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ON PROJECTIVE COMPLEX RANDERS CHANGES

Nicoleta ALDEA ! and Gheorghe MUNTEANU 2

Abstract

In this paper we study the relation between complex Randers changes and projec-
tive changes of complex Finsler metrics. We consider complex Randers changes of a
generalized Berwald complex Finsler metric and we determine the necessary and suffi-
cient conditions for the generalized Berwald property to be preserved by these changes.
Using this theory, a recursive sequence of projectively related complex Berwald met-
rics is pointed out.
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1 Introduction

The problem of projective changes between two real Finsler metrics is quite old in
geometry and it has been studied by many geometers, [8, 16, 21, 13, 19, 9, 15]. Its origin
is formulated in Hilbert’s Fourth Problem: determine the metrics on an open subset in
R”, whose geodesics are straight lines. Two Finsler metrics, on a common underlying
manifold, are called projectively related if they have the same geodesics as point sets.

The notion of Randers change has been proposed by M. Matsumoto in [16]. Further
substantial contributions on this topic are due to C. Shibata [22], M. Hashiguchi, Y. Ichijyo
[13], H. S. Park, I. Y. Lee [19], Bacsd, Z. Kovacs [9], etc.

The main themes from projective real Finsler geometry have recently been developed
in complex Finsler geometry, [5, 6, 7]. Two complex Finsler metrics F’ and F, on a common
underlying manifold M, are called projectively related if any complex geodesic curve, in
[1]” s sense, of the first metric is also a complex geodesic curve for the second one and
conversely. As we proved in [5], this means that between the spray coefficients G and G'
there is a so-called projective change G* = G* + B' + Pn', where P is a smooth function
on T'M with complex values and B’ := %(5*1 — 6*).
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Complex Randers metrics « + ||, where « is a purely Hermitian metric and [ is a
(1,0) - form, both on the base manifold, are remarkable in complex Finsler geometry, and
they represent a situation in which Hermitian geometry properly interferes with complex
Finsler geometry, [3]. A generalization of a complex Randers metric is given by F = F+|3],
where (M, F') is a complex Finsler space, which compared to projective changes lead us
to complex Randers changes, which constitute the subject of the present paper.

We consider a complex Randers change of a generalized Berwald complex Finsler met-
ric. The complex Finsler metric obtained by a complex Randers change is also a generalized
Berwald one if and only if the (1,0) - form [ satisfies a special regularity condition, (see
Lemma 4.1 and Corollary 4.1). The necessary and sufficient conditions for a complex
Randers change to be a projective change are given in Lemma 4.2. By requiring the
complex Finsler metric F' to be a complex Berwald one, [6], the complex Randers change
F=F+ |3| is a projective change if and only if F is a complex Berwald metric, (see The-
orem 4.1). Moreover, by means of the obtained results we construct a recursive sequence
of complex Berwald metrics which are projectively related, (Corollary 4.2).

The paper is organized as follows. In Section 2, we recall some preliminary properties
of n—dimensional complex Finsler spaces, needed for our aforementioned study. In Section
3 we make a survey of projectively related complex Finsler metrics. Section 3 contains the
proofs of the above mentioned theorems and some interesting examples.

2 Preliminaries

Let M be an n-dimensional complex manifold and z = (2*),_i- be the complex
coordinates in a local chart. The complexified TcM of the real tan;gent bundle TrM,
splits into the sum of the holomorphic tangent bundle 7’M and its conjugate 7" M. The
bundle 7'M is itself a complex manifold and the local coordinates in a local chart will
be denoted by u = (zk,nk)kzlm. These are transformed into (z’k,n’k)k:ﬁ by the rules

Sk Z’k(z) and 77/k _ %zz’lknl'

A complex Finsler space is a pair (M, F), where F : T'"M — R* is a continuous
function satisfying the following conditions:

i) L := F? is smooth on T'M = T'M\{0};

it) F(z,m) > 0, the equality holds if and only if n = 0;

i11) F(z, n) = |\|F(z,n) for YA € C;

iv) the Hermitian matrix (g;;(z,7)) is positive definite, where g;; := 8:3;% is the
fundamental metric tensor. Equivalently, this means that the indicatrix of the space is
strongly pseudo-convex.

_ 09,3 09,5 _
Consequently, from iii) we have g—nLknk = (%Lknk =1L, a?;,ﬁ n* = af_;,g 7* =0 and L =

gin'my’ .

’ Consider the sections of the complexified tangent bundle of 7M. Then by VI'M C
T'(T"M) we denote the vertical bundle, locally spanned by {%}, and by VT"M, its
conjugate. The idea of complex nonlinear connection, briefly (c.n.c.), is an instrument in
the ’linearization’ of the geometry of the manifold 7M. A (c.n.c.) is a supplementary
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complex subbundle to VI'M in T'(T'M), i.e. T’(T’M) = HT'M ®VT'M. The horizontal
distribution H,T’M is locally spanned by {5 — a%k - N,ga%j}, where Nj(z,n) are the

coefficients of the (¢.n.c.). The pair {0 := O == %} will be called the adapted frame

6zk’

of the (c.n.c.), which obey the change rules 0, = gzl,f 5} and 9y, = %zlkj 8; By conjugation

everywhere we obtain an adapted frame {0z, d;} on T"(T'M). The dual adapted frames
are {dz*, onF = dn* + Nfdzj} and {dz*, 67"}.
Let S € T'(T"M) be a complex spray. Locally, it can be expressed as follows

0 0
_ .k . k
S=n 9k 2G (z,n)—ank (2.1)

where G* are the spray coefficients, [17], which are (2,0) - homogeneous with respect to
n, ie. (ORGHNF = 2G" and (9GY)7F* =

Between the notions of complex spray and (c.n.c.) there exists an interdependence,
each one of them determining the other, (for more details see [17]).

A (e.n.c.) related only to the fundamental function of the complex Finsler space (M, F')
is the so-called Chern-Finsler (c.n.c.), (see [1]), with the local coefficients N’ = g™ 857;” n'.
Subsequently, 0 is the adapted frame with respect to the Chern-Finsler (c n.c.). A Her-
mitian connection D, of (1,0)— type, which satisfies in addition D;xY = JDxY, for all
horizontal vectors X, where J is the natural complex structure of the manifold, is the
Chern-Finsler connection, [1]. It is locally given by the following coefficients (see [17]):

= g""0rg = O;Ni 5 Cly = g"Orgy. (2:2)

In [1]’s terminology, the complex Finsler space (M, F) is Kdhler iff T;knj = 0 and
weakly Kdhler iff gﬂT;knjﬁl = 0, where T;k = L;- - L};j. We notice that in the particular
case of complex Finsler metrics which come from Hermitian metrics on M, called purely
Hermitian metrics in [17], (ie. g;; = g;5(2)), these two notions of Kéhler are the same.
On the other hand, as in Aikou’s work [2], a complex Finsler space which is Kéahler and
L’k = L x(2) is called a complex Berwald space.

In [17] is proved that the Chern-Finsler (c.n.c.) does not generally come from a complex
spray. But, its local coefficients N; always determine a complex spray with coefficients

Cc
G = %N;nj. Further, G* induce a (c.n.c.) denoted by N;:: 0jG" which is called canonical
in [17], and is proved that it coincides with Chern-Finsler (c.n.c.) if and only if the complex
Finsler metric is Kéhler. With respect to the canonical (c.n.c.), we consider the frame

C . C ¢ .. & Cc ¢
{5;?, Ok}, where j:= 8%’6* N 9;, and its dual coframe {dz*, 5 n*}, where § nF = dnF+ NJ’-‘/’
dz?. Moreover, we associate to the canonical (c.n.c.) a complex linear connection of Berwald
type BI" with its connection form

w’( n) = ledz —4—GZ dz*, (2.3)

(& (&
where G;k = 0O N} = G};j and G;E =0, N; .
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C

Note that the spray coefficients obey the relations 2G* = N;nj =N ; n = G;knj nk =
L;knjnk. We denote by G;kh = 3hG§-k, G;EE = 3,36’2,—{ and G;I_ch = 8'th.1—€ the hv-, ho-
and hv- curvature tensors respectively; their properties are pointed out in [4].

An extension of complex Berwald spaces, directly related to the BI' connection, are
generalized Berwald spaces, studied by us in [4]. They have the coefficients Gé.k depending
only on the position z, equivalently with (?;LGi =0, i.e. Bl'is of (1,0) - type. Since in the
Kaéhler case G;k = Lék, any complex Berwald space is generalized Berwald. Conversely,
in [6] we proved that any generalized Berwald space, which is weakly Kéhler, is a complex
Berwald space.

3 Projectively related complex Finsler metrics

In Abate-Patrizio’s sense, (see [1] p. 101), the equations of a complex geodesic curve
z = z(s) of (M, F), with s a real parameter, can be expressed as follows

d2zt : dz : dz
— 4+ 2G" —) =6 —):;i=1 1
26 (x(s), ) = 0 (a(s), ) s i = T, (31)

where by 2%(s), i = 1,n, we denote the coordinates along of curve z = z(s) and #** :=

2g7k c% L. Note that 6** vanishes identically if and only if the space is weakly Kihler.

Let F be another complex Finsler metric on the underlying manifold M. Corresponding
to the metric F, we have the spray coefficients G* and the functions 6*. The complex
Finsler metrics F and F on the manifold M, are called projectively related if they have the
same complex geodesics as point sets. This means that for any complex geodesic curve
z = z(s) of (M, F) there is a transformation of its parameter s, § = §(s), with % > 0,
such that z = 2(3(s)) is a geodesic of (M, F), and conversely.

Theorem 3.1. ([5]). Let F' and F be two complex Finsler metrics on the manifold M.
Then F and F are projectively related if and only if there exists a smooth function P on
T'M with complex values, such that

G'=G'+B'+Py;i=T1n, (3.2)

where B' 1= %(é*l — ).

The relations (3.2) between the spray coefficients G’ and G’ of the projectively related
complex Finsler metrics F' and F' is called a projective change. The projective change
(3.2) gives rise to various projective invariants, for more details see [6].

Theorem 3.2. ([5]). Let I and F be complex Finsler metrics on the manifold M. Then,
F and F are projectively related if and only if
1 .

Or (0K F )" +2(0;G1) (O F) = E(dkﬁ)n’“(éfF) ;
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1 Lo 1 - . e~
B — —TQ*Z(OZF)UT P = T[(5kF)77k + 9*1(81,1:)]. (3.3)
F F
Moreover, the projective change is G =G+ %(51613“)77"”771

Note that, the weakly Kéahler property is preserved by projective changes. Moreover,
if the metric F' is generalized Berwald, then F' is also generalized Berwald.

4 Complex Randers changes

We consider a complex Finsler metric F(z,7) = 4/g;5(z,7)n'’ and a differential
(1,0)—form B(z,n) := b;(2)n, both on the manifold M.

Definition 4.1. A change of complex: Finsler metrics F(z,n) — F(z,n) is called a complex
Randers change of F if

F(z,m) = F(z1) + |6]. (4.1)

In particular, if F' is a purely Heimitian metric, i.e. F(z,17) = /g;;(2)n"?, then

F(z,7m), becomes a complex Randers metric, (see Theorem 2.1, [3]). Taking into account
that in the paper [5] we have an exhaustive study of the projectiveness of the complex
Randers metric, our next investigation is focused on the complex Randers change with F
a non purely Hermitian metric.

It is a technical computation to give the expressions of the geometric objects of the
space (M, F ), obtained by the complex Randers change (4.1). Certainly, they involve some
trivial calculus which leads to

F F 1
9i5 = i 1755 4.2
95 = 79~ st + Q\ﬁl nnj (4.2)
- F b2 + . F _ ._ o
L’y F’y Fry

. .1 o (% Obs
Ni = Nig (e - 2O
T ’y(n 023 |B|? 027

B 0
2|8

where k™ := 2Fgﬁ+wniﬁr—Ebigr—g(gﬁil_?r—i-ﬁbiﬁr)a Y= F2+F2(|’b||2_1)7
£ = pBnt + F21', N]’-" = g™k 89“”77 with the settings

n")E +

: .. F FB
n : =2F(0;F) ; 0 :=2F(0;F) = —=n;i + —ﬂbi' (4.3)
F 6]
. 3 - ) I
OBl = =—=0b;; b :=g"b: ; |b||* = Jip, b; ; b =0
8 = 55 ;5 bR =g
Therefore, the spray coefficients are
1, obr [ ob; 8 ,.abf .
Gi=G'+ 7)€y k™ J. 4.4
"o pa T g o
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Next, for complex Randers changes of a generalized Berwald metric we can prove the
following.

Lemma 4.1. Let (M, F) be a connected generalized Berwald space and let F(z,n) =
F(z,n)+|B| be a compleac Randers change. Then, (M, F) is a generalized Berwald space
if and only if (Bn-2% 527 T ﬁgg; ")’ = 0. Moreover, given any of them, G* = G'.

Proof. First, we prove the direct implication. If (M, F ) is generalized Berwald space, then
2G" = G;k(z) nIn*, which means that G is quadratic in 7. Also, G* is quadratic in 7.
Thus, using (4.4) we have ) o

FIBI{ = BIFBI[* + |81%)g™ + bl PP7"n* — F2670° — Gi'b" — Bb'iy] 22; 7

HAIBP(G" = GO} + AP + B)(G" — G*) = 22 Bg™ G50y

— (BB + BYET W — 55 (BneSl — BYET )b =0,

which contains an irrational part and a rational part. Thus, we deduce
Obs
0z

BIE(BII* +1812)g™ + |l 0" — F0"0" — Bn'" — Bb'7"] 5~
= 4|8*(G' - G%) and
- abT 8br .

77]

F?B . ob" 8b

Ob;
b + 2F 269” 77]

= (a2|!b|\2+\ﬂ| )( —Gi)‘
Contractions with b; and 7; yield
(G'— GHb; = 0; (4.5)
20 i A 2 2 7 ObF j
487G —G)77¢+2ﬂF ([oll7" = B") 55" = 05
= o . Obs
BF?([b|* + |ﬁ|2)77fazj77] — B(a?|[b]|* - WI2) 1+ 207 6)? br 77 = 0;
o o c%r -
(a2|!bH2+\ﬁ\z)(G’—GZ)eraQ(ﬂnf i L 7’ =0

Adding the second and the third relations from (4.5), we obtain
4IBP(GT = Gy + (F|BIP + 81 (Bne 85 + 55 m? = 0. )
This together with the fourth equation from (4.5) implies (Gi —Gi)rh =0 and (BW%‘F
ﬁazj,r/ )77] = O
abr AT

Conversely, if (6777« 8z] + B551 =0, its differentiation with respect to 7™ and the

Obm

o )n? = 0. The last two relations

fact that G* are holomorphic in 7, gives (122 927 b + %

imply
i Obm B Obs b and bm@b ENTNTE

_ B ﬁ@brm
" 162 023" 921

BRoz" T

which substituted into (4.4) imply G' = G and so, G are holomorphic in n, i.e., F is
generalized Berwald. O
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Subsequently, our aim is to determine the necessary and sufficient conditions in which
the complex Randers change (4.1) is a projective change, that is, to establish when the
complex Finsler metrics F and F from (4.1) are projectively related. A simple computation
shows that

- 1, o by .
6k E)n* = (k810" = a7 P gz + BT )", (4.6)
because (6 F)n* = 0 and B
0*i(O;F) = |§|(§m F)b™. (4.7)

Thanks to Lemma 4.1 we have proven,

Corollary 4.1. Let (M, F) be a connected generalized Berwald space and let F(z,n) =
F(z,n) + |B| be a complex Randers change. Then, (M, F) is a generalized Berwald space

if and only if (6x|B)n* = 0.

Lemma 4.2. Let (M, F) be a connected generalized Berwald space. Then, the complex
Randers change (4.1) is a projective change if and only if

(8k|B8)n" = 0 and B' = — Py,

for any i = 1,n, where P = %(Em F)b™. Moreover, given any of them, the projective
change is G* = G'.

Proof. Since F is generalized Berwald and the metrics F and F are projectively related,
then F' is also generalized Berwald. So that, by (4.6), (4.7) and Corollary 4.1, the condi-

tions (3.3) are reduced to B® = —Pn?, for any i = 1,n, where P = %(Sm F)b™.
Conversely, since (|5 |)77k~ = 0, then the first condition from (3.3) is identically satisfied
and by (4.7), B = —%G*Z(QZF)ni and P = %9*1(81F) All these conditions imply that the

metrics F and F are projectively related. O

Theorem 4.1. Let (M, F) be a connected complex Berwald space. Then, the complex
Randers change (4.1) is a projective change if and only if F' is a complex Berwald metric.

Proof. Suppose that the complex Randers change (4.1) is a projective change. Hence, it
preserves the weakly Kéhler and generalized Berwald properties of the metric F. Thus, F
is a complex Berwald metric.

Conversely, since F' and F, related by (4.1), are complex Berwald metrics, the condi-
tions (3.3) are identically satisfied. Thus, the metrics F' and F are projectively related. [

An example. Let A = {(z,w) € C?, |w| < |z| < 1} be the Hartogs triangle with the
Kahler-purely Hermitian metric
0? 1

az] 82’82] ( og (1 . ’2‘2) (|Z‘2 . |w|2))7 « (Z,U),T], ) azﬂl m, ( 8)
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where z, w,n, 6 are the local coordinates z', 22, ', n?, respectively, and |z/|? := 2z,
2t e {z,w}, n* € {n,0}. We choose
w z
b= — o py = 4.9
SR P T Py 49

With these tools we construct a(z,w,n,0) := y/a;;(z,w)n' and B(z,1) = bi(z, w)n" and
from here, we obtain the complex Randers metric F' = o+ |§]. After some calculations it
folows that the spray coefficients of the metric F' are

a 2772
G = = . 4.10
1— |Z’2 ’ ( )
av o (5“’: EwnZ( 1 1 - (|22 + |w|*)no wh?
2 1=z2 0 2P = w2 (22 = w?) [ |w]?

where éLZ and Ggw are the spray coefficients corresponding to the metric a. From (4.10)
and (4.9) we deduce that F is a complex Berwald metric, and so, by Theorem 4.1, o and
F' are projectively related.

Given the complex Berwald metric F' = a+ ||, (with (4.8) and (4.9)), we consider the
Randers change F' = F + | 3|, where § is same as in (4.9). Since F' is a complex Berwald
metric and (0x|3])n* = 0, we obtain G* = G* and G* = G*, which alows us to conclude
that F is also a complex Berwald metric. Applying Theorem 4.1, the considered Randers
change is projective.

We complete our considerations with the following statement.

Corollary 4.2. Let (M, Fy) be a connected complex Berwald space. Then,
F,,=Fy,_1+|8], meN, (4.11)

s a recursive sequence of complexr Berwald metrics, on the complex manifold M, if and
only if (4.11) is a projective Randers change for any m € N.

The proof is obtained inductively, by using Theorem 4.1.

The recursive sequence can be rewritten as F,,, = Fy + m|8|, m € N, and by this,
we can generate some examples of complex Berwald metrics. Indeed, choosing the tools
Fy = « and (8 from (4.8) and (4.9), we produce a lot of concrete examples of complex
Berwald metrics on Hartogs triangle.
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