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SOME UNIVALENCE CONDITIONS FOR AN INTEGRAL
OPERATOR

Virgil PESCAR*

Abstract

In this work we define a general integral operator for analytic functions in
the open unit disk and we derive some conditions for univalence of this integral
operator.
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1 Introduction

Let P be the class of functions p of the form
p(z) =1+ bez",
k=1

which are analytic in the open unit disk 4 = {z € C : |z] < 1}, with
Rep(z) >0, for all z € U.
We denote by A the class of functions f of the form

f(z) =2+ Zanz",
n=2

which are analytic in U.

We consider S the subclass of A consisting of functions f € A, which are
univalent in U.

In this work we consider a general integral operator, which is defined by

Vo) = {8 [ ) ) du}é , (1)

0

for functions p; € P and 3, 7; be complex numbers, 3 # 0 and j = 1,n.
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2 Preliminary results

Lemma 2.1. [3]. Let a be a complex number, Re o > 0 and f € A. If

1— ’2‘2Rea zf”(z)
<1 2.1
Re fliz) | =7 (2.1)
for all z € U, then for any complex number 3, Re B > Re «, the function
1
z B
Fat) = {6 [Ty} (22)
0

s reqular and univalent in U.

Lemma 2.2. (Schwarz [1]). Let f be the function regular in the disk
Ur = {2z € C:|z| < R}, with |f(2)] < M, M fixed. If f(z) has in z =0 one zero
with multiply > m, then

FE] < 7™, (2 €Un), (2.3

the equality (in the inequality (2.3) for z # 0) can hold only if
0 M
f(z) = ezeR—mzm,
where 0 is constant.

Lemma 2.3. [2]. If function f is reqular in U and |f(z)] < 1 in U, then for all
& el and z € U the following inequalities hold

1-f)f©)|~ -7zl
1— 2
el < TR (25)
the equalities hold only in the case f(z) = Gﬁ%?, where |e| =1 and |u| < 1.
Remark 2.4. [2]. For z =0, from inequality (2.4)
£& - 10) | _ ’e
- o] 20
and, hence
0
mm§£m%&y 2.7)
Considering f(0) = a and £ = z, we have
16 < P 28)

forall zeU.
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3 Main results

Theorem 3.1. Let 3, vy; be complex numbers, j = 1,n, M; positive real numbers
cmdpj € 73, pj(z) =1 +b1jZ + b2jZ2 + ..., ] = 1,7”L.

If
/
pj(z) .
- N E;JV[‘a S Zl; ] = 177l ) 3.1
pj(z) J ( ) ( )
1
Milyi| + Ma|ya| + ... 4 Mp|yn| < SFTTRE (3.2)
maxp<r (1= |2P)]21 {5
where

biiyi + b2y + ... + binn

c= , 3.3
Vil + Ml oot Mol (3:3)

then for every complex number 3, Re 8 > 1, the integral operator V,, given by (1.1)
is in class S.

Proof. Let’s us consider the function

fulz) = /0 (@)™ . (pu(w)™ du, (3.4)

for p; € P, j = 1,n. Function f, is regular in &/ and f,(0) = f/,(0) — 1 =0.
We have

) N~ i)
= Y , (z€lU). 3.5
o) "y G (3
We consider the function
1 ”(Z)
K(z) = L (zel). 3.6
&) = ST Wl + - Ml fi() S (36)
From (3.5) and (3.6) we obtain
M Pi(2)
K(z) = . +...+
®) = Mt Ml mi(e)
/
yn . pn(z)7 (3'7)
Myl + ...+ Mp|v2| pa(2)
forall z e U.
From (3.1) and (3.7) we obtain |K(2)| < 1, z € U.
We have

b tbyet o b
K(0) = =c
M1|’}/1| + M2|’Y2’ + ...+ Mnh/n’
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By Remark 2.4 we obtain

ERICI
KE < Geu), (38)

where

|b11y1 + bi2ya + ... + bin |
Mi|mi| + Ma|ya| 4 . .. 4 My|yn|

e =

From (3.6), (3.8) we get

| IO\PRCEaE
L , (zel). 3.9
Minl + Mol + - Mol | Fo2) | S 1+ (el €W (3.9)
Using (3.9) we obtain
2 F(2)
1 — |z 2 n <
U=ED G
< (M| + ...+ Maylyal) max [(1 el I (3.10)
- |2]<1 1+ e||z|]’
forall z € U.
From (3.2) and (3.10) we have
//( )
(-1 | Ty | <1 ew. (3.11)

Since f](2) = (p1(2))™ ... (pn(2))™, from (3.11) and Lemma 2.1, for
Re oo = 1, it results that the integral operator V,, defined by (1.1) is in class S. O

Theorem 3.2. Let o, 3, 7, be complex numbers, j = 1,n, Re o > 0, M; positive
real numbers and p; € P, pj(z) =14 bijz +byjz* + ..., j =1,n.
If

zpi(2) )

<M;, (z€l,j=1n), (3.12)
pj(z) !
3V3
M|y + ...+ My < TRe a, for0<Rea< Rep <1 (3.13)
or
3\f

M|y + ...+ My|ya| < ——, for Re > Re a > 1, (3.14)

then the integral operator V,, belongs to class S.
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Proof. We consider the function

fn(2) = /0 (pr(u)™ ... (pn(w)™ du, (p; € P; j=1,n). (3.15)
Function f, is regular in &/ and f,(0) = f/,(0) — 1 = 0.
We have
1_’2’2Rea Zf//(Z) 1_‘ 2Re v ™ ij
L 3.16
Re « fh(z) Re « Z’ il (3.16)
for all z € U.
By (3.12), applying Lemma 2.2 we obtain
zp;(2) :
< Mjlz|, (z€U; j=1,n). (3.17)
‘ pi(2) ’
From (3.17) and (3.16) we have
1_|Z|2Rea P ”(Z) 1_‘z|2Rea n
n < M|, . 3.18
Rea f;L(z) — RBOZ |Z’; .7’7]|7 (Zeu) ( )

For 0 < Re o <1 we have 1 — |z]2f¢@ <1 —|2|?, for all z € U and from (3.18)
we obtain

1— ’Z’2Rea zf”(z) ‘ |2 n
n M; U). 3.19
Re o fh(2) Re a 12 ]E:l shil, (z€U) (3.19)
Since
max(1 — |2[2)]2| = —= (3.20)
j2<1 3V3’ ‘
using (3.13) and (3.20) we get
1— ’Z‘QReoz zf”(z)
n <1 ;0< R <1). 3.21
T o ) | = (zeU;0< Rear < 1) (3.21)
For Re o« > 1 we have 1_|§|622w < 1—|zf% for all z € U and from (3.18) we
obtain
1— |Z|2Rea f//( )
o 70 <(1—|z? |Z|ZM vil, (2 €l), (3.22)
and by (3.14), (3.20) and using (3.22) it results that
1— |Z|2Rea Zf”(z)
n <1 ; 1). 2
e o ) | = (zeU;Rea>1) (3.23)

From (3.21), (3.23) and Lemma 2.1 we obtain that V,, € S. O
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4 Some particular cases

Corollary 4.1. Let 3, v, be complex numbers, j = 1,n, Re 8 > 1, M; positive real

numbers and pj € P, pj(z) =1 +byjz +byjz% + ..., j=1,n.
If
/
Pj(z) )
7§M7 Zeu?]:]-vna 4.1
Pj(Z) J ( ) ( )
|bi1y1 + biave + ...+ binyn| = Mi|yi| + Malvya| + ... + My|vnl, (4.2)
and
3V3
161171 + b12v2 + ... + bipYn| < 5 (4.3)

then the integral operator V,, € S.

Proof. From (4.2) and Theorem 3.1, by (3.3) we obtain |¢| = 1. Using (4.2) and
(3.2) it results that

1
|b1171 + b12ve + ...+ b1nyn| < maxy < [(1— [2P)]] (4.4)
Since
max((1 = P)lel) =
|1<1 3v3
from (4.4) we have condition (4.3) and hence, Corollary 4.1. O

Corollary 4.2. Let 3, v; be complex numbers, j = 1,n, Re 8 > Re a > 0,
M; positive real numbers and p; € P, pj(z) = 1+ bijz + byjz* + ..., j = 1,n,
biiy1 +bi2y2 + ... + binyn = 0.

If
p;(2) .
———| < Mj;, (ZEU, jzlan)v (45)
pj(2) !
Milyi| + Ma|ya| + ... 4 Mp|vn| < 4, (4.6)

then the integral operator V, € S.
Proof. For byi1y1 + biave + ... + binyn = 0, from Theorem 3.1 we obtain ¢ = 0 and
by (3.2) we have

1

M|y + Ma|yo| + ... 4+ My |yn| < .
i+ Mo il S el — )P

(4.7)

Because

1
1—121%]22] = =
max [(1—|z)|=] = 7,

from (4.7) we get condition (4.6) and Corollary 4.2. O
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Corollary 4.3. Let v; be complex numbers, j = 1,n, M; positive real numbers and
p;j €P, pj(z) =1 +blj2+bgjz2 +...,75=1n.

If
/
pj(z)
<Ma (Zeuajzlan)a (48)
pj(2) ’
1
My|yi| + Ma|ya| + ...+ My |ya| < SRR (4.9)
maxp<r (1 |2P)l21 5
where
biivi +bizv2 + ...+ binTn (4.10)

c= ,
Mi|yi| + Ma|ya| + ... + M|yl
then the integral operator defined by

Ho(z) = /0 (o1 @)™ . . ()™ du (4.11)

s in class S.

Proof. We take 8 =1 in Theorem 3.1. O

Corollary 4.4. Let o, vy be complex numbers, j = 1,n, 0 < Re o < 1, M; positive
real numbers and p; € P, pj(z) =1+ bijz +byjz® + ..., j =1,n.
If

pj(2)

i (€U, j=1,n), (4.12)

3v3
Mlh’l‘ +M2")/2‘ + ...+ Mnh’n‘ < TRG a,

then the integral operator H, given by (4.11) belongs to class S.
Proof. For g =1, from Theorem 3.2 we obtain Corollary 4.4. O
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