J̄|sm
s + [

1
F

H|0̄ +
1
2
H(J̄ + Ȳ ) + BE|0̄]}lh̄mk

−{J|s̄m
s̄ + [

1
F

H̄|0 +
1
2
H̄(J + Y ) + B̄Ē|0]}mh̄lk.

Consequently, we find the following writing for the complex Ricci scalars:

s = I ; q = −B|h̄mh̄ − B

2
(V̄ + H̄) = p̄ ; r = K + W + Z. (2.22)

3 The complex Einstein equations with respect to Berwald
frame

With this preparation we are able to write a generalization of the classical Einstein
equations for a two-dimensional complex Finsler space. For real Finsler spaces such an eqa-
tions was considered by G. Asanov, [5, 4], and in a more general context of n−dimensional
real Finsler and Lagrange spaces by R. Miron, [20].

Anyway, in such generalizations to the Finsler spaces, we to take need two motifs
into account. First, the Chern-Finsler connection (or Cartan connection in real case) has
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more curvatures and therefore will obtain a large set of Einstein equations. Secondly, this
connection is with torsions and then to be in the classical context of Einstein theory, one
solution is to require the divergence of the obtained Einstein tensors vanish. Also, the
energy of the space must be conservative with respect to the geometry of the space.

Let us say that the Einstein tensors Eh̄k := Rh̄k− 1
2ρgkh̄ are proportional to the energy-

momentum tensors Th̄k, where Rh̄k denotes the components of the Ricci tensors and ρ are
the Ricci scalars. Obvious, the unknowns are complex Hermitian potentials gkh̄. Then, we
have

Rh̄k −
1
2
ρgkh̄ = χTh̄k . (3.1)

We saw that the Einstein tensor could be decomposed in a two dimensional Finsler
space by the components of the Berwald frame. Let us assume that Th̄k, which represents
the matter aspects is decomposed by the same Berwald frame,

Th̄k =
1̄1
T lh̄lk+

1̄2
T lh̄mk+

2̄1
T mh̄lk+

2̄2
T mh̄mk . (3.2)

Now, separating the vv̄−, hv̄−, vh̄−, hh̄− components in (3.1), we obtain in order the
set of equations:

1
2
I = χ

1̄1
T= −χ

2̄2
T ;

1̄2
T=

2̄1
T= 0 ;

1
2
[B|h̄mh̄ +

B

2
(V̄ + H̄)] = χ

1̄1
T= −χ

2̄2
T ;

1
F

B|0̄ +
B

2
(J̄ + Ȳ ) = −χ

1̄2
T ;

2̄1
T= 0 ;

1
2
[K−W + Z + 2V|s̄m

s̄ + V (V̄ + H̄)] = χ
1̄1
T= −χ

2̄2
T ;

J̄|sm
s + [

1
F

H|0̄ +
1
2
H(J̄ + Ȳ ) + BE|0̄] = −χ

1̄2
T ;

J|s̄m
s̄ + [

1
F

H̄|0 +
1
2
H̄(J + Y ) + B̄Ē|0] = −χ

2̄1
T ,

from which we conclude,

Theorem 3.1. The complex Einstein equations of a two-dimensional complex Finsler
space are given by

I = K−W + Z + 2V|s̄m
s̄ + V (V̄ + H̄) = B|h̄mh̄ +

B

2
(V̄ + H̄) = 2χ

1̄1
T= −2χ

2̄2
T ; (3.3)

1̄2
T=

2̄1
T= 0 ; J|s̄m

s̄ + [
1
F

H̄|0 +
1
2
H̄(J + Y ) + B̄Ē|0] =

1
F

B|0̄ +
B

2
(J̄ + Ȳ ) = 0 ;

and their conjugates.

Due to the Einstein equations, some Ricci tensors are reduced to

Ξh̄k = −I mh̄mk ;

Rh̄k = [K + Z + V|s̄m
s̄ +

1
2
V (V̄ + H̄)]lh̄lk

+[W − V|s̄m
s̄ − 1

2
V (V̄ + H̄)]mh̄mk.
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By rising the indices we obtain the energy-momentum tensors Tj
k =

1̄1
T ljlk+

1̄2
T ljmk+

2̄1
T

mjlk+
2̄2
T mjmk, which in view of (3.3) are reduced to Tj

k = 1
2χI(ljlk−mjmk) = 1

2χI(2ljlk−
δj
k), and it is conservative iff the C-F connection performs Dδj

Tj
k = D∂̊j

Tj
k = 0, that

is 2(Iljlk)| j = I| k and 2(Iljlk) |j = I |k. Then, owing (2.17)-(2.18), the energy is
conservative iff

2I|jl
jlk = I|k and 2I |jl

jlk = I|k. (3.4)

Next, the rising of the indices for Rh̄k gets:

Sj
k = I mjmk ; Ξj

k = −I mjmk;

Rj
k = [K + Z + V|s̄m

s̄ +
1
2
V (V̄ + H̄)] ljlk

+[W − V|s̄m
s̄ − 1

2
V (V̄ + H̄)] mjmk.

Then the conservation law yields

2(I mjmk)|j = I|k ; 2(Imjmk)|j = I|k ; (3.5)

2Ξj
k|j = −I|k ; 2Ξj

k |j = −I|k ;

2{[K + Z + V|s̄m
s̄ + 1

2V (V̄ + H̄)]lh̄lk + [W − V|s̄m
s̄ − 1

2V (V̄ + H̄)]mh̄mk}|j
= (K + W + Z)|k ;

2{[K + Z + V|s̄m
s̄ + 1

2V (V̄ + H̄)]lh̄lk + [W − V|s̄m
s̄ − 1

2V (V̄ + H̄)]mh̄mk}|j
= (K + W + Z)|k.

The first conditions 2(I mjmk)|j = I|k can be rewriten 2(I δj
k − I ljlk)|j = I|k , which

is exactly the first condition (3.4). Similar computation gets 2(Imjmk)|j = I |k , which is
equivalent to 2I|jljlk = I|k.

One particular case is when the metric is purely Hermitian, gij̄(z), and the space is
empty. Then A = B = I = 0 and the Einstein equations reduce merely to K−W + Z +
2V|s̄m

s̄ + V (V̄ + H̄) = 0. In this case, the horizontal Ricci tensor is proportional with the
fundamental metric tensor, Rh̄k = 1

2(K + W + Z)gkh̄ = 1
2rgkh̄, i.e. the space is Einstein.

4 A complex approximation of the weakly gravitational fields

In this section our goal is to give a complex Finsler version for the study of Gravity. We
start from the real metrics which frequently appear in the relativistic theories of weakly
gravitational fields ([11, 26]),

g̃αβ(x, y) = ηαβ + pαβ(x, y) ; α, β = 1, 4,

where ηαβ is the Minkowski metric and pαβ(x, y) := 2Φ
c2

δβ
α is a small perturbation of ηαβ ,

where Φ has the meaning of a gravitational potential.
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Now, the form (2.3) and [11], p.148, suggest us to consider the real metrics

(Gαβ)α,β=1,4 =
(

A B
−B A

)
,

in which we choose

A :=
(

1 + 2Φ
c2

0
0 −(1−2Φ

c2
)

)
and B :=

(
0 −(1−2Φ

c2
)

1− 2Φ
c2

0

)
,

where Φ is here a smooth function on T ′M, real valued, Φ 6= c2

2 , and c ∈ R, c 6= 0.
Consequently, in the complex coordinates (zk, ηk)k=1,2, (Gαβ)α,β=1,4 can be rewritten as
a Hermitian metric(

gjk̄(z, η)
)
j,k=1,2

=
(

1+2Φ
c2

−i(1−2Φ
c2

)
i(1−2Φ

c2
) −(1− 2Φ

c2
)

)
, with i :=

√
−1 (4.1)

and the inverse matrix of (4.1) is

(
gk̄j

)
j,k=1,2

=

 1
2 − i

2

i
2 −

1+ 2Φ
c2

2(1− 2Φ
c2

)

 . (4.2)

Let us point out that in general the Hermitian metric (4.1) may not come from a complex
Finsler function.

Proposition 4.1. The following conditions are all necessary for the metric (4.1) to be
derived from the fundamental metric tensor of a complex Finsler space:

i) Φ > c2

2 ;
ii) Φ is a homogeneous function with respect to η;
iii) iΦ·2 = Φ·1, where Φ·h := ∂Φ

∂ηh , h = 1, 2.

The proof is obvious. Condition i) assures that g := det(gij̄) = −2
(
1− 2Φ

c2

)
> 0,

but for the pseudo-complex Finsler case the inequality from i) can be replaced with the
condition of being nondegenerate, i.e. Φ 6= c2

2 . Then, immediate computations get

∂̇hgkk̄ =
2
c2

Φ·h ; ∂̇hg12̄ =
2i

c2
Φ·h ; ∂̇hg21̄ = −2i

c2
Φ·h. (4.3)

So that, ∂̇hgjk̄ = ∂̇jghk̄ iff iΦ·2 = Φ·1 and (∂̇hgjk̄)η
h = (∂̇h̄gjk̄)η̄

h = 0 iff Φ·hηh = Φ·h̄η̄h = 0,
i.e. the condition ii).

Moreover, the above requirements ii) and iii) imply

Φ·1(η1 − iη2) = iΦ·2(η1 − iη2) = 0, (4.4)

and their conjugates.
Since

gjk̄(z, η) = ηjk̄ + pjk̄,
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where (ηjk̄) :=
(

1 −i
i −1

)
and (pjk̄) :=

(
2Φ
c2

i2Φ
c2

−i2Φ
c2

2Φ
c2

)
, the metric (4.1) under assump-

tions i), ii) and iii) can be used in the study of the weakly gravitational fields in the
complex Finsler space (M,L), with

L = (1+
2Φ
c2

)η1η̄1 − i(1−2Φ
c2

)η1η̄2 + i(1−2Φ
c2

)η2η̄1 − (1− 2Φ
c2

)η2η̄2. (4.5)

Note that if function Φ depends only on the position z ∈ M, then the space (M,L)
is purely Hermitian and if Φ depends only on the direction η, then the space (M,L) is
locally Minkowski.

Once the metric tensor of the complex Finsler space (4.5) obtained, it is a technical
computation to give the expression of the C − F connection. Certainly, it involves some
trivial calculus which lead to

N1
k = 0 ; N2

k = − 2i

c2(1− 2Φ
c2

)
(η1 − iη2)Φk ; (4.6)

L1
jk = 0 ; L2

1k = − 2i

c2(1− 2Φ
c2

)
Φk = iL2

2k , where Φk :=
∂Φ
∂zk

;

C1
jk = 0 ; C2

1k = − 2i

c2(1− 2Φ
c2

)
Φ·k = iC2

2k , for j, k = 1, 2.

Secondly, since (M,L) with the metric (4.5) is two-dimensional, we can study this
space with respect to the locally complex Berwald frames, verifying incessantly the global
validity of the obtained results. Corresponding to the metric (4.5) the terms of the locally
complex Berwald frames are

g = −2(1− 2Φ
c2

) ; lk =
1
F

ηk , k = 1, 2 ;

l1 =
g

2

[
(1 +

4
g
)l̄1 + il̄2

]
; l2 = − ig

2
(l̄1 + il̄2) ;

m1 = − l2√
g

; m2 =
l1√
g

; m1 = −√gl2 ; m2 =
√

gl1;

and

B =
−16i

c2g
√

g
l̄1|l1|2Φ·1 ; J =

2
c2
|l1 − il2|2Φjl

j ; (4.7)

V =
2
c2
|l1 − il2|2Φjm

j ; O =
4i

c2√g
l1(l1 − il2)Φjl

j ;

Y =
8

c2g
|l1|2Φjl

j ; E =
4i

c2√g
l1(l1 − il2)Φjm

j ; H =
8

c2g
|l1|2Φjm

j .

By means of the locally complex Berwald frames the study of the vertical or horizontal
holomorphic sectional curvatures of the space (M,L) with the metric (4.5) is reduced to
the study of the complex curvatures invariants I, K, W and Z of the C − F connection.
Corresponding to the metric (4.5), using (4.6), after some tedious computations we obtain,
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Theorem 4.1. Let (M,L) be a complex Finsler space, where L is the metric (4.5). Then,

I = − 32
c2g2

|l1|4
(
− 8

c2g
|l1|2Φ·1Φ·1̄ + Φ·1·1̄

)
; (4.8)

K = − 4
c2
|l1 − il2|2

(
− 4

c2g
ΦjΦk̄ + Φjk̄

)
lj l̄k ;

W = − 8
c2g

|l1|2
[
− 2

c2

(
4
g
|l1|2 + |l1 − il2|2

)
ΦjΦk̄ + Φjk̄

]
mjm̄k ;

Z = − 8
c2g

|l1|2
[
− 2

c2

(
4
g
|l1|2 + |l1 − il2|2

)
ΦjΦk̄ + Φjk̄

]
lj l̄k

− 2
c2
|l1 − il2|2

[
− 2

c2

(
4
g
|l1|2 + |l1 − il2|2

)
ΦjΦk̄ + Φjk̄

]
mjm̄k

=
2|l1|2

g|l1 − il2|2
K +

g|l1 − il2|2

4|l1|2
W+

16|l1|2

c4g2
(4|l1|2 + g|l1 − il2|2 − 2).

The Einstein equations can be obtained easily by replacing these quantities in (3.3).
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