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ABOUT INTRINSIC FINSLER CONNECTIONS FOR THE
HOMOGENEOUS LIFT TO THE OSCULATOR BUNDLE OF A
FINSLER METRIC

Alexandru OANA*

Abstract

In this article we present a study of the subspaces of the manifold OscM,
the total space of the osculator bundle of a real manifold M. We obtain the
induced connections of the canonical metrical N-linear connection determined
by the homogeneous prolongation of a Finsler metric to the manifold OscM.
We present the relation between the induced and the intrinsic geometric ob-
jects of the associated osculator submanifold.
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1 Introduction

The Sasaki N-prolongation G to the osculator bundle without the null section
OscM = OscM\ {0} of a Finslerian metric g4, on the manifold M given by

G = gap (7,y) dz” @ da® + gap (2, y) 6y @ 5y

is a Riemannian structure on OscM, which depends only on the metric gqp.
The tensor G is not invariant with respect to the homothetis on the fibres of

OscM, because G is not homogeneous with respect to the variable y°.

In this paper, we use a new kind of prolongation G to O/_\SC_]/W , [3], which depends
only on the metric gu. Thus, G determines on the manifold O/;E]\//[ a Riemannian
structure which is 0-homogeneous on the fibres of OscM.

Some geometrical properties of G are studied: the canonical metrical N-linear
connection, the induced linear connections etc.
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2 Preliminaries

Let us consider F"" = (M, F') a Finsler space ([12]), and F' : TM = OscM — R
the fundamental function. F' is a C*° function on the manifold OscM and it is
continuous on the null section of the projection 7 : OscM — M. The fundamental
tensor on F" is

1 9*F?
Gab (way) = iw, V(x,y) € OscM.
0 0
The lagrangian F2 (x,7) determines the canonical spray S = y° —2G*
ozx® oy®

1
with the coefficients G* = =~¢ (z,y) y*y¢, where v¢, (x,y) are the Christoffels sym-

bols of the metric tensor gg (z,y) . The Cartan nonlinear connection N of the space
F™ has the coefficients
NG = —-. 2.1
b 8yb ( )
N determines a distribution on the manifold OscM , ([12],[11]), which is supplemen-
tary to the vertical distribution V. We have the next decomposition

TwOscM = Ny @ Vi, Vw = (z,y) € OscM. (2.2)

o 0
The adapted basis of this decomposition is { —, — ¢ , (a =1,..,n) and its
dx®’ Jy®

dual basis is (dz?, dy®) , where

0 0 1)
- _ Nbai
ox®  Jxl dyb’
(2.3)
0 B 0
oye oye
and
dz® = dz?
’ 1.1.
{ oy® = dy® + N daxb (1.L7)
We use the next notations:
0 . 0
5(1 = T a = 7 5
ox? 0 oy®

The fundamental tensor g,; determines on the manifold 5521\/4 the homogeneous
0
N-lift G,[10],

0
G= Gab (iL', y) dz® ® dxb + hab ($7 y) 5ya ® 5yb7 (24)
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where

2

hab (%y) || HQQab( ) (119)

2
1yl = gab (z,y) y*y".

This is homogeneous with respect to y, and p is a positive constant required by
applications in order that the physical dimensions of the terms of G be the same.

Let M be areal, m-dimensional manifold, immersed in M through the immersion
i: M — M. Locally, i can be given in the form

¢ =z (ul,...,um), mnk‘ =m.

The indices a,b,c,....run over the set {1,...,n} and «,f,7,... run on the set
{1,...,m}. We assume 1 < m < n. We take the immersed submanifold OscM of
the manifold OscM, by the immersion Osci : OscM — OscM. The parametric
equations of the submanifold OscM are

1 Oz
a _ .a m —
x T (u, LU ),rang’aua
(2.5)
ox?
ya — 8ua,UOé

P

The restriction of the fundamental function F to the submanifold OscM is

F(“?’U) = F(x (U) ay(u’v))

and we call F'™ = (M,F) the induced Finsler subspaces of F" and F  the
induced fundamegltal function.

Let B%(u) = 8—$a and g, the induced fundamental tensor,
u

Jap (’LL, U) = Yab ("L‘ (u) Y (uv U)) Bng' (2'6)

We obtain a system of d-vectors {B%, B2} wich determines a moving frame R =
{(u,v); B (u), BE (u,v)} in OscM along to the submanifold OscM.

Its dual frame will be denoted by R*={B% (u,v), BS (u,v)}. This is also de-
fined on an open set 7 (U ) C OscM, U being a domain of a local chart on the
submanifold M.

The conditions of duality are given by:

BEBY =03, B§BS =0, BYB;=0, BIBY=05

a

=y
™I

BBy + BLB] = 0}
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——~—

The restriction of the nonlinear connection N to OscM uniquely determines an
induced nonlinear connection N on OscM
N°; = Bo (Bgﬁ + Nang) . (2.7)

The cobasis (d:ci, 6y“) restricted to OscM is uniquely represented in the moving
frame R in the following form:

dzx® = Bgduﬂ
(2.8)
y* = BSov® + BEK §du”

where
5 = B2 (Bjs + MiB}) . Bjs = Bag™.

A linear connection D on the manifold OscM is called metrical N-linear
connection with respect to (f}, if DG =0 and D preserves by parallelism the dis-
tributions N and V. The coefficients of the N-linear connections DI (N) will be

2 i a V a a a V a
denoted with ((()[())bc’ (116),)0, (Ocl')bc, (1Cl')bc> .
Theorem 1.1([10]) There exist metrical N-linear connections DI (N) on m,
with respect to the homogeneous prolongation @, wich depend only on the metric
gab (z,y) . One of these connections has
the “horizontal” coefficients

H 1
L = _gu(§ .+ 0c — 0dGbe
&= 29 (8v9dc + Ocgva — dagne)

14 1
L ¢ = —h (§phg. + S.hpg — Sqhpe
L= 3 (0vhde + 0chpa — Oghie)

and the "vertical” coefficients:
H

1 . . .
(g)gc = and (abgdc + OcGbd — 3dgbc)

(2.10)

1% 1 . . .
a — ~pad (3 hoe + Oohpg — Oghve ) -
(g)bc 5 (51; de + Ochpg — 04 b>

It is called the Cartan metrical N-linear connection. This linear connection
will be used throughout this paper.

H \%4
For this N-linear connection, we have the operators D and D which are given
by the following relations
H H
DX =dX* 4+ wpX® -
VX eF (OscM) . (2.11)
1% \%
DX =dX+ wiXP®
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We call these operators the horizontal and vertical covariant differentials. The
1-forms which define these operators will be called the horizontal and vertical 1-
form, where

(2.12)

a "[/;(ch g’aéc
wy = e x +(11)bc Y

We have
Theorem 1.2 The d-tensors of torsion of the Cartan metrical N-linear connection
D have the next expresions:

. Ta-R,

00" e @ pte Tt

pa— (a Po— Ba_ La 213
(1O)bc - (Ol)bc’ (ll)bc - (11)bc - (10)cb ( . )
Sa— Ca_ Ca

(11)bc - (11)bc - (11)cb

Theorem 1.3 The Cartan metrical N-linear connection D has, in the adapted bases

{5a, 31,1}, the following d-tensors of curvature

"horizontals”
R0 5,1 5, Lo 11 1a AR
oo T et T et T o@kant T @otane T
Cop
+ (Gybf ed
(2.14)

H H H H H
Py = O L Ca cae pl.
(10)° ' o0ybe oubdoe G 1o
5, 8,00 — (o Cf Ga & G
@b T Mdgpre T Gegpd T Gegnfd T G/
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and the "verticals”

R0 5, Lo 5. Lo LfLa Lf e
oht T aghe T gt T dgbednfd T dgagte T
CoR
+ (yered
(2.15)

1% . Vv 1% Vv 1%
Py = Ol — C8 ce Pl
an’ igpe T (b T Gyl
g, buC — d.00 G Coa Gl G
@b T Mg T Geqpd T mpeqpfd T fypdayfe

3 The relative covariant derivatives

Let DI' (N), the Cartan metrical N-linear connection of the manifold OscM. A
classical method to determine the laws of derivation on a Finsler submanifold is the
type of the coupling.

Theorem 2.1 The coup@g/of the N-linear connection D to the induced nonli-

near connection N along OscM s locally given by the set of coefficients DT (N) =

H v a v
— L a L a a C a h
00" 10)?" 1) 1y |’ where

[:I a i a d a a d 176

((%)ba = ([%)dea + (Oq)degKa

v

Lo = LeBit CoBIK?

108 appde T (qypaPs e

(3.1)

H

Cva —_ gva Bd

08  (@ybd o

Definition 2.2 We call the induced tangent connection on OscM by the
H \%

metrical N-linear connection D, the couple of the operators D', DT which are
defined by

1 a
DTX* = B¢DX",
for X* = B2X"

I 4
DTX*=B¢DX?,



Intrinsic Finsler connections for the homogeneous lift to the osculator bundle 43

where

A H
DT X = dX* + XPug
v \%
DTX* = dX* + XPwg
H, V .
and wg, wg are called the tangent connection 1-forms.

We have
Theorem 2.3 The tangent connections 1-forms are as follows:

H, 5o A b
= L %du®+ C §:0
YE T @y T oy
(3.2)
Va s s
= d C %0
RCERNT +(11)5‘5 v
where
o « « d / Iv{ d
&ypo =B\ Bas+ Bs Lys |
7 i plFd
[0 /— (e
(116)55 =By | B + Bﬁ(lLo)f‘s )
(3.3)
H H
o Ban C« d 7
o TP S0
v |4
a Ban C d )
AT/
Definition 2.4 We call the induced normal connection on OscM by the met-
H V

rical N-linear connection D, the couple of the operators D+, D which are defined
by

L a
D1X®=pBeDX?
for X = B2X7

Voo _ v
D+ X% = B¢DX?,

where
H B -
Dt X% =dX® + Xﬂw%
Voo 7 .
DHX® = dX® + X
Ho V— .
and W, wE are called the normal connection 1-forms.

BB
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We have
Theorem 2.5 The normal connections 1-forms are as follows:

Hy o 5 T 5.6
wg = ((%)Eédu + (OCI')ES&J
y , (3.4)
Ve _ 1a@ 3.0 & 5,0
wy = ({é)@sdu + (161')56511 ,
where
" SsSB4 H
@ @ B fid
L% =B —=+ B L
(00)39 d <5u5 + 5(00)f5> ’
Vv S B2 Vv
a _ pa B f7d
L% =B —=+ B L
(1ops — (6u5 + 5(10)f5> ’
(3.5)
B & m% >y
C% =BY| —=+BLC
(01)89 4\ 9vd + Bonf )’

H v
Now, we can define the relative (or mixed) covariant derivatives V and V .

Theorem 2.6 The relative covariant (mized) derivatives in the algebra of mized

H V
d-tensor fields are the operators V, V for which the following properties hold:

H

vf:df7 —_

er]-"(OwM)

%
Vf=df,

H H H H H H

VX*=DX?% VX*=DTX% VXO‘:DLXO‘,

H

\% \4 |4 Vv v
VX®=DXxe VX*=DTX® vyXxX®=pLxe

H V
are called the connection 1-forms of V, V.
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4 A comparison between the induced and intrinsic ge-
ometrical objects

It is known that, in the case of Finsler or pseudo-Finsler spaces ([6], [5], [14],
[15], [13], [16]), the intrinsic nonlinear connection of the submanifold is different
from the induced nonlinear connection by the nonlinear connection on the mani-
fold. Moreover, the induced Finsler connection is different from the induced Finsler
connection.

In this section, we present a comparison between the the induced and intrinsic

geometric objects on the submanifold OscM with respect to the Cartan metrical
0
N-linear connection determined by the homogeneous lift G (2.4).

—_—

0 .
Let G, the homogeneous lift to the submanifold OscM of the induced funda-
mental tensor (2.6),

0
G = gap (u,v) du® ® duP + hog (u,v) 60 ® SvP, (4.1)

where

p2
ha,B (u7 U) = Wgaﬁ (u7 U)

|
lol* = gapv®o”
and N , the intrinsic Cartan nonlinear connection

8 0G*

a
N = ovP’

1
where G* = §7gv (u,v) v5v7 and V4, (u,v) are the Christoffel symbols of gag.
R oW £ W
Let DT (N) = ((({())gv’ ({())%77((%)%7,(8)%7) the intrinsic Cartan metrical N-

linear connection of the submanifold OscM with
the ” horizontal” coeficients

r o 1 feY
((%)57 =59 * (8595, + 0985 — 0598+)
(4.2)
4 1 s
LBy = 5 (Bshay + dyhs — dshsy)

and the "wvertical” coeficients
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H

5 1 . . .
(OCI)%V = 590‘5 (315957 + 014985 — 5159m>
(4.3)
v N 1 s/ ) )
(161')57 = §h (815]157 + 817}155 — 015h/3-y> .

Proposition 3.1 The Lie brackets of the vector fields of the adapted basis {(50” 31a}
are given by:

[5a7 65] = _Rggélay

0a,013| = B 7.01,, ,
[ 1[3} (11)':“5 ! (4.9)
[3104,515] =0,
where
75 = 0aN%5— 35N,
B9, = 93N7,.
anH*? 18

For any d-vector field X € X (O/_s?:'l\/J ) expressed in the adapted basis {(5a, 31a}

we have

0§ 19 —
x=x"2 4+ x* % xex (oscM) .
dx® aye
We consider h and v, the horizontal and the vertical projectors associated to the
nonlinear connection N. Denote by

0
X" — px =Xx° 0
ox?
19
XV = X =X°",
oy

~——

For any d-vector field X € X (OscM) expressed in the adapted basis {6a, 31a} we

have

S R S B ——
X=X+—+X"— VX eX (OSCM>
du® o>

and consider h and v, the horizontal and the vertical projectors associated to the
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intrinsic nonlinear connection N. Denote by

S
XH =pX =X~
VXGX(OSCM).
d

. 1
XV — X — xo
v ove

Proposition 3.2 Let ]\07, the intrinsic Cartan nonlinear connection and N, the

induced nonlinear connection on the submanifold OscM by the Cartan nonlinear
connection N. Then the following relations hold:

1°The coefficients of the nonlinear connections N and N are related by ([5])
]\Qfaﬁ = Nag +Da5.

2°There exist the following relations between the components of the adapted
bases of N and N

Sa = 504 - D’Baa.lﬁa
éloz = 8101-

3° There exist the following relations between the coefficients of the Lie brackets
of the adapted bases of RN and N

. 1
Gy = 5, + %3%7

- 1
a a a
('181)/37 - (E)B'Y + '()Dlﬁ’Y’

where
DYy = ga®sK5u” (4.5)

1 . .
D3, = 0,D% — 65D + D°015 (N + D%) = D°,015 (N5 + D) (4.6)

1 .
D5, = b1, D%, (4.7)

Proposition 3.3 The local coefficients of the intrinsic Cartan metrical N -linear
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connection DT’ N) and of the induced tangent connection of the Cartan metrical

N-linear connection DI' (N) are related by:

H

Le — Loy Ao
@)%~ 0P T o0y
fa_Ya Ko
167~ 1P T (1)
Ca — (a
NG

4 1%

"~ an)P

where
H 1 _ ,
1 ad e e €
~59° [ D261295, + D195 — D 0123
' a 1 ao brB (4 b B (£ (4 8)
Ads = g0 [BEKS () g — BLKS (duoh) oo -
1 ao £ A g 2 € _A
+%9 [D 001985 — D 301:9os — D 53159/30}
A 6]
o
and
A% = 1 H13B2 B + BSN%. | — lBo‘Ba
(10)67 2 16 a 07 v 1 ¢ 2 a B'Y
1 af gapgb Bd a Kg 1 ad go pa
—59 ap g( ldgbf) vy 59 a 7690'5
(4.9)

1 .
—595"5905 <8lyBg> <Bg<5 + BglNad>

11 1 : 1
+9*° goa B4y BY., + 305~ 59‘“5 [D%@lsgﬁé + giagaﬁ] :
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From the proposition 3.3 we get that Zo), the intrinsic Cartan metrical N-linear
connection is not identical with DT, the induced tangent connection of the Car-

-
tan metrical N-linear connection DI' (V). From this fact, [5], there exists D, the

deformation tensor of the pair (D,DT). For X,Y € X (OSCM) we get
DgvY" =D, vH
Dy VYV = D;OYV

TN VXV ed(0sedr).
DXI;{YH:D;I;YH—FD(XH,YH) ¥ € <SC >

. . . T L U
DeoyVV :D}T{FIYVJFD(XH,YV),

T o
If we express D in the adapted bases of N, we get:

T 5 5 T. 5 T. o
D oy 5 = == .DHa - DVa
<5m’ 5uﬁ> 00 A7 §ya + 00 B7ovpe

T[4 8 T 5 T. o
D|—,— | =DHe — 4 DVa .
<5u’77 6v5> 10 By Sud + 10 By Hu®

We have the next

xXH

T
Proposition 3.4 The components of the deformation tensor D are given by the

formula:

Z—Bﬁa g [e% D(P gf [e%
00 By (00)5'7 + ’7(01)6@
T\D/s Tﬁe « o ® v @ e |2 «a ® Y, @
-ODO By - -(% B"/DE + 6’YD/8 + D/B(i[())@'y - DV |:815D/3 + Dﬁ(g)@g
pi( Lo+ As
e <<oo>57 " <oo>5”> ’
Dita
% By = 0
Blﬂ/a X [e% D(P gf [e%
0 M o + T (01)%¢’

H 14
where (%)gv’ (1A0)%'y are given by (4.8).

Proposition 3.5 The torsion tensors of the N-linear connections RDT' <N) ,D'T (N)
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are related by:

Proposition 3.6 The torsion d-tensors of the induced tangent connection of the
Cartan metrical N-linear connection DI (N) and of the intrinsic Cartan metrical

N-linear connection DT (N) are related by:

To _ %o o fa _ s b
- (01)/87 - (01)/8’7 + 0067’

ba _ Ba po _ ba o pa _ Ka
(10)/87 o (10)/8’77 (11)57 o (11)57 + 016'7 - (10)767
4
S35, =5G,=0
1 1 14 _
where éggv’ggv’(%)gv are gwen by (4.6), (4.7) and (4.8).

o T °
Proposition 3.7 The curvature 2-forms R and R of the linear connections RDT’ (N)
and DT (1\7) are related by:

. T e LN L
R<XH,YH)ZH - R(XH,YH)ZH+
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o /v o o o\ e T /oo oo\ v
R(XH,YH)ZV - R H,YH)ZV+

Proposition 3.8 The curvature d-tensors of the induced tangent connection of the
Cartan metrical N-linear connection DT (N) and of the intrinsic Cartan metrical

N-linear connection DT (N) of the submanifold OscM are related by:

A ST g Boosm Bt Ko
0 T o v8 T Tk onf T oy v8 T @0 7

Patse bt Ay
P 1= an? v5+(11)5 8>

Pys= B Ko
6 = é + X

a0’ " a0’ T @)’ (

Vi Vi

S %= S 4% (i=0,1:Vo = H),

(12) (12)

where
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A 4o S5 A 6 A Db LY — Dfsbhe A
0 T oot T T @t T T 0 goyP
H
+D%d1e L 85+ Ddie A
(4.10)
T 000070 T 0007 T 002007 @) m)
H o 1 g
(01)%7 0077’
A DA Lo — Dy, I 55 (A 5. (A
o 70 T T 1 eagyss T Y e ggen T g% <(1o>5’7> 2 ((w)“)
+1DE ) XO‘ e XQ +
27 771\ (19)P0 27 0%\ o)
(4.11)
Lye ha_Lre Ao tie pa_Lac Ta
2007700 2(10)% (107 + 20107000 2107107
LiAa A — Ao A=)y Ca Ao
* 102 (107 (1057 (10)° Jr(11)5"(10)75’
A o gag“ergf Ha+g*a11)5+8' A
@ T 00T T 0P en? T enfeond T g5
(4.12)
D7, C @
+ ¥ 10'(01)557
K = LK) 1 (Ko o Gk
m’ T 2t <<1o>ﬁ”> 2 ((10)‘”(11)5‘S TP’
(4.13)

Co (As — Ac
Can® <<1o>5”’ - (10)7‘5>) ’
where (%)57, (%)Bv are giwen by (4.8).
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