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REMARKS ON NEUMANN BOUNDARY VALUE PROBLEMS
WITH VARIABLE EXPONENTS
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Abstract

We are interested in elliptic problems with Neumann boundary conditions that are
studied in the framework of isotropic and anisotropic spaces with variable exponents.
We establish an existence and a uniqueness result concerning a problem with a gen-
eral p(-) - Laplace type operator. In addition, we present connections to other results,

some of them involving the same operator, some of them involving a general 5() -
Laplace type operator.

2000 Mathematics Subject Classification: 35J25, 35J60, 35D30, 46E35, 35J20.
Key words: variable exponent spaces, Neumann elliptic problem, weak solutions,
existence, uniqueness.

1 Indroduction

We are working on Lebesgue and Sobolev spaces with variable exponent and we are
concerned with the following class of elliptic problems:

—div(a(z, Vu)) + b(x)[uP® 2y = f(z,u) for z€Q, 1)

a(x,Vu) - v(z) = g(z,u) for € 0Q,

where Q@ ¢ RV, N > 2 is a bounded domain with smooth boundary. We assume that
a:QxRY - RN a=a(x,n), is a Carathéodory function such that it is the continuous
derivative with respect to 7 of a function A : Q x RN — R, A = A(z,n). More exactly,
a(x,n) = V,A(z,7n). The mappings a and A verify the assumptions:
(A1) The equality

A(z,0) =0
holds for all z € §;
(A2) There exists a constant ¢y > 0 such that

ja(z,m)| < co(1+ 1),
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for all z € Q and all n € RY;
(A3) The inequality
0 < f[a(z,m) — alz,n2)] - (m — n2)
holds for all z € Q and all 5y, 72 € RY, with equality if and only if n; = 79;
(A4) The inequalities
[nP®) < a(z,n) - < p(z) Alz,n)
hold for all € Q and all n € RY;
The above set of hypotheses allows us to obtain well known operators by making some
suitable choices. Indeed, for A(x,n) = ﬁ]n\p(x) we deduce that a(z,n) = |7[P(*)=25 and
for n = Vu we find the p(-)-Laplace operator

div(a(x, Vu)) = div (|Vu|p(x)_2Vu> : (1.2)

We get a second example of operator when we choose A(z,n) = = )[( + |n|?)P@)/2 — 1],

thus a(z,n) = (1+ |n|?)P®=2/2p and for n = Vu we find the generalized mean curvature
operator

div(a(z, Vu)) = div ((1 + |Vu| ) (p(z) 2)/2Vu>

Therefore it is no surprise that general operators described by conditions (Al) - (A4)
are considered in other papers too, see for example [2, 12, 13]. In addition, nonstandard
operators closely related to these appear in various situations, such is the case of classical
Lebesgue-Sobolev spaces (see [11]), or the case of anisotropic Lebesgue-Sobolev spaces
with variable exponent (see [1, 3]).

Our goal here is to establish an existence and a uniqueness result for problem (1.1)
under some appropriate assumptions on the functions b, f and g. Since our study will be
conducted in the framework of variable exponent spaces, in the next section we introduce
some preliminaries.

2 Abstract framework

In the present paper, Q@ C RY (N > 2) represents a bounded domain with smooth
boundary 0€2. We set

Ci(Q)={heC®):1< mig h(z) < maéc h(z) < oo}

and for all h € C(2) we denote

h* = sup h(z), h™ = inf h(z).
e €

Also, we denote
B () = Nh(z)/IN — h(x)] if h(z) <N,
%0 if () > N,
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and

Ko(z) = (N = 1)h(z)/[N — h(z)] if h(xz) <N,
o0 if h(x) > N.

Everywhere below we consider p € C (). The isotropic Lebesgue space with variable
exponent is defined by

LPO(Q) = {u : u is a measurable real-valued function such that / lu(z)[P@®) da < oo}
Q

endowed with the Luxemburg norm

p(z)
l[ull Lp0) () = inf {M>0 1 /Q dx < 1}.

This space is a separable and reflexive Banach space (see [10, Theorem 2.5, Corollary 2.7])
and we recall a significant embedding theorem.

7

Theorem 2.1. (/10, Theorem 2.8]) If p1, p2 € C(Q) are such that p1 < ps in Q, then
the embedding LP>()(Q) — LP*()(Q) is continuous.

Moreover, the following Holder-type inequality

/Qu(a:) () da

holds for all v € LPO)(Q) and v € LP()(Q) (see [10, Theorem 2.1]), where we denoted by
Lp/(')(Q) the conjugate space of Lp(')(Q), obtained by conjugating the exponent pointwise,
that is, 1/p(x) + 1/p'(xz) = 1 (see [10, Corollary 2.7]).

To ease our work, we also introduce the map pp.) : LPO(Q) — R,

— [ Ju@) da
Q

called the p(-)-modular of the LP()(Q) space. We recall next its most important properties
(see for example [9, Theorem 1.3, Theorem 1.4]). If u € LPC)(Q), then:

< 2|ull oy lvll oy @)

HuHLp(.)(Q) <l(=L>1) & pu)<l(=15>1) (2.3)

oy >1 = [l < oo < [0l (2.4)

”U'HLP(')(Q) <l = HUHLM) Q) < pp()(u) < HUHIZ/;:(»)(Q)' (25)
Remark 2.1. If we consider the application py.) : £r0(0Q) — R, Py (1) = [0 Jul (z)|P®)dS,

the corresponding properties (2.3) - (2.5) remain valid.
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Let us introduce now the definition of the isotropic Sobolev space with variable expo-
nent, W10 (Q). We set

wir0(Q) = fue 170(Q) : |Vul € 120(0) |
endowed with the norm
Jul = HUHLP(J(Q) + HVUHLPH(Q)a (2.6)

where by [|[Vul 1p) () we understand || [Vul [ 1p() (). The space (WPO(Q), || -]) is a
separable and reflexive Banach space (see [10, Theorem 1.3]) and the next proposition is
very helpful in handling its norm.

Proposition 2.1. (/8, Proposition 2.3]) If u € W'P()(Q) then

ful >1 =l < [ (19 )] do < e
Q

ful <1 =l < [ [I96P 4 )] do < ulp”
Q

We also have two embedding results.

Theorem 2.2. ([7, Proposition 2.4]) Let @ C RN, N > 2 be a bounded domain with

smooth boundary. If p, ¢ € C(Q2) satisfy the condition
L<g(@) <p’(x), VzeQ,
then there is a compact embedding WP0) () «— LIO)(Q).

Theorem 2.3. ([6, Corollary 2.4]) Let @ C RN, N > 2, be a bounded open set with
smooth boundary. Suppose that p € C(Q) and r € C(Q) satisfy the condition

1< r(z) < pP(x), Ve .
Then there is a compact boundary trace embedding WP (Q) — L"0)(9Q).

We refer to [6] for more details regarding the extension of the classical trace to
Lebesgue-Sobolev spaces with variable exponent. Everywhere below, when we refer to
the trace of u we will write u instead of u|sq or yu.

3 Main Results

In what follows, in addition to hypotheses (A1) - (A4) we assume that function b :
2 — R satisfies:
(B) b e L*>*(€2) and there exists by > 0 such that b(x) > by for all z € Q.

Also, we suppose that f, g are Carathéodory functions verifying the conditions:
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(F) For q € C+(Q) with g7 < p~, there exist ¢;, ¢ > 0 such that
[f (@, 8)] < 1 + et

for all x € Q and all t € R;
(G) For r € C(Q) with rT < p~, there exist c3, ¢4 > 0 such that

l9(z, )| < c5+ a7

for all z € 99 and all ¢ € R.

Since we deal with the existence and uniqueness of weak solutions for our problem, we
introduce the following definition.

Definition 3.1. A function u € WP (Q) which verifies

/a(a:,Vu) : Vvda:—i—/ b(x)|u|P™ 2w da —/ f(z,u)vde —/ g(x,u)vdS =0
Q Q Q 0

Q
for all v € WHPO)(Q) is called a weak solution of (1.1).

We associate to problem (1.1) the energetic functional I : WP()(Q) — R defined by

I(u):/QA(J:,Vu)d:E—I—/Q]ZZ((i;Mp(x)d:C—/QF(ac,u)da:— BQG(:U,u)dS,

where F': Q xR — R, G: 0 x R — R are given by
Fla,s) = /0 Cf@bd Glas) = /0 gl )t
We also define the functional A : Wh0)(Q) — R introduced by
Au) = /QA(:B, Vu) dx.

Proposition 3.1. ([13, Lemma 1]) (i) The functional A is well-defined on WP()(€).
(ii) The functional A is of class C*(W'P()(Q),R) and

’

(A (u),v) = /Qa(x,Vu) -V dz,

for all u, v € W) (Q).

We must mention that the study from [13] is conducted for a A : VVO1 P (')(Q) — R,

where VVO1 P (')(Q) represents the Sobolev space with zero boundary values defined as the
closure of C§°(€2) with respect to the norm || - ||W01,p(A)(Q) = [IVul[ o) () However, since
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the calculus is almost identical, we omit it for brevity. Using Proposition 3.1, a standard
calculus shows that I is well defined and I € C1(W'2()(Q); R) with

(' (), v) = /Q o(z, V) - Vo dz + /Q ()P 2w da — /Q Fla,w)v de — / o(z, u)v dS

o0

for all u, v € WHP()(Q). Thus any critical point u € WP()(Q) of T is a weak solution to
problem (1.1) and we rely our argumentation on the critical point theory. The main tool
to establish our existence result is the following theorem.

Theorem 3.1. ([14, 1.2 Theorem/) Suppose X is a reflexive Banach space of norm || - || x
and let I : X — RU{oc} be a function such that:

(i) I is coercive on X, i.e., I(u) — 0o as ||ul|x — oo.

(ii) I is (sequentially) weakly lower semicontinuous on X, i.e., for any u € X and any
subsequence (un)n, C X such that u, — u weakly in X there holds

I(u) < liminf I'(uy,).

n—oo

Then I is bounded from below on X and attains its infimum in X.
Using the above theorem, we can prove our first main result.

Theorem 3.2. Let Q C RNV, N > 2, be a bounded domain with smooth boundary. Assume
that f : QxR =R, g: 00xR = R anda : QxRY — RY are Carathéodory functions and
that a = a(x,n) is the continuous derivative with respect ton of a function A : QxRN — R,
A = A(z,n). If conditions (A1) - (A4), (B), (F) and (G) are fulfilled, then there exists a

weak solution to problem (1.1).

Proof.
We start by showing that I is coercive. By integrating in the relations provided by (F)
and (G), we arrive at

t|a(=)
Fa,t)] < alt] + el

q(z)
¢

r(z)

Then, due to relations (2.3) — (2.5) and Remark 2.1,

forall z € Q and t € R,

|G(z,t)] < eslt| + ¢4 for all x € 02 and t € R.

C

AFwwmxs@mmmn = (Il + el

C4 e
/39 G(z,u)dS < csllullpran) + — o (||U||Lr<) o0) T |\U||Lr<~>(ag)) :
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Taking into account Theorems 2.2 and 2.3, we obtain that, for u € WHP0)(Q) with ||lu|| > 1,
there exist ki, ko, k3, k4 > 0 such that

/ F(z,u)dz < ky|ju|| + kalul|?", (3.7)
Q

G(z,u) dS < ks|ul| + kaljul|"" (3.8)
o0

On the other hand, by (A4) and (B),

/A(UC,VU) d96+/ @]u\p(x) dr > W/ [!Vu\p(x) + \u\p(x)} dz.
Q o p(x) p Q

Using Proposition 2.1 in the above inequality, we infer that, for |lu| > 1,

b(x) min{1,bo} -
A(z,Vu dm—l—/up(x)de’up. 3.9
[ A v+ [ 2 e (3.9
Putting together (3.7), (3.8) and (3.9), we find out that, for ||ul > 1,
min{1, by}

- + +
I(u) > TIIUHP — kallull® = Kaflul" = (k1 + k3)[ull.

By considering the hypotheses on p, ¢ and r, we get that I(u) — oo when ||u|| — oo, hence
I is coercive.
Next, we make the notations

Flu) = /Q Pawds, 6= [ Glo.wads

and we notice that 7’ and G’ are completely continuous, therefore F and G are weakly
continuous. Following the ideas from [4] and [13] we deduce that I is weakly lower semi-
continuous. We are now in position to apply Theorem 3.1. Thus we conclude that problem
(1.1) admits at least one weak solution.

O

In order to get the uniqueness of the solution, we introduce new assumptions on f and

(FO) f is fulfilling the monotonicity condition

(f(z,s) = f(z,t))(s—1t) <0,
for all z € Q and s, t € R with s # t;
(GO) g is fulfilling the monotonicity condition

(Q(IL', 5) - g(:c,t))(s - t) < 07
for all x € 9N) and s, t € R with s # t.

Now we can formulate our second result.
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Theorem 3.3. Let Q ¢ RNV, N > 2, be a bounded domain with smooth boundary. Assume
that f : QxR =R, g: 00xR = R anda : QxRY — RN are Carathéodory functions and
that a = a(x,n) is the continuous derivative with respect ton of a function A : QxRN — R,
A = A(xz,n). If conditions (A1) - (A4), (B), (F), (F0), (G) and (G0) are fulfilled, then
problem (1.1) admits a unique weak solution.

Proof.

The existence of solutions is guaranteed by Theorem 3.2. Hence we can assume that
there exist two weak solutions to problem (1.1), that is, u; and ugy. First, we replace the
solution u by u; in Definition 3.1 and we take v = u; — us. We obtain

/ a(x,Vuy) - V(up —ug) de + / b(z)|ug [P 20y (uy — up) da
Q Q

—/ flx,ur)(uy —ug) dx — / g(x,u1)(ur —u2)dS = 0.
Q oN

Then, we replace the solution u by wus in Definition 3.1 and we take v = us — uy;. We get

/ a(z,Vug) - V(ug — up) de + / b(z)|uz [P 2 uy (uy — uy) da
Q Q

—/ f(z,u2)(ug —uy) do — / g(x,uz)(uz —uy)dS = 0.
Q [2)9]

By the two previous relations we deduce that

/ la (z,Vuy) —a(x,Vug)] - (Vu; — Vug) dx —l—/ b(x) [|u1|p(m)_2u1 - |uz|p(x)_2uQ (ug — ug) de
Q

Q

—/ [f(z,u1) — f(z,u2)] (ur — uz) do — / l9(z,u1) — g(@, u2)] (u1 — uz) dS = 0.
Q

o0

Using (A3), (F0) and (GO), all the terms in the above equality are positive unless
u1 = ug, therefore we have obtained the uniqueness of the weak solution to problem (1.1).
O

4 Comments and connections

A first remark is that, by adding new assumptions to (Al) - (A4), (B), (F) and (G),
we can establish a multiplicity result. Moreover, this multiplicity result can be achieved
by relaxing the initial conditions (F) and (G) by not imposing a particular order between
p and ¢, respectively between p and r. To be more precise, we refer to the following set of
hypotheses:

(A5) The mapping A is even with respect to its second variable, that is,
Az, —n) = A(z,n)

foralleQandallnEIR{N;
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(F1) For ¢ € C4(Q) with g(x) < p*(x) for all z € Q, there exists ¢; > 0 such that
|f(a,t)] < &t/

for all x € 2 and all t € R;
(F2) There exists a3 > p™ such that

0<a1F(x,t) <tf(x,t)

for all z € 2 and all t € R;
(F3) The function f is odd with respect to its second variable, that is,

f(xv _t) = —f(.fE,t)

for all x € Q and all t € R;
(G1) For r € C4(Q) with r(z) < p?(x) for all 2 € 99, there exists & > 0 such that

lg(z, )] < Eft)" !

for all x € 92 and all t € R;
(G2) There exists ag > pT such that

0 < asG(x,t) < tg(z,t)

for all x € 92 and all t € R;
(G3) The function g is odd with respect to its second variable, that is,

g($a _t) = _g($7t)

for all x € 02 and all t € R.

By working under conditions (A1) - (A5), (B), (F1) - (F3) and (G1) - (G3), the
existence of a sequence of weak solutions to problem (1.1) is obtained in [2] with the aid
of the fountain theorem.

Next, to make some other useful connections, we introduce the vectorial function
p:Q=RY p()=@()pn(),
where p; € C(Q) for all i € {1,..., N}. Also, we denote
pu(x) = max{pi(z),...,pn(z)}
and we recall the definition of the anisotropic variable exponent Sobolev space,
WwLhrO(Q) = {u e IPOQ): dpue LPOQ) for all i € {1, ... ,N}}

- {u eLL.(Q): we LPO(Q), 8,u e LPO(Q) for all i € {1,. .. ,N}} .
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The space WLB(')(Q) endowed with the norm

N
||u||W1,?(<)(Q) = ||UHLP1M<'>(Q) + Z HaﬂciuHLm(')(Q)
=1

is a reflexive Banach space (see [5, Theorem 2.1, Theorem 2.2]). Notice that for p; = ps =
-+« = pyNy = p, we arrive at the isotropic Sobolev space with variable exponent Wl’p(')(Q).
Moreover, the norm becomes

N
HUHWLP(‘)(Q) = Hu”LP(')(Q) + Z ”8~Tiu”LP(')(Q) ’
i=1
which is a norm equivalent to || - || given by (2.6). Thus, the space WP()(Q) can be

viewed as a particular case of Wl’?(')(Q). However, this is not quite the case for the p(-)
- Laplace operator (1.2) and the 5() - Laplace operator defined as

N
Ay () = ; D, (|0xiu|pi($)_2 8wiu> . (4.10)

Indeed, when we take py = ps = -+ = py = p in (4.10), we do not get exactly the
operator introduced by (1.2). For similar reasons, we can not consider problem (1.1) to
be a particular case of the problem studied in [3] in the framework of anisotropic variable
exponent spaces,

(

N
=37 O, (2, ) + b(x) [uM D20 = fla,u) i Q,
=1
u >0 in O, (4.11)
N
Zai (xﬂaifzu) v :g(x,u) on 052,
=1

where Q C RY is a bounded open set with smooth boundary, v;, i € {1,..., N}, are the
components of the outer normal unit vector, b satisfies (B) and the applications a; : X
R — R are Carathéodory functions fulfilling the following hypotheses for all: € {1,..., N}:

(A1) There exists a positive constant ¢; such that a; satisfies the growth condition
lai(z, s)| < & (di(z) + |s|P@—1),

for all 2 € Q and s € R, where d; € LP{0)(Q) (with 1/p;(z) + 1/p}(z) = 1), is a
nonnegative function;

(A2) If we denote by 4; : Q x R — R,

Ai(a,s) = / ailx, t)dt,
0



Neumann boundary value problems with variable exponents 65

then the following inequalities hold:
s < a2, 5)s < pilx) iz, s),
for all z € Q and s € R;
(A3) a; is fulfilling
(ai(z,s) —ai(z,t))(s —t) > 0,
for all x € 2 and s, t € R with s # ¢.

Also, in addition to (F0) and (GO0), the Carathéodory functions f : 2 x R — R and
g : 092 x R — R are fulfilling conditions very much alike to conditions (F) and (G):

(F) There exist a positive constant k; and ¢ € L () with ¢ < p;,, such that

()] < ko (1[0
for all x € © and s € R, where
Pm(z) = min{p (2), ..., pn(2)};
(G) There exist a positive constant ks and r € C(Q) with r* < p,, such that

lg(z,5)| < ko (1 + \s\’”(x)*) 7
for all x € 02 and s € R.

Although problem (1.1) is not a particular case of (4.11), it is clear that the two problems
are closely related and in many aspects (4.11) is a generalization of (1.1). Furthermore,
as showed in [3], under the previous conditions, an existence and uniqueness result can
be provided using the same main argument, that is, Theorem 3.1. Therefore a natural
question arises: could we obtain a sequence of weak solutions to (4.11) by applying the
same strategy as in [2]? At least for the time being, we can not give a positive answer to this
question. A major impediment is that we do not know if the functional .J : le(')(Q) —
R, J(u) = [q Zi\il A; (x,0z,u) dx is of type (S+). We remind that J is said to be of type
(S+) if any sequence (uy,)n C Wl’z(’)(ﬂ) that is weakly convergent to u € le(')(Q) such
that
limsup(J (), ty — u) < 0
n—oo

converges strongly to u in Wl’;(')(Q). The arguments used to show that J is of type (S+)
when is defined on I/VO1 P (')(Q) (see [1, Lemma 2]) fail when we replace this space with

Wl’z(‘)(ﬂ). For more details we send the reader to [3, Section 4], where is also debated
the applicability of the mountain pass theorem and of the Ekeland principle to problem
(4.11).
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