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A PRACTICAL APPROACH OF THE TRAFFIC FLOW USING
FLUID DYNAMICS
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Abstract

The mathematical modeling of the traffic flow from a crossroad can be ap-
proached using the fluid mechanics. In this paper, a problem with initial values
for the flow traffic is solved analytically and numerically. The aim of this pa-
per is to simulate the traffic inside a roundabout, seen as an intersection of 4
T-roads.
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1 Introduction

In 1950 using the link between the flux (g), density, concentration p(z,t), and
speed of vehicles (v), Lightwill, William and Richards (LWR) used the continuous
approximation technique, in order to find the link between space and time in traffic
(see[1]). In this approach, the flow of vehicles is seen as a one-dimensional compress-
ible fluid, with the law for the traffic flow conservation. Taking into account the link
between speed and density, the expression of the flow is given by: ¢ = q(p) = v - p.
The scalar equation for the traffic flow conservation is:

o 0 _

— =0 1
ot " on 1)
Experimental results show that modeling of traffic flow should be based on the
following behavioral situations: for low densities, the flow is unimpeded and the

LWR model can be used; for increasing densities, the traffic will be jammed and we
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can use a 2-dimensional model. A 2-dimensional model was introduced by Payne
and Whitham (see[2]):

Do o0y O, dn)
ot Oz ot i ) (2)
9 o(pv? +p(p)) _ _, 9pv) L 9" +p(p) _

ot or ot ox

where p(p) is the pressure, used also in the equations of gas dynamics. The main
flaw of this model is that it does not satisfy the two principles of a traffic flow model:
the drivers react according to what happens in front of them, so the transmission
of information is lower than the speed of cars, and the density and speed should
remain positive and bounded.

These errors have been corrected by Aw and Rascle (see[6], [7]), using the sub-
stitution: 9p > op +v op we have the following model:

ox ot Oz

gt(ﬂ(v ﬁ%(ﬂ) ) N Apv(o +p(p) _ (3)
ot ox

Therefore, p(p) can be considered an anticipation factor which takes into consid-
eration the reactions of the drivers. Even so, the model is not well defined in the
neighborhood of a null flow ¢ = 0. Another model was introduced by Colombo
(see[3]):

dp a(p) —0

gt a?@— Q)v) (4)

=0

where ¢ is a sort of ”weighted momentum in analogy to gas dynamics, @) is a
parameter depending on the road under consideration and a closure law for v =
v(p, q) is given. This model displays a maximal car density, that is the only positive
density at which velocity is zero. In other words, whenever a queue at zero speed
forms, the maximal density is reached. Other else, cars cannot stop if maximal
density is not reached.

2 Description of the model

Let:

— be the density of vehicles that neither exit, nor enter the road
g2 — be the density of vehicles that exit the road (5)
q3 — be the density of vehicles that enter the road

v- be the same speed law for all vehicles. Using relations (2) and considering the
pressure negligible we have the second relation of the model described above on the

following form:
Op-v)  9p-v-v(q))

ot + ox =0 (6)
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So, for the case when the cars exit the road v(q) = v(¢1 + g2) and for the case when
the cars enter the road v(q) = v(q1 + ¢3) Let us consider a T-road,as follows:

Y

q1

Y

Figure 1: The general representation of a " T” - road

We have the following local conservation laws:

o Oqi-v(g +q))

ot + =0 <0

Ogz | (g2 ?QI ta@)

ot xz

dqr , Oar - ?QI +a)) "
ot xz

%_1_3( ?Q1+Q3)):O @ >0

ot ox

We can add the initial data (see[7]):

q1(0,z) = Ch,o(x), rzeR
¢2(0,2) = g20(z),z <0 ®)
q3(0,z) = g3 0(z), 2 >0

and the boundary conditions (see[7]):

q1v(q1 + q2)(t,0-)
q2v(q1 + q2)(t,0—)
q3v(q1 + g3)(t, 0+)

(g1 + g3)(t,04),
( ) 9)
i(t

where o(t) is the output function, and i(¢) is the input function. As we mentioned
before, our goal is to model the traffic in a roundabout, using the equations that
characterize the 4 T-roads. We use the following notations: ¢; ;; the flux of vehicles
in the intersection, where: ¢ represents the clasification of the road (5), and j is the
rank, i.e. T-road is considered(the first,the second..), and

I/\ I/\ ||

~—

b — 2, if the vehicle has to enter the roundabout
1,if the vehicle does not have to enter the roundabout
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Figure 2: The first ”T” - road considered
Using (6),we obtain:
9q1,1 4 g1 -v(q1,1 +q2,11 +q2,1.2)) —0
.11 ¢ dx
z<0 3?9271.1 +q212)  O((g2,1.1 +q21.2) - v(gi1 +g2,11 +q2,1.2))
+ =0
ot ox
(10)
0q1,1 n O(q1,1-v(qi1 +q3,1.1 +¢31.2)) —0
0:12 t dx
v a?QIS,l.l +a312) , 0((g311+g312) - v(@11 +g311+a312))
L + =0
ot ox
(11)
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Figure 3: The second ”T” - road considered
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For the second case considered we obtain the following equations:

0q1,2 n g2 -v(qi2+ @221+ q222)) -0
. t ox n
z<0: (9?%,2.1 +q222)  O((@22.1+ q222) - v(qi2 + 221 +¢222))
+ =0
ot ox
Iq1 2 n g2 v(qr2+g321+g322) 0
. t ox B
z>0: 3?%,2.1 + q3,2.2) n (@321 +q322) - v(q12 + @321 + @322)] 0
ot ox N

By comparing this figure with the first one, we obtain the following relations:

42,2.1 = Q3,1.1
43,22 = (42,1.2

Therefore, (12) and (13) become:

0q12  O(qi2-v(qi2+ 311+ q222))

+ —0
?t ox
0(g3,1.1 + q2,2.2) N O((g3,1.1 + q2,2.2) - v(qi2 + q3,1.1 + G2,2.2))
ot ox

Oqr2-v(q2 + 321+ q212)
+ P =0

. t
r>0: 8?613,2.1 +q2.1.2) " 0((g321 + q21.2) - v(q1,2 + @321 + 92,1.2))
ot ox

<0 :
=0

a611,2

=0

Figure 4: The third ”T” - road considered

For the third case considered we obtain the following equations:

o1z O(qi3-v(qi3+q231+¢232))

+ =0
t ox
3?(12,3.1 + ¢2.3.2) n 0((g2,31 + @2,32) - v(q1,3 + @231 + ¢2,3.2))
ox
=0
?t ox
0(g331 +q332)  0((g331+¢332) - v(q1,3 +q33.1+ 332))

at + Oz =0

z <0
=0

ot
0q1.3 n J(q13-v(q1,3+¢331+3332))
x>0

(14)

(15)
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By comparing all three figures, we obtain:

q1,3 = 41,1
2,31 = g3,2.1
42,22 = 43,3.2

Therefore, (16) becomes:

<0 :

x>0 :

Oqi,1 O(qi1-v(qii +g321 + @232))

=0

- Ox (17)

t
8?613,2.1 +q232)  O0((@321+@232) -v(qr1 + @321+ 232))
ot * Oz =0

o1 O(qi1-v(gii+ 331+ q222))

=0

_|_
t Ox 1
a?‘]&&l +q222)  O((g33.1+ q2,22) - v(q11 +¢331 + ¢222)) —0 (18)

ot + L

Figure 5: The fourth ”T” - road considered

By analyzing the figure above, we obtain:

z <0

x>0

Oqia  O(qia-v(qia+qea1+q242))

+ =0
?t ox
0(q2.41 + q2,4.2) n 0(q2,41 + q2,4.2) - v(q1.a + @241 + ¢2,4.2)) .
ot ox
0q1,4 n 0(q1,4-v(q1,4+ q34.1 + q3,4.2)) _0 (19)

t ox
a?613,4.1 +q3,4.2) n O(@3a1+q342) v(qia+q3a1+G342))

ot ox
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By comparing all four figures, we obtain:

q1,4 = q1,2

2,41 = 43,31
g2,4.2 = 43,1.2
3,41 = 42,11
43,42 = 4232

Therefore, (19) becomes:

Oqi2  O(qi2-v(qi2+¢331+¢312))

T F =0
X
5?%,3.1 +q312)  O(g331+aq312) v(gi2+¢331+G312))
ot + oz

<0 (20)

=0

012 O(qi2-v(qi2+q211 +¢232))

+ =0

t Oz
67?612,1.1 +q232)  O0((q2,1.1 + @232) - v(qr2 + q2,1.1 + @2.32))
ot - 0z =0

x>0 (21)

The final equations for z < 0 are (see (10), (14), (17), (20)):

oq11  O(qi1-v(qig+ g1+ q2,1.2))
+

ox

_|_

t
dq1,2 a8]1,2 “v(qre +q311 + @222))
+ B =0

_l’_

t
9q1,1 38}1,1 ~v(q11 +q321 +¢232))
+ . =0
€T

_'_

t
dq1,2 N é78]1,2 v(qre + @331+ @312) 0
t ox N
3@3,3.1 +¢312—q1,2) N 0((g331+q312—q12) - v(qi2+¢331+¢312))

ot ox

=0

0(g211+q212—q11) - v(g211+q212+¢11)))
ox

t
3??[271.1 +q2,1.2 —q1,1)

=0

0((g3,1.1 + @222 — q1,2) - v(qi2 + q3,1.1 + G2,2.2))
oz

t
a?Q&l.l + @222 — q1,2)

=0

0((g321 + @32 —q11) - v(q11+ 321+ q232))
ox

t
a?613,2.1 +q2,32 —q1,1) —0

=0
(22)
Combining the equations from the (22) systems we obtain the final system of equa-
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tions for the case when x < 0:

0(q1,1-v(g211 + 9212 — G321 — ¢2,3.2))

=0
ox
0(g211 + @212 —¢321 — G2,3.2) n
ot
+3((CI2,1.1 t @212 = @321 — @232) V(@1 + @11+ @12+ @321+ @232)) 0
3(411,2 : U(Q3,1.1 + 4222 — 4331 — C]3,1‘2%§ —0
ox
O((g3,1.1 + 2,22 — 43,31 — q3,1.2)) N
ot
+a((Q3,1.1 + @222 —q331—312) V(@311 +q222+ G331+ q312+q12)) _0
ox
(23)
The final equations for = > 0 are (see (11), (15), (18), (21)):
0q1,1 " Oqi1-v(q1 +q311+a312) 0
t ox N
5?%,1.1 + 3,12 —q1,1) N 0((gz11 + @312 —qu1) - vlgir +g311 +q312) 0
t ox -
0q12 . 38}1,2 v(q12 + @321+ q212)) 0
t ox -
a?QS,Q.l +q2,1.2 — q1,2) N 0((gz 21+ @212 —q2) vig2 +q321+G212) 0
t ox N
0q1,1 " 38}1,1 “v(qr1 + @331 + @2,2.2)) —0
?t ox
0(q3 31 + G222 — q1,1) n 0((g331 + 222 —qu1) - v(qi1 + @331 +q222)) 0
t ox -
0q1,2 N 38}1,2 v(q12 + 211+ @232)) 0
t ox N
3?6]2,1.1 +q232 — q1,2) N 0((g21.1 + @232 —q12) - v(qi2 + 2,11 + ¢2,32)) _o
ot ox
(24)

Combining the equations from the (24) systems we obtain the final system of equa-
tions for the case when x > 0:

0(q11-v(g3,1.1 + 93,12 — 4331 — G2,2.2))

=0
ox
9(g3,1.1+931.2— 93,31 —q2,2.2)
ot N
L O0((g311+9312—q331—q222) - v(q11+433.1+G2,221+431.11¢3,1.2)) _o
I =
890 25
0(q1,2-v(g321 + @212 — @211 — ¢2,3.2)) —0 (25)
ox
0(g321+¢2,1.2—G2,1.1—G2,3.2) ,
ot N
La((qg,m +q21.2—q2,1.1—q2,3.2) - v(q12+ G211+ q232+G32.1 + 42,1.2)) —0
I fry

ox

By collating the four previous T-roads, we obtain the following roundabout:
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Figure 6: The entire intersection by overlapping the previous four parts

In the case * > 0 we have obtained the following graphic, representing the

variation of the flux:

i ok .
* *

X
[m——t=10= & =2 x t=5]

Figure 7: The flow variation for the positive direction

In the case x < 0,we have obtained the following graphic for the variation of the

flux:
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[=—t=10 % t=5= = +=2]

Figure 8: The flow variation for the negative direction
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