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ON THE DURRMEYER-KANTOROVICH TYPE OPERATOR
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Abstract
The purpose of this article is to give a Kantorovich generalization of Dur-
rmeyer operators. We obtain convergence properties of our operators in the
continous function space and Lebesque spaces.
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1 Introduction

For any given n € N and f € C'[0, 1] Durrmeyer operators are defined by:

n 1
Dy (f,z)=m+1)> puy(2) /pmk (t) f (t)dt, = €[0,1],
k=0 0

where

o) = () (1=

Durrmeyer operators were introduced by J.L.Durrmeyer in 1967 [6] and studied

intensively by M.M. Derriennic in 1981[4].

The Kantorovich operators are Bernstein operators modified given by [10]:

Kn(fax):(n—i_l)zpn,k(x) /f(t)dt7 n€N7 fELl[Oal]a (L’E[O,l].
k=0 Tk

(2)

Similar Kantorovich type operators are obtain and studied by modification of

other operators [1], [3], [5], [7], [8], 9], [11], [13], [14], [15], [16], [17]
In our paper we study new aspects of Durrmeyer-Kantorovich operators.
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2 Definition. Basic results.

In this article, we study the Durrmeyer-Kantorovich operators.
Definition 1. For any n € N we define the operator K,, : L, [0,1] — C'[0,1],
given by

1
R (f2) = (00+3) Y b &) [pusaacn (05 (0, 3)
0

k=0

for f € Ly[0,1], € [0,1]. We will refer to them as Durrmeyer-Kantorovich
operators.
Lemma 1. Durrmeyer-Kantorovich operators are linear and positive, for n € N.

Proof. 1t is clear. The assertions follow from definition. O

Further note ey, (t) = t*, t € [0,1], k € N.
Lemma 2. For z € [0,1] and n € N the Durrmeyer-Kantorovich operators (3)
has the following property:

~ nr+r—+2 -~ x(1—2) [/~ !
K, (€r+1,$) = mKn (emﬂf) + 7”L(—|—7"+4 (Kn (era$)> . (4)

Proof. Using the definition (3) it follows directly:

n 1
R ers) = (1043) 3 s @) [ pusaions (1)t =

" n+ 2
:(n+3);0pn,k(x) (k+1>B(k:+r+2,n—k+2).

Whence

n

K, (e, 1) /:(n+3)zk_#pnyk(m) "N Bkt 2n—k2)=
k:ox(l x) E+1

n

_ (n+3) n+ 2 -
—MkZ:Opnm) <k+1> (k—nz)B(k+r+2,n—k+2)=

 (n+3) " n-+2
_a:(l—x)kzopn’k(x) (k:+1> (n+r+4)Bk+r+3,n—k+2)—

—(nx+r+2)Bk+r+2,n—k+2)]=

= .73(11—1,‘) [(n—i-r—i-él)kn(erﬂ,x)—(na:+r+2)[?n (er, )] .

From which we obtain the lemma immediately. ]
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Corollary 1. For z € [0,1] and n € N the Durrmeyer-Kantorovich operators

(3) have the following properties:

K, (ep,z) =1,
~ ne + 2
K, (61,30) = ma

~ ~n(n—1)a?+6nz+6
Koulezt) = =050 5 5)

Proof. Using the definition (3) it follows directly

1

7 _ . n+2 _ \n+l-k _
K, (eg,z) = (n+3) kzopn,k (I)/<k+ 1>tk+1 (1—t)" M gt =

=]

k=0
B = (n+2)! k+D(n+1-k)! <
= +3) kz_:op”’k O E DR (et —kz_:opn,k (=)

Relations (6) and (7) are obtained immediately using (5) and Lemma 2.

Further we use the following notation:
(i) D is the differentiation operator,

D(f,ac):f’(x), fGCl[O,l],xe [071}7

(74) I is the antiderivative operator,

I(f,x):/f(t)dt, feco1], zelo1].
0

Lemma 3. Let n € N. We have
i) (Do) (f) = £, for all € C[o0,1],
ii) (IoD)(f)=f,forall feC;]0,1], such that f(0) =0.

Proof. 1t is clear.

Lemma 4. The operators K, (f,z), as defined in (3), verify:

i) K, ((t—x),a:) = 271__:L4I7

o~ 2 2n—20)a(1—z)+6
i) Ky, ((t — ) »33) = %'

Proof. Taking into account the linearity of K, and Corollary 1, we have

i) K, ((t—2),2) = K, (e1,z) — 2K, (ep, z) = ’}f—_ﬁf —r= Qn:lf.

T 7 7 > n(n—1)z?+6nz
i) Ky, ((t —x)? ,x) = K, (e2,2) 22K, (e1,7)+1°K,, (e, z) = % -

(2n—20)z(1—x)+6

42 o2 _
20557 T = T (e

=1.

O]

O]
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Theorem 1. For any n € N we have:

n+3

Ro(fia) ="

(DoDpy1ol)(f,x). (8)

Proof. We have

(Dus1 0 1) (£,2) = Dust (I (£,2)) = Dyt ( / f (w) du> -
0

n+1 1 t

n +2 an+1 k: /anrl k / ) dudt =

- 0

n+1 1

=(n+2) ) pat1k (@) [ () [Pni1k(t)dtdu
kZ:O +1.k { { +1,k

t€0,1]

In the last equality we have changed the order of integration, { we 0,4

{ u € [0,1]

te [ul] .Taking into account that

(Dot ()" = (04 1) (Pre—1(2) = Pk (2))

and considering p,, 1 (x) = 0, then £ < 0 or k > n, we obtain

(DODn+1OI) (f,.%‘) :D(Dn—HOI) (fwr) =

nt1 1 1
=(n+2 n z)) U " t) dtdu =
1+ 3 (rrra () {f( >{p i (1)
n+1 1 1
— (D)3 (04 1) (et () = o ) [ £ ) [ 0 dedu =
k=0 0 u
n+1 1 1
— (4 1) (+2) P (2) / f () / Prsr s (£) — Prss i (£)) dtdu =
k=0 0
n+1 1 1
=n+1)(n+2 ok (T U — ) dtdu =
<+>(+>kzzop,k<>{f<>[ )

n+1

(n+1) ank /f ) Prt2,k+1 (u) du,

from where we obtain the relation (8).Thus, the proof is completed. O
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3 Convergence properties

Remind now, a theorem obtained by Shisha and Mond [13].

Theorem A. Let L be a linear positive operator such that L : C [a,b] — C'[a, ]
i) If f e Cla,b] and z € [a,b], then we have

IL(f,x) = F(x)] < [f(@)][L(eo, ) — 1| +

—I—{L(eo,:ﬁ)+i\/L(eo,x)L((t—x)2,x)} ~w(f;0).

ii) If f' € C'[a,b] and z € [a, b], then we have

Lifa) = F @] < 1f @ IL o)~ 1]+
P @] L )2+ (0 02,2)

x{ L(eo,:r)+(15\/L ((t—az)Q,x)} w(f'56).

Further, we will give a theorem on the degree of approximation of a continuous
function f by the sequence of K, (f,x). To this end, we will use the modulus of
continuity of function f given by

w (f;0) =sup{|f (z) = f (W] : 2,y € [0,1], |z — y| < 6} (9)

for any positive number § [2].
Theorem 2. For any f € C'[0,1] and each = € [0, 1] Durrmeyer-Kantorovich
type operators (3) have the properties:

i)

R (F0) — ()] < 20 <f; \/ o 6) . (10)
i)
|- o] <2 (5 s ) m

Proof. i) Considering Theorem A, we can write

Ro(fi) = @) < 17 @) |Ra(o,2) 1|+

+{I?n (eo,a:)—i—(ls\/l?n (e0, ) Ky ((t—x)Z,x)} ~w (f;9)
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Using Corollary 1 and Lemma 4, it follows

fcn<f,x>—f<x>\§<1+1\/(2”‘20”“‘”””6>-w(f;5> (12)

) (n+4)(n+5)
Choosing
5— (2n—20)z(1—x)+6
N (n+4)(n+5)
we have

Ro(f2) = f (@)] < 20 (fs\/

(2n—20)z(1—xz)+6
(n+4)(n+5) '

ii) Taking into account that for € [0, 1] we have z (1 — z) < %, from (10) it results

| Rulfio) = f(@)] < (1+§\/4(njjﬁj§+5>> w(f3).
Choosing

Ra(f) - f| <

s 1 2n + 4
2\ (n+4)(n+5)
we obtain (11).

The theorem is proved. O

Theorem 3. For any f € C'[0,1] and each x € [0, 1] Durrmeyer-Kantorovich
type operators (3) verify

i)

2 —4x

Rof)=f@)| < |f @l |5

(2n—20)z(1—2)+6
* 2\/ (n+4)(n+5) (13)

, [(2n—20)xz(1—x)+6
N ey )

ii)

|

n+4 n+4) (n+5)

;1 2n+4
“ f’§ (n+4)(n+5))"

Rt < =2 Hf’H+\/(2"+4 (14
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Proof. 1) Considering Theorem A and using Corollary 1 and Lemma 4 the proof is
(2n—20)z(1—z)+6

(n+4)(n+5)
ii) Considering Theorem A, we can write

completed, with ¢ =

Using Corollary 1 and Lemma 4, it follows

2 —4x
n-+4

(2n —20)2 (1 — )+ 6
(n+4)(n+5)

1 [2n—20)x(1—2)+6 ,
X{Ha\/ (n+4) (n+5) }'w(f’é)'

2—4x
n+4

_|_

Ea(fo) = f (@) < |f @]

2

— n+4’

Taking into account that for = € [0,1] we have z (1 —z) < 1 and

we obtain
|Eatn =@ < |Eatro) -1 @) <18 @)+ 1\/mx

11 2n + 4 ,
X{“(s'z\/mww}'w(ﬁ‘”'

Choosing 0 = 5 % we have (14). O

Corollary 2. Let f € C'[0,1]. Then

t e ()= 1] = 19

Theorem 4. Let f € L,[0,1], forl <p < co. Then

im0 ()~ 1]

n—oo

L0y
Proof. From the Luzin theorem for a given € > 0, there is g € C'[0, 1] such that
1f =9l <e€

On the other hand, by using theorem 2 for a given € > 0 there is ng € N such that

Hf(n (g,) —g (z:)HC[O . <€, forn e N, n > ng.
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We have
| K (f,2) = £ (@)

HK (f,2) — Kn (g,2)

+| &, g,:c>—g<:c>H

Lp[0,1] Lp[0,1]

ooy ¥ 1f =9l 0.1 -

Now, we show that there is a C' > 0 such that

< C, for any n € N. For
Lp[071}

this purpose, we have

1
R = |w+s) ank ) [Psin 0 0
0

N
—
3
+
=
(]

kS
S
o~

pn+2,k+1

Prt2,k+1 ( (t)] dt}
o dt}

o —

< an,k (z) [(n +3)
k=0

I used Jensen’s inequality in these relations. Now we have

1 1 n 1
/ Ko () dr < / an,k (z) |:(n+3) / pasaps ()] f(t)pdt} do <
A =

0

P21 () [f () dt]

n 1

< n+3/pn,k

P21 (8) [f ()P dt.

\

k=0 0
1
Since [pp i (x) dz = n+1’ it follows
0
1 1
[ Bt ar < 35 / Pz ()17 (1) FOPat
) L 0 0
Hence
~ n+3
|Eor), o < 4t M 0epto < V31l 0
From this fact it results ‘ ~n < /3.
Lp[0,1]
As
K, y L ’ = Hl:?n - Y9 HK - )
|Eo )~ Rt = |[Enr =g, R R e
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we obtain, taking into account (17),

< \/§Hf—9||Lp[o,1] +e+1f =9l <
(\/g—l-?) €.

With the help of this expression, we find (16). O

|&n(r.2) = f @)

L,l0,1]

IN
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