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SOME PROPERTIES OF A GENERAL INTEGRAL OPERATOR
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Abstract

In this paper, we consider a general integral operator G,,(z). Considering the classes
S(a), K(a), and Gy, we derive some properties for this integral operator.
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1 Indroduction

Let A denote the class of functions of the form
o0
f(Z) =z + Zan2n7
n=2

which are analytic in the open unit disk
U={z€C:|z| <1}
and satisfy the following normalization condition

F(0) =7 (0)~1=0.

We denote by S the subclass of A consisting of functions f which are univalent in U.
A function f € A is the starlike function of order o, 0 < o < 1 if f satisfies the inequality

Re <Z;;S)> > q, zeU.

For 0 < a < 1, we denote by S(«) the class of starlike functions of order a.
A function f € A is the convex function of order o, 0 < v < 1 if f satisfies the inequality

Re <ZJ£/;S> + 1> > a, z e U.
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For 0 < a < 1, we denote by K(«) the class of convex functions of order a.

In [7], for 0 < b < 1 Silverman considered the class

2) 2] |2fe)
OO )

For fi(z), gi(z) € Aand o; > 0, v; > 0, (i = 1,...,n), we define the integral operator

Gin(%) given by
Gu(e) = [ g((ff)) (@ (0)" ) at. @)

Remark 1. Forn =1, a1 = 1, v1 = 0 and f1(2) = f(z) € A, we obtain Alexander
integral operator introduced in 1915 in [1]

I(z):/ozfit)dt z e U.

Remark 2. Forn =1, a1 = a, 71 = 0 and fi1(z) = f(z) € A, we obtain the integral

operator
I,(2) :/ (f(;)) dt zeU
0

Remark 3. Fora; >0 (i=1,...,n), n =7 =..=7 =0 and fi(z) € A, we obtain the

integral operator
z N . o
0 =

Gb:{fE.A:’1+

, zeU}. (1)

studied in [4], [5] and [6].

studied in [2], [3].

2 Main results

Theorem 1. For a natural number n > 1, let f; € S(B;), 0 < B; < 1 and g; € K(\),
0< N\ <1,i=1,...,n. For positive real numbers a;,v; > 0, i = 1,...,n satisfying

n

D (i (1=B) +v(1—XN)) <1,

=1

the integral operator G, (z) given by (2) defines a convex function of order

A=1+4) (i (Bi—1)+7Ni—1)).
=1
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Proof. From (2) we compute the first and second derivatives of G,,(z). We obtain:

a0 =11((*2)" wer)

and
(2" (129 |1 (42)” )
i=1 =
—i—;[(#(;))alﬁ’ (g(2))"" 1 g ]ﬁ(( )ak (gfc(z))%>

After the calculus, we have
2Gh(2) _ < < (fo(Z) ) Zg"(2)>
n — a; 3 —1) + )
am ~ 2=\ e 7(2)
Zf’ zg"(Z))
= &+ Yi— : 3
Z ( 9i(2) )
We calculate the real part from both terms of the above expression and we obtain

e (%5 41) = 3 (ome ) o e )

i=1

= i <a ‘Re z]{:’(( )) —a; +viRe < Z(i)) + 1) — %’> + 1. (4)

=1

Taking the real part of the above equality, and using the fact that by hypothesis f; € S(3;)
and g; € IL(\;), i = 1,...,n, we obtain:

Gl (2) -
U 1) > 14> (il — i+ ik —
Re(G%(z)+>> —l—il(ozﬁ a; + YiNi — Vi)

_1+Z (i (B — 1) + 7 (N — 1))
=,
which shows that the integral operator Gy (z) defines a convex function of order . O

Setting n = 1 in Theorem 1, we have
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Corollary 1. Let f; € S(0), 0 < < 1 and g € K(\), 0 < X < 1. For positive real
numbers o,y > 0 satisfying

(a(1=8)+7(1-N) <1,

the integral operator

defines a convex function of order
L+ (a(B-1)+y(A-1)).

Theorem 2. For a natural number n > 1, let f;,g; € A, where g; € Gp;, 0 < by < 1,
i =1,...,n. For positive real numbers M; > 0 and «;, v; > 0 satisfying the conditions

fi(z)
fi(2)

/

zgi(2)
9i(2)

< M; z €U,

—1’<1 zelU (5)

and
n

D (i (My+1) + 7 (26 + 1)) < 1,
i—1

the integral operator G, (z) given by (2) defines a convex function of order
n
A=1= (o (M;+1) 47 (2b; + 1))
i=1
Proof. Following the same steps as in Theorem 1, we obtain

a5 (G5 ) )

=1

-3 (o (5 1) o (- 1) o (5 )

Thus, we have

M

2Gh(2)| _\ ( , ( zfi(2) > 29;(2) _ 2gi(2) ‘ |z9i(2) _ D
a2\ 1Y) T e we T e )
From the hypothesis (5) of Theorem 2, we have
‘;IEZ <M, =ze€U and Z;ig—l‘<1 zeU
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foralli=1,2,...,n.
Since g; € Gy,, 0 < b; <1 fori=1,2,...,n, from (1) we obtain

2Gh(2)| -\ ( 29i(2) ’ 2g;(2) D
< a; (M; + 1) + b |—= +yi | == — 1
G | = 2 (s (- Do |0 o
- 29;(2) 29;(2)
< a; (M; +1 ‘f"Yibi(‘ v —1'+1>+% o -1
2 (et 5(2) 5(2)
- 29i(2) ‘ 29i(2) D
< a; (M; + 1) + ;b — 1]+ ibi + i -1
2 (e a4+ 25 5(2)
n /
<> (ai (Mi +1) + (yibi + %) Zgl((j)) - 1’ +7’ibi>
i=1 !
<) (o (M + 1) + 7 (26 + 1))
i=1
=1-A\
So, the integral operator G (z) defined by (2) is in K(A). O

Setting n = 1 in Theorem 2, we have

Corollary 2. Let f,g € A, where g € Gy, 0 < b < 1. For positive real numbers M > 0
and «, v > 0 satisfying the conditions

fi(2)

fi(2)

< M,; z e U,

—1‘<1 zelU

and
(a(M+1)+~(2b+1)) <1,

Gz) = /OZ <f§t)>a (4'(t))" dt

defines a convex function of order

the integral operator

A=1—(a(M+1)+7(2b+1)).
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