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A NOTE ON THE SOLUTION SET OF A FRACTIONAL
DIFFERENTIAL INCLUSION

Aurelian CERNEA!

Abstract

We consider a Cauchy problem for a fractional differential inclusion of order o €
(1,2] involving a nonconvex set-valued map and we prove that the set of selections
corresponding to the solutions of the problem considered is a retract of the space of
integrable functions on unbounded interval.
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1 Introduction

Differential equations with fractional order have recently proved to be strong tools
in the modelling of many physical phenomena. As a consequence there was an intensive
development of the theory of differential equations of fractional order ([2, 16, 17, 19] etc.).
The study of fractional differential inclusions was initiated by El-Sayed and Ibrahim ([14]).
Recently several qualitative results for fractional differential inclusions were obtained in [1,
3, 7-11, 15, 18] etc.. Applied problems require definitions of fractional derivative allowing
the utilization of physically interpretable initial conditions. Caputo’s fractional derivative,
originally introduced in [6] and afterwards adopted in the theory of linear visco elasticity,
satisfies this demand. For a consistent bibliography on this topic, historical remarks and
examples we refer to [1,16,17,19].

In this paper we study fractional differential inclusions of the form

Dex(t) € F(t,z(t)) a.e.([0,0)), z(0)=mzp, 2'(0)=ux, (1.1)

where o € (1,2], D% is the Caputo fractional derivative, F' : [0,00) x R — P(R) is a
set-valued map and xg, 1 € R, g, z1 # 0.

The aim of this paper is to prove, when the set-valued map is Lipschitz in the sec-
ond variable, that the set of selections of the set-valued map F that correspond to the
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solutions of problem (1.1) is a retract of L} ([0,00),R). The result is essentially based
on Bressan and Colombo results ([4]) concerning the existence of continuous selections of
lower semicontinuous multifunctions with decomposable values.

We note that in the classical case of differential inclusions topological properties of
solution set are obtained using various methods and tools ([5,13,20-22] etc.). On one
hand, our result is an extension of Theorem 3.4 in [12] obtained in the case when the
interval is bounded and on the other hand, the result in the present paper extends to
fractional differential inclusions the main result in [20] obtained in the case of classical
differential inclusions.

The paper is organized as follows: in Section 2 we present the notations, definitions
and the preliminary results to be used in the sequel and in Section 3 we prove our main
result.

2 Preliminaries

Let T'> 0, I := [0,7] and denote by L£(I) the o-algebra of all Lebesgue measurable
subsets of I. Let X be a real separable Banach space with the norm |.|. Denote by P(X)
the family of all nonempty subsets of X and by B(X) the family of all Borel subsets of X.
If A C I then xa(.): I — {0,1} denotes the characteristic function of A. For any subset
A C X we denote by cl(A) the closure of A.

The distance between a point z € X and a subset A C X is defined as usual by
d(x,A) = inf{|z — a|;a € A}. We recall that Pompeiu-Hausdorff distance between the
closed subsets A, B C X is defined by dy(A, B) = max{d*(4, B),d*(B,A)}, d*(A,B) =
sup{d(a, B); a € A}.

As usual, we denote by C'(I, X) the Banach space of all continuous functions x : I — X
endowed with the norm |z|¢ = sup,¢/|z(t)| and by L'(I, X) the Banach space of all
(Bochner) integrable functions z : I — X endowed with the norm |z|; = fOT |z(t)|dt.

We recall first several preliminary results we shall use in the sequel.

A subset D C L'(I, X) is said to be decomposable if for any u,v € D and any subset
A € L(I) one has uxa +vxp € D, where B = I\ A.

We denote by D(I, X) the family of all decomposable closed subsets of L(I, X).

Next (S,d) is a separable metric space; we recall that a multifunction G : S — P(X)
is said to be lower semicontinuous (l.s.c.) if for any closed subset C' C X, the subset
{s € S; G(s) C C} is closed.

Lemma 1. Let F* : IxS — P(X) be a closed-valued L(I)@B(S)-measurable multifunction
such that F*(t,.) is l.s.c. for anyt € I.
Then the multifunction G : S — D(I,X) defined by

G(s)={ve L*I,X); wv(t)eF*ts) ae (1)}

is l.s.c. with nonempty closed values if and only if there exists a continuous mapping
p:S— LYI,X) such that

d(0, F*(t,s)) < p(s)(t) a.e. (I), Vs€S.



A fractional differential inclusion 85

Lemma 2. Let G : S — D(I, X) be a l.s.c. multifunction with closed decomposable values
and let ¢ : S — LY(I,X), v : S — LY(I,R) be continuous such that the multifunction
H:S —D(I,X) defined by

H(s) = cl{v(.) € G(s);  |v(t) = ¢(s)(t)] < 9(s)(t) a-e. (1)}

has nonempty values.
Then H has a continuous selection, i.e. there exists a continuous mapping h : S —

LY(I,X) such that h(s) € H(s) Vs € S.
The proofs of Lemmas 1 and 2 may be found in [4].

Definition 1. ([16]). a) The fractional integral of order a > 0 of a Lebesgue integrable
function f : (0,00) — R is defined by

t (t _ S)Oc—l
If(t :/ ————f(s)ds,
0= [ 1)
provided the right-hand side is pointwise defined on (0, co) and I'(.) is the (Euler’s) Gamma
function defined by T'(a) = [;° t* e tdt.
b) The Caputo fractional derivative of order a > 0 of a function f : [0,00) — R is
defined by

DEf(t) = —— ) /0 (t— )1 f0) (5)ds,

I'n—«
where n = [a] + 1. It is assumed implicitly that f is n times differentiable whose n-th
derivative is absolutely continuous.

We recall (e.g., [16]) thatif « > 0 and f € C(I,R) or f € L*°(I,R) then (D3 1f)(t) =
f(@).

Definition 2. A function z € C([0,00),R) is called a solution of problem (1.1) if there
exists a function f € L}, ([0,00),R) with f(t) € F(t,z(t)), a.e. [0, 00) such that Dz (t) =
f(t) a.e. [0,00) and z(0) = x,2'(0) = 1.

In this case (z(.), f(.)) is called a trajectory-selection pair of problem (1.1).

We shall use the following notations for the solution sets and for the selection sets of

problem (1.1).
S(zo,x1) = {x € C(]0,00),R); =z is a solution of (1.1)}, (2.1)

T(x07x1) = {f €L} ([0700)7R);

loc

£(t) € F(t,mo + tay + [ U5 f(s)ds)  ae. [0,00)}. (2:2)

3 The main result

In order to prove our topological property of the solution set of problem (1.1) we need
the following hypotheses.
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Hypothesis 1. i) F(.,.) : [0,00) x R — P(R) has nonempty compact values and is
L([0,00)) ® B(R) measurable.

ii) There exists L € L}, ([0,00), R) such that, for almost all ¢ € [0, cc),
F(t,.) is L(t)-Lipschitz in the sense that

iii) There exists p € L}, ([0, 00), R) such that
dy ({0}, F(t,0)) <p(t) a.e.[0,00).

In what follows I = [0,7] and we use the notations

t a—1
a(t) = xo + tay + /0 (F(Z)[)u(s)ds, u € LY(I,R) (3.1)
and
po(u)(t) = |u(t)| + p(t) + L(H)[a®)], tel (3.2)
Let us note that
du(t), F(t, (1)) < po(w)(t) ace. (1) (3.3)

and, since for any uy,us € L*(I,R)
[po(u1) — po(uz)|t < (1 + [I*L(T)|)|ur — uzly

the mapping po : L'(I,R) — L'(I,R) is continuous.
Also define

Ti(wo,21) = {f € L' R);  f(t) € F(t, w0+ tw1 + [y “Fh—f(s)ds)
a.e. (I)}.

The next result is proved in [12].

Lemma 3. Assume that Hypothesis 1 is satisfied and let ¢ : L'(I,R) — L*(I,R) be a
continuous map such that ¢(u) = u for all u € T;(xo,x1). For u € L'(I,R), we define

U(u) ={ue€ LI(I, R); wu(t) € F(t,¢(u)(t)) a.e. (1)},
B(u) = { {u}  ifu € Tr(xo, 1),

U(u) otherwise.

Then the multifunction ® : L'(I,R) — P(L'(I,R)) is lower semicontinuous with
closed decomposable and nonempty values.

In what follows we shall use the following notations
k
I, =0k, k>1, |ulix= / lu(t)|dt, we L'(I,R).
0

We are able now to prove the main result of this paper.
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Theorem 1. Assume that Hypothesis 1 is satisfied, there exists |I*L|:= sup [[*L(t)|<
te[0,00)
1 and zg,x1 € R.

Then there exists a continuous mapping G : Llloc
L} .([0,00),R) such that
(i) G(u) € T (zo,z1), Yu € L},.([0,00),R),

(i) G(u) =u, YueT(xg,z1).

([0,00),R) —

Proof. We shall prove that for every k > 1 there exists a continuous mapping g~ :
LY(Ix,R) — L'(I},R) with the following properties

@M ¢*(u) =u, Yu€ 7, (z0,21)

(I1) ¢*(u) € 71, (v0,21), Vu € L'(Ix,R)

(1) g*(u)(t) = ¢ (ulr, ), VE€ s

If the sequence {g*};>1 is constructed, we define G : L}, ([0, 00), R) — L} _([0,00), R)
by

G(u)(t) = ¢" (ulr,)(1), Vk>1

From (III) and the continuity of each g¢*(.) it follows that G(.) is well defined and
continuous. Moreover, for each u € L}, ([0,00), R), according to (II) we have

G(u)|5,(t) = g (ul1,)(t) € Tr, (w0, 21), VE =1

and thus G(u) € T (zo, x1).
Fix € > 0 and for m > 0 set &, = %5. For u € Ll(Il,R) and m > 0 define

po(w)(t) = |u(t)| +p(t) + L(H)|a(t)l, t€ L

and ]
p}nH(U) = ]I“L\m(m@é(u)]m + Em+1)-
By the continuity of the map p§(.) = po(.), already proved, we obtain that p}, : L'(I1,R) —
LY(I1,R) is continuous.
We define g§(u) = u and we shall prove that for any m > 1 there exists a continuous
map g}, : L'(I;,R) — L'(I1,R) that satisfies

(ar) gh(w) =, Vu € Tp, (w0, 21),

(bn) gh (u)(t) € F(t. gl 1(w)(1)) ace. (D),

(1) gH (1) — gb(w) ()] < ph(w)(t) +20 ace. (D),
() l9h, () (1) — gh 1 (0] < LOPh 1 (w) ae. (1), m>2.

For u € L'(I1,R), we define

Ul(u)={ve Ll(Il,R); v(t) € F(t,u(t)) a.e.(I1)},
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1, {u} if u € T, (x0, x1),
1(u) = { Ul(u) otherwise.
and by Lemma 3 (with ¢(u) = u) we obtain that ®1 : L'([;,R) — D(I1,R) is lower
semicontinuous. Moreover, due to (3.3) the set

Hi(u) = cl{v € ®}(u);  |v(t) — u(t)] < pp(u)(t) + 0 ae. (1)}

is not empty for any u € L'(I1,R). So applying Lemma 2, we find a continuous selection
g1 of H{ that satisfies (a1)-(c1).

Suppose we have already constructed gi(.), i = 1,...m satisfying (a1)-(d1). Then
from (b1), (d1) and Hypothesis 1 we get

Algh, (1)), F(t gh()(1)) < L) (193, () (£) — gl (0) (1) (3.4)
< 1 Llpky () = L) by (1) = 1) < L{ODh 11 (w),

where 7, := [I*L|"™ (€41 — €m) > 0.
For u € L'(I,R), we define

Upy1 () = {v € L' (I, R); (t) € F(t,gh(u)(t)  ace. (1)},

ol ( )_{ {u} if u € Tp, (20, 21),

u .
ml W), 1(u) otherwise.

We apply Lemma 3 (with ¢(u) = g}, (u)) and obtain that ®},, (.) is a lower semicontinuous
multifunction with closed decomposable and nonempty values. Moreover, by (3.4), the set

Hpyy (u) = clfv € @y (u); [0(t) = gy (W) (1) < LE)Ppya () ace (L)}

is nonempty for any u € L'(I;,R). With Lemma 2, we find a continuous selection g} 1
of H},,, satisfying (a1)-(dy).
Therefore we obtain that

1
|91 (1) = g (W11 < TOLI™ (5 |po ()11 + €)

INE))

and this implies that the sequence {gl (u)}men is a Cauchy sequence in the Banach space
LY(I1,R). Let g*(u) € LY(I1,R) be its limit. The function s — |p}(u)|1,1 is continu-
ous, hence it is locally bounded and the Cauchy condition is satisfied by {g},(u)}men
locally uniformly with respect to u. Hence the mapping ¢'(.) : L'(I;,R) — L'(I1,R) is
continuous.

From (a1) it follows that g'(u) = u, Vu € Ty, (w0, z1) and from (b1) and the fact that
F has closed values we obtain that

—~—

gl(u)(t) € F(t,g'(u)(t)), a.e (I1) Yue Ll(Il,R).

In the next step of the proof we suppose that we have already constructed the mappings
g'()) : L'(I;,R) — L'(I;,R), i = 2,....k — 1 with the properties (I)-(III) and we shall
construct a continuous map ¢*(.) : L' (I, R) — L*(Ij, R) satisfying (I)-(III).
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Let g& : L'(I,R) — L'(I}, R) be defined by
96 (W) (1) = ¢" (ulr_ ) @) x, +ult)xpaz, (1) (3.5)

Let us note, first, that gg(.) is continuous. Indeed, if ug,u € L'(I, R) one has

k
196 () — g6 (wo)l1 e < 19" (uln,_,) — 6" H(wolr,_ )1 p-1 +/k 1 [u(t) — uo(t)|dt

So, using the continuity of g¥~!(.) we get the continuity of g&(.).
On the other hand, since ¢*~!(u) = u, Yu € 77,_, (20, 21) from (3.5) it follows that

glg(u) =u, Yue Ty (zo,x1).
For u € L' (I}, R), we define

\Ijlf(u) = {w S LI(IIWR); w(t =g 71(u’Ik—1)(t)ka—1 (t)+

—

) k
vt)xrn, (1), v(t) € Ft,gf(u)(t)) ae ([k— 1K)},

koon | {u} if u € 71, (z0, 1),
Pi(u) = { U¥(u) otherwise.
We apply Lemma 3 (with ¢(u) = g&(u)) and we obtain that ®¥(.) : L' (I}, R)
— D(I, R) is lower semicontinuous. Moreover, for any u € L'(I;, R) one has

d(gb(8), F(t, g6 () (1)) = d(u(t), F(t, g5 (w)(t))xron_, Sp6()() ae(l),  (3.6)

where

—_~—

po(u)(t) = [u(t)] + p(t) + L(t)|gf (u) (t)]-
Obviously, pk : L'(I, R) — L'(I},R) is continuous. For m > 0 set

ka—l
I'«)

D1 () = [TOL|™ (S5 96 (W) |11 + ).
and by the continuity of p§(.) we infer that p&, : L'(I;, R) — L(I},R) is continuous.

We shall prove, next, that for any m > 1 there exists a continuous map gﬁl LI, R) —
L(I, R) such that

(ax) gh(u)(t) = g*Muls,_ () Vit e Iy,
(bk) gﬁz(u) =u Yu€ ,le (1‘0,1‘1),
(c%) gE(u)(t) € F(t,gh,_ (w)(t)) ae. (L),

(dk) |95 (W) (t) = g6 (W) ()] < p6(w)(t) +eo  ace. (In),



90 Aurelian Cernea

(ex) |9 (W) (1) = g (W ()] < L)p, 1 (w)  ace. (Tk), m 2> 2.

Hf (u) = cl{v € DF(u);  [o(t) — g5(u)(t)] < pG(uw)(t) +eo  a.e. (L)}

From (3.6), HF(u) # 0 Vu € L'(I1,R). Using the continuity of g§,p§ and Lemma 2, we
obtain a continuous selection gF of H} that satisfies (az,)-(dy).

Assume we have constructed gF(.), i = 1,...m satisfying (aj)-(ex). Then from (ej)
we have

d(gy, (u)(t), F(t, gk, (u) (1)) < L(t)(lgp,—1 (w)(t) — gk, (u)(1)] (3.7)
< I Lipp, (w) = L) 1 () = 7m) < L(t)Pm+1( u),
where 7, := [I*L|"™(epmt1 — €m) > 0.
For u € L' (I}, R), we define

Uk 41 (u) = {w € LNk, R); w(t) = ¢"H(ulr,_ ) (Oxr,_, ()+

Oz (1) 0(t) € Flt, g (u)(1) ace. ([k— 1K)},
{u} if u € 77, (x0, 1),
P (u Uk (u) otherwise.

With Lemma 3 we infer that ®F, ., (.) : Ll(Ik, R) — P(L'(I;, R)) is lower semicontinuous
with closed decomposable and nonempty values. By (3.7) the set

Hy g (u) = clfv € Dy (u); [v(t) = ghyr (W) ()] < L)ph 1 (u)  ace. (1)}
is nonempty for any u € L'(I;,R). So, applying Lemma 2, we deduce a continuous
selection g%, of HF ., satisfying (ax)-(ex).
By (eg) one has

a—1

|Im41. (1) = g (W) 16 < \I"‘le[k( )!p’S(U)Il,1+€]-

Therefore, with a similar proof as in the case k = 1, we find that the sequence {g¥ (u)}men
converges to some ¢g¥(u) € L'(I},R) and the mapping ¢*(.) : L'(I;,R) — L'(I},R) is
continuous.

By (ax) we have that

g () (t) = ¢" (ulr,_,)(8) Yt € Ly,
by (b)) ¢*(u) = u, Vu € T7,(z0,21) and from (c;) and the fact that F has closed values
we obtain that
FW)(t) € Ft, " (a)(1), ae. (I) YueL'(IR).
Therefore g*(.) satisfies the properties (I), (II) and (III).

Remark 1. We recall that if Y is a Hausdorff topological space, a subspace X of Y is

called retract of Y if there is a continuous map h : Y — X such that h(z) =z, Va € X.
Therefore, by Theorem 1, for any xg,x1 € R, the set 7 (zg, 1) of selections that

correspond to solutions of (1. 1) is a retract of the Banach space L}, ([0, 00),R).
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