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NUMERICAL ANALYSIS OF THE STOKES/DARCY COUPLING

Albert Constantin DUMITRACHE!

Abstract

We consider a differential system based on the coupling of the Stokes and Darcy
equations for modeling the interaction between surface and porous-media flows. We
formulate the problem as an interface equation, we analyze the associated Steklov-
Poincar operators, and we prove its well-posedness. We propose an iterative method
to solve the coupling of the Stokes and Darcy equations.
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1 Indroduction

Let © € R? (d = 2,3) be a bounded domain, decomposed into two non intersecting
subdomains €2y and €, separated by an interface I, i.e. Q= ﬁf U, Q FNQ, = and
ﬁf N ﬁp = I'. We suppose the boundaries 01 and 02, to be Lipschitz continuous. From
the physical point of view, I' is a surface separating the domain €2 filled by a fluid, from
a domain €, formed by a porous medium. We assume that the fluid contained in € has
a fixed surface (i.e. we do not consider the free surface fluid case) and can filtrate through
the adjacent porous medium.

We introduce the Stokes equations: Vt > 0,

—V -T(up,ps)=f in Qf

V-oup=0 in (1.1)

where T'(uys,pr) = v(Vus+VTus)—psl is the Cauchy stress tensor, v > 0 is the kinematic
viscosity of the fluid, while uy and py are the fluid velocity and pressure;

We define the piezometric head ¢ where z is the elevation from a reference level, p, is the
pressure of the fluid in €, p; its density and g is the gravity acceleration.

The fluid motion in €2, is described by the equations:

up, =—KVyp Q,
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Figure 1: Schematic representation of a 2D section of possible computational domains:
the surface-groundwater

Vou,=0 Q (1.2)

where wu, is the fluid velocity, and K is the hydraulic conductivity tensor K =
= diag(K1,K2,K3) with K = (Kjj)ij=1,..d € L*(2p). In the following we shall de-
note K = K/n.

In our analysis we shall adopt homogeneous boundary conditions. In particular, for
the Stokes problem we impose the no-slip condition uy = 0 on 02\ I', while for the Darcy
problem, we set the piezometric head ¢ = 0 on FI? and we require the normal velocity
to be null, u, -n, =0 on I’év -1, and ny denote the unit outward normal vectors to the
surfaces 1y and ), and we have ny = —n, on I'. We suppose n, and ny to be regular
enough. In the following we shall indicate n = n,, for simplicity of notation.

We supplement with the following conditions on I':

; . 1.3
—n-T(uf,ps) -n =gy (1.4)

vapg
usty — 75 Tug,py) -n=0 (1.5)

VK

where 7; (j = 1,...,d — 1) are linear independent unit tangential vectors to the boundary
I', and apy is the characteristic length of the porous medium.

Conditions (1.3) and (1.4) impose the continuity of the normal velocity on I', as well as
that of the normal component of the normal stress, however they allow pressure to be
discontinuous across the interface. The so-called Beavers-Joseph-Saffman condition (1.5)
does not yield any coupling.

Indeed, it provides a boundary condition for the Stokes problem since it involves only
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quantities in the domain 2.
The coupled Stokes/Darcy model is as follows:

=V -T(ug,pp) =f Qf
V- up = 0 Qf
up, =—KVyp Q,

Veou, =0 1, (1.6)

Uf -1 = Up - on I

—n-T(up,pf)-n=gp on T

vapgy
VK

We define the following functional spaces:

Her{UEHl(Qf):v:() on T}

Hl-\fupifn ={ve Hr,(Qy):v=0 on ZJ;"? Hj = (Hl‘furi,”)d

uptj —7j - T(ug,py) - n=0 on I.

H?:{UEHf(Qf):v-nf:O on I}
Hf={ve H'(Q)?:v=0 on TUT;} (1.7)
Q=10 Qu={1Q: [ a0}
f
={VeH'(Q):¥=0 on Iy}, H)={VeH,:¥=0 on T}

We denote by |-|; and || - ||; the Hl-seminorm and norm and by || - ||2 the L2-norm; it
will always be clear form the context whether we are referring to spaces on 2y and €2,

1
Finally, we consider the trace space A = H,(I).
Then, we introduce the bilinear forms

ar(v,w) = /Q fracv2(Vo + V7o) - (Vw + VTw)  Vo,w € (H'(Qf))*
f

bf(v?cz)z—/Q gV-v  Voe (H' () VgeQ
f

ap(p, ¥) = i )W/.Kw Vo, U € HY(Q).
P

The weak formulation of Stokes/Darcy reads from [5]:
find uy € Hy, py € Q, ¢ € Hj, such that

af(Uf,v)erf(“,pf)Jr/ng ") /dz:

by(ur,q) =

a’P(@? \I]) =

f [(up) - )0 - 75) = fov (1.8)
0

ﬂ\

U(uys-n)
forallve Hf, qe @Q, ¥ € Hp.
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2 The Steklov-Poincar interface equation associated to the
coupled problem

In this section we apply domain decomposition techniques at the differential level to
study the Stokes/Darcy problem. The Stokes/Darcy problem can be rewritten in a multi-
domain formulation

Proposition 2.1. Let A be the space of traces introduced in Section 1. Problem (1.8)-
(1.9) can be reformulated in an equivalent way as follows:
Find ug)pian, pr € Q, ¢ € Hy such that

d—1
vapg
(W + Bpug.w) + bywpg) + [ 3P+ Byuie) - ) (R )
j=1

= | fw vYweH) (2.10)
Qf
bf(u} + Eftiin,q) =0 Vg€ Q (2.11)
ap(o + Eppp, ¥) =0 VU € H) (2.12)
[ = anln + By, Rag) Vi A (2.13)

/Fgw =, F(Rip) — ap(u} + Eftiin, Rip) — bp(Rup, py)
f

d—1
vapg 0
— —(ur + Eruip) - 7¢|(Rip - 75 2.14
R+ B )R ) (2.14)
where Ry is any possible extension operator from A to Hy such that (Rip)-n = p on I’
for all p € A and Ry is any possible extension operator from H%(I‘) to H, to Ropt = pn on
T for all p € H%(I‘)

The proof is made by direct inspection considering uy = u?c—i—E ruin and @ = o+ Eppp
with u} € Hy and ¢ € Hy.

We choose now a suitable governing variable on the interface . We set the interface
variable A as the trace of the normal velocity on the interface:

A=uy-n=Ko,p.

Remark that using the simplified condition us-7; = 0, , the multi-domain formulation
of the Stokes/ Darcy problem (2.10)-(2.14) becomes:
Find u(} € H, py e Q, ¢ € H), such that

ag(ug + Bptin,w) +by(w,pp) = | fu Vwe(we (Hg(2p))"  (2.15)
f
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bf(u(])c + Efuin,q) =0  Vge@ (2.16)

ap(po + Eppp, ¥) =0 V¥ € H) (2.17)

[ = o + By Rag) Vi A (2.18)

/ngoou =, F(RTp) — ag(uf + Efuin, Rip,pf)  Vp € A (2.19)
f

with Ry defined as in Proposition 1 and R] : A — H} is any possible continuos extension
operator so R{p-n = p pe I for all 4 € A with H}—:{UEHJC:U'TJ‘:O on I}

For this simplification model (2.15)-(2.19) Discciatti in [9] made the analysis. We will do
the analysis for the multi-domain formulation of the Stokes/ Darcy problem (2.10)-(2.14).
We define the continuous extension operator

Er: H? — Hi, n— Ern suchthat Ern-n=n on I.

We consider the interface variable A\ = uy-n on I', A € A with A = Ao + As where A,
satisfies
/)\* = —/ Uiy, * N (2.20)
r Fj,”

Agz{ueA:/,u:O}CA.
r

Then we introduce two auxiliary problems whose solutions are related to the global prob-
lem (2.15)-(2.19):
(P1) Find w§ € (HE(Q4))4, ™ € Qo such that

and \g € Ay with

d—1
* X Vo N
ag(wy + Epuin + EpAe,v) +by(v,77) + / >+l + i) - ml(0- )
rio VK

= [ fv  Vve(Hy(Qy)?
Qy

where Qo ={q € Q : fo q =0}
(P2) Find ¢* € H, such that

ap(SO* + Ep(ppa \Ij) — / )\*\II \V/\IJ E Hp.
r
We define the following extension operators:

Rp:ANo— Hf x Qo, 1— Rpn= (R}cn,Rfcn) such that (R}cn) n=n on I' and

d—1
ag(Rpm. o) + by, o)+ [ S0P Ry (- ) =0 o e (@) (221)
j=1
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bi(R1,9)0 Vg€ Qo (2.22)
R,: A — H, with 7 — R,n such that
1
ap(Rpn, Rop) = /FTIH Ve H=z(D) (2.23)

We define the following extension operators:
For all n € Ag, p € A

VK r

Which can be split as the sum of two sub-operators S = Sy + S,

d—1
VaBJ
< Sn, p >=ag(Rpn,v) + by(v, R}n) +/FZ (Rjn - 7j)(v - 75) +/9(Rp?7)u-
j=1

d—1
vapg 1
< Sen, p>=ar(Rin,v) +bs(v, R3n —|—/ Ren-7i)(v- 7 2.24
j (o) bt B+ [ 32 R ) m) (220
< S >= [ alRn (2.25)

We define the functional x : A - R

<X b > / fv —ap(wy + Epin + ErAy,v) — by(v, 7")
Qy

d—1
(e
—/}j¢¥«%+EWW+mmwam»w—/Q%u V€ A, (2.26)
ris K r

We can express the solutin of the coupled problem in terms of the interface variable .

Theorem 2.1. The solutions to (2.15)-(2.19) can be characterized as follows:
u(} = wy + lec)\o + Er),, pr=7"+ R%)\o +DPr, o =wy+ Rpo (2.27)

where py = (meas(Qy))~! fﬂf pr and Ao € Ag is the solution of the following Steklov-
Poincare problem
< S, o >=< X, po > Yug € Ag. (2.28)

Moreover, py can be obtenied from \g by solving the algebric equation

Br= - 2.2
pf meas(F) < S)\O XaC > ( 9)

where ¢ € A is a fixed function such that

1
meas(T) /FQ =1

For the proof, we refer to Badea L., Discacciati M., Quarteroni A (2008) in [3] with
minor modification.
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3 Iterative finite element solution of the coupled problem

In this section, we introduce and analyze an iterative method to compute the solution
of a conforming finite element approximation of (2.16)-(2.18). For the easiness of notation,
we will write the algorithms in continuous form. However, they can be straightforwardly
translated into a discrete setting considering conforming internal Galerkin approximations
of the spaces (1.7).

Moreover, the convergence results that we will present hold in the discrete case without
any dependence of the convergence rate on the grid parameter h, since they are established
by using the properties of the operators in the continuous case.

We consider a triangulation T}, of the domain ﬁf U ©,, depending on a positive pa-
rameter h > 0, made up of triangles if d = 2, or tetrahedra in the three-dimensional case.
We assume that the triangulations induced on the subdomains Q2 and €2, are compatible
on I'; that is they share the same edges (if d = 2) or faces (if d = 3) therein.

The crucial issue concerning the finite dimensional spaces, say V;, and Qp, approximat-
ing the spaces of velocity and pressure is that they must satisfy the discrete compatibility
condition:
there exists a positive constant 8* > 0, independent of h, such that

Van € Qn, v € Vi, v 0 bp(vn,qn) = B [ vn |1l an llo (3.30)

Spaces satisfying (3.30) are said inf-sup stable.

The following error estimates hold (see Girault V., Raviart P(1986) in [10] and Quar-
teroni A., Valli A.(1994) in [11]). There exist two positive constants C; and Cy such
that

E§ < CiH"(| g sy + | oy 1), 7 =12,

If up € H™(Qyf) and py € H"(Qf) where
E§ =|| Vug — Vugn [lo

while
El < Cobb || ¢ i1, 1 =min(2,s—1).

If o € H3(Qp), s > 2 with B =| ¢ — o5 [|; -

The iterative method we propose to compute the solution of the Stokes/Darcy problem
(2.10)-(2.14) consists in solving first Darcy problem in €, imposing the continuity of the
normal velocities across I'. Then, we solve the Stokes problem imposing the continuity
of the normal stresses across the interface, using the value of ¢ on I' that we have just
computed in the porous media domain.

The iterative scheme reads as follows:

Given w;y, construct A\, as (2.20). Then, let A € Ag be the initial guess, and for k > 0:
(i) Find i*! € H), such that, for all ¥ € H,

ap(Ph0) /

NN = —a,(Eppp, ) + / nWA, (3.31)
r

r
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(i) Find (u$)** € H}, pi'eqQ:

d—1
0\k+1 k+1 VA&BJ (. 0\k+1
ar((u ,w)+bs(w, p —/ U ) (vTy) = fw
#((uy) )+byp(w, pp) F; \/E(( P () o,
d—1 vopy
—af(FE i, w) —/ ((Efuin) - 75) - 15)(v- 1) Yw € Hf (3.32)
F\= sz; VK f ) J !
b ((uf)*,q) = —b(Efuin, q) (3.33)
with
P GDISH + Eyp,.
(iii) Update Ak :
AT =0 n = A)r 4 (1= 0)A (3.34)

0 being a positive relaxation parameter and u];fl = (u?)kJrl + Efuin.

Lemma 3.1. The iterative substructuring scheme (3.32)-(3.34) to compute the solution
of the finite element approximation of the coupled problem Stokes/Darcy (2.10)-(2.14) is
equivalent to a preconditioned Richardson method for the discrete Steklov-Poincare equa-
tion (2.28), the preconditioner being the operator Sy introduced in (2.24).

Therefore we can conclude that (3.31)-(3.34) is equivalent to the preconditioned Richard
son scheme: let )\8 € Ag be given; for k > 0, find

AT Mo, AFTE = X5+ 6057 (x — SAG) (3.35)

The formulation (3.35) is very convenient for the analysis of convergence of the it-
erative scheme (3.31)-(3.34). Indeed, with this aim we can apply the following abstract
convergence result (see A. Quarteroni and A. Valli(1999) in [11].

Lemma 3.2. Let X be a (real) Hilbert space and X' be its dual. We consider a linear
invertible continuous operator Q : X — X', which can be split as Q = Q1+ Q2 where both
linear operators. Taken Z € X', let x € X be the unknown solution to the equation

Qr=17 (3.36)
and consider for its solution the preconditioned Richardson method
Qg(xk'H — M =02 - ka), k>0

0 being a positive relaxation parameter.

Suppose that the following conditions are satisfied:
(i) Q2 is symmetric, continuous with constant fo and coercive with constant ag;
(11) Q1 is continuous with constant 1 ;
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(111) Q is coercive with constant ag.
Then, for any given z° € X and for any 0 < 6 < 0,45 with

2043?
Bf(gf + Bp)2

Hmax -

the sequence
karl — karl + 0@2_1(Z _ ka)

converges in X to the solution of problem (3.36).

We can now prove the main result of this section.

Theorem 3.1. For any choice of the initial guess N} € Ay and for suitable values of
the relaxation parameter 6 the iterative method (3.31)-(3.34) converges to the solution
(u(},pf, ¢o) € H} x Q x H, the coupled Stokes/Darcy problem (2.10)-(2.14).

Proof. Upon setting X = Ag, Q@ = S, Q1 = Sp, Q2 = Sy and Z = x the proof follows from
Lemma 2, whose hypotheses are satisfied thanks to Corollary 1. In fact, for any initial
guess /\8 € Ao with 0 < 0 < 0,02

204?
Br(By + Bp)?

emaz =
the sequence defined in (?7?) converges to the solution of the Steklov-Poincare equation
(2.28).
Taking the limit £ — oo n the iterative procedure (3.31)-(3.34), it follows that

()", o, 06) e — (U}, 5, 0)-

We give a schematic overview of the numerical algorithm
Algorithm 1. Choose an initial guess (Uf)o -n on I'. Then, for £k = 0,1, ... until conver-
gence, do

1. Solve Darcy equation with boundary condition —Kd,¢*t! = uf-non L'
1 1
2. Solve Stokes problem imposing —n - T(uI;@Jr2 ,pI;JrQ) -n =gt on I

1
3. Update: u’}“ ‘n = Hu];+2 n+(1-— G)UI} -non ', with 6 € (0,1).
O
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