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AN INDUCTIVE GENERALIZATION OF 1-DIFFERENTIABLE
COHOMOLOGY

Sabin MERCHESAN!

Abstract

In this note we give an inductive generalization of 1-differentiable cohomology and
Betti numbers of a smooth manifold endowed with a non-closed 1-form (for instance
a contact manifold). Some cohomology classes in such a generalized cohomology are
studied and also, an inductive generalization of coeffective 1-differentiable cohomology
is considered and studied in the paper.
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1 Introduction

The 1-differentiable cohomology was introduced and intensively studied by A. Lichnerowicz
in [10, 6] in the context of symplectic and contact manifolds and in [11, 12] in the context of
Poisson or Jacobi manifolds. We also notice that 1-differentiable cohomology is isomorphic
with the following cohomology: for every non-closed 1-form 7 on a smooth manifold M
we define a coboundary operator d; on the complex Q}(M) = Q*(M) @& Q*~1(M) by
di(p, ) = (dp — dn A, —dp), where Q*(M) = @p>W(M); QP(M) is the space of
p-forms on M. The resulting cohomology is named here d;-cohomology of M. On the
other hand, the coeffective cohomology was introduced by T. Bouché [2] for symplectic
manifolds. Further signifiant developments are given in [3, 4, 5].

The purpose of this note is to present an inductive generalization of 1-differentiable
cohomology (or dj-cohomology) and Betti numbers of a smooth manifold endowed with a
non-closed 1-form (for instance a contact manifold). Some cohomology classes in a such
generalized cohomology are studied and also, an inductive generalization of coeffective
1-differentiable cohomology is considered and studied in the paper.

The paper is organized as follows. In Section 2 we construct an inductive general-
ization of 1-differentiable cohomology and Betti numbers of a smooth manifold endowed
with a non-closed 1-form. In Section 3 we construct some cohomology classes in our
generalized cohomology. In Section 4 we present an inductve generalization of coeffective
1-differentiable cohomology and the case of an almost contact manifold is studied.
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2 A generalization of 1-differentiable cohomology and Betti

numbers

Let M be a smooth manifold of dimension n endowed with a non-closed 1-form 7. We
consider the field Q°(M) = F(M) of smooth real valued functions defined on M. For each
p=1,...,n = dimM denote by QP(M) the module of p-forms on M and by Q(M) =

®p>0QP (M) the exterior algebra of M.
We denote by QF (M) = QP(M) and

QM) = (M) & P~ (M) = {p1 = (¢, )| € X(M),y € X (M)}

After a terminology used in [10] we call p; = (¢, ) an 1-differentiable p-form.
In this manner, for any integer k£ > 1 we define

BM) = 9 (M)e R (M)
= {or = (Pr—1, Yr-1)|pr—1 € B _ (M), o1 € Q01 (M)}

and its elements are called generalized 1-differentiable p-forms of order k.

Now we give an inductive generalization of some classical operators on smooth mani-

folds. For any p-form ¢ we have the operators:
eyt (M) = PTHM), enp =1 A,

L:QP(M) — QPT2(M), Lo = dn A o,

where d is the exterior derivative on M and 7 is a non-closed 1-form on M.
Considering eg,, = e, Lo = L and dy = d, for any integer k > 0 we define

ey U(M) — QiH(M)’ ek Pk = (€k—1,7Phk—1, —€k—1nVk—1),

Ly : QV(M) — QPT*(M), Lok = (Li—19%—1, Lk—10%—1)

and
dy, : QM) — QETN(M), dipr, = (dg—19%—1 — L1901, —dp—105-1)-

We also denote 0; = (0,0) and 0y = (0g—_1,0x—1) for any integer k > 1.
Proposition 2.1. For any integer k > 0 we have
Lyery = exnLi, dgegy + exydi = Ly, dxLy = Lidy,, di, = O.
Proof. Tt follows by induction after k. For £ = 1 we have
Lie1yp1 = Li(enp, —enth) = (Lenp, —Leyt))

and
e1nlipr = e1y(Lep, L) = (e, L, —e,Lap).
Using the relation Le, = e, L we obtain the first relation of (2.1) for k = 1.

(2.1)
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Next we suppose that this relation is valid for £ = j and we prove it for k = 5 + 1.
Liviejrinpitn = Livi(ejnei, —ejnti) = (Liejnes, —Liejnti),

ej+1nLir10j+1 = ej1n(Lips, L) = (ejnLjps, —e€jnLiv;)

and so Lyey, = ey Ly for any integer £ > 0. The other three relations of (2.1) follow in
a similar manner by induction after k, using the following known relations:

dey + end = L, dL = Ld, d* = 0.
O

Denote by Hp(M) the cohomology groups of the differential complex (3 (M),dy). If
these cohomologies are finite dimensional, then we denote by, ,(M) = dim Hy (M) and we
call it the generalized p-Betti numbers of order k of M.

Theorem 2.1. Let M be a smooth manifold endowed with a non-closed 1-form n. Then
k
bip(M) = Z Clibpft(M) (2.2)
t=0

where by(M) are the classical p-Betti numbers of M and C} = ( f > are the binomial

numbers.

Proof. Tt follows by induction after k.
For k = 1 we consider the mappings:

ap - Qg(M) — Q]{(M)7 040(900) = (()0070)7

Bi s (M) — Q51 (M), Bi(po, ¥o) = o,

for all po € QP(M) and ¢y € Q' (M). Then we can relate the cohomology H (M) with
the de Rham cohomology H*®(M) = Hj,(M) in the following manner:
The mappings ag and 1 induce an exact sequence of complexes

0 — (Q°(M),d) 2% (Q2(M),di) 2 (Q*= (M), —d) — 0.
This exact sequence induces a long exact cohomology sequence
Oé* * 6* -~
o HPL (M) 20 g (o) 2 mE () S 5 ()

where of and B] are the homomorphisms induced by af and 37, respectively and 67,
is the connecting homomorphism defined by

8% p1[t0] = [~ Labol, ¥ [vo] € HYR' (M).
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Since L = e,d + de,, it follows that 67, ; = 0 and then we have the isomorphism
-1
Hy (M) ~ Hgp(M) ® Hyp™ (M)

and consequently by ,(M) = b,(M) + by—1(M). Thus the theorem is proved for k = 1.
Now we suppose that relation (2.2) is valid for k£ = j and we prove it for k = j + 1.
In a similar manner with the previous reasoning, we consider the mappings:

aj : QM) — Q| (M), a;(v)) = (¢5,0;),

Bjs1 (M) = Q87N (M), Bia (), 5) = oy,

for all p; € QY(M) and pj41 = (pj,¢5) € QF,(M). Then, since L; = e;,d; + djej,
we obtain that the connecting homomorphism 67, , ; defined by 67, , 4[¥;] = [-L;v;]
vanishes and hence the following isomorphism holds

Hp

P (M) ~ H (M) © HY (M)

and consequently bji1,(M) = bj (M) + bjp—1(M). By induction hypothesis we have

J
M) :Zc;bp,t( bjp1( Zc by—t1(
t=0

and so
J+1

J+17p E , +1bp t

which ends the proof. O

3 Some dy—cohomology classes

It is easy to see that in the case k = 1 the 1-differentiable form (7, 1) is di—closed and its
d1—cohomology class [(n,1)] in H{(M) is non-vanishing, see [8].

In the following we intend to find similar non-vanishing cohomology classes in dg—
cohomology H} (M), for any integer k > 1. For this reason we define

M= —(Mk—1,2k—1) € Q(M),
where g = n and 2 = (2x_1,0x_1) with 25 = 2.
Proposition 3.1. For every k > 2, the generalized 1-differentiable 1-forms of order k

defined by (Mg—1, 1g—1), where 1 = (1x_1,0_1) with 11 = (1,0), are dp—closed and their
associated cohomolgy classes [(ng—1, 1xk—1)] in HL (M) are non-vanishing.
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Proof. 1t follows by induction after k. For k = 2, we have

da(m,11) = d2(=(n,2),(1,0))

(=di(n,2) — L1(1,0), —d1(1,0))
((—=dn + 2dn,0) — (dn,0), (0,0))
= (01,01) = 0a.

Now we suppose that (nx_1, 1x_1) is dy—closed and we prove that this implies that (7, 1x)
is dg1—closed. Indeed, we have

(drpme — Li 1k, Ox)

(=de(Me—1,2k-1) — (Lk—11x—1,0-1),0p)
(—dr(Mr—1,1k—1) — dp(Op—1,15-1) — (Lg—11x—1,08—1), Ox)
(Or — (=Lg—11p—1,0p—1) = (Lp—11g—1,0%-1), Or)

dy1(M; 1x)

I

o
o
+
-

where we have used the induction hypothesis and 2 = 1; + 1. This means that
(Mk—1, 1g—1) are dj-closed and gives some dj—cohomology classes in H}(M).

Now, suppose that the associated djy—cohomology classes [(7;—1,1x—1)] vanish. This
means that there is a generalized 1-differentiable function fi = (fx—1,0x—1) of order k
such that (ng—1,1x—1) = di fr that is imposible. So, [(7x—1,1x—1)] are non-vanishing for
every integer k > 2. O

In order to obtain another di—cohomology classes, we define an inductive generalization
of an exterior product in the space Qf (M) of generalized 1-differentiable forms of order
k, by

Ok Mk P = (Ph-1 Neo1 P 1, (— 1011 A1 P g + Vre1 At 9p_1)

for any ¢ = (pr_1,%6-1) € QM) and ¢, = (¢, 1,9, ,) € Q0 (M). Note that the
above product is anticommutative, associative and distributive with respect to sum, i.e.
(Qu (M), Ng) is a graded algebra on M and dj, is an antiderivation with respect to this
product, namely

di (o Ak o) = dior Ak o + (—1)Pior Ak dioy.-

We also notice that for k = 1 we have that A9 = A is the classical exterior product
and the exterior product A; is just the product defined by Lichnerowicz ( see the relation
(5.5) from [11]).

In the case k = 1 it is easy to see that (nA (dn)P, (dn)P) is d;—closed and its cohomology
class [(n A (dn)P, (dn)P)] € H12p+1(M) is zero for every p=0,1,..., [2], see also [7]. Using
the generalized 1-differentiable 1-forms 7 defined above, one gets

Proposition 3.2. For every k > 2 the generalized 1-differentiable 2p + 1—forms of order
k given by (nk Ax (dene)?, (dgng)P) are dyy1—closed for every p = 0,1,..., [%] and their
associated dyy1—cohomology classes vanish.
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Proof. Firstly, we notice that we can easily obtain

(dk—1Mk—1,0,—1)" := (dr—1Mk—1,06—1) Nk -« - Ak (dk—1Mk—1,0k—1) = (drmw)?. (3.1)

~~
p

Using (3.1) and mathematical induction after k£ we obtain

L (i A (dienie)? ™) = mie Ak (diemie)P- (3.2)

Indeed, for k = 0 we have L(n A (dn)P~1) = dnp An A (dn)P~! = n A (dn)P. Suppose now
that the relation (3.2) is valid for £ = j — 1 and we prove it for k = 5. We have

Li(nj Aj (dm)P ™) = Li(=(nj-1,2j-1) Aj (dj—1m-1)P"",0))

= Li(—(nj—1 Aj1 (dj—amy—1)P ", 25-1(dj—ami—1)P ™)
—(Lj—1(nj—1 Ajor (dj—ami—1)P™ 1), 21 L (djamj—1)P )
—(nj—1 Nj—1 (dj—1nj—1m5-1)P, 25 (dj—1m;-1)P)
(=(mj=1,2j=1) Aj (dj—1mj=1)", 0-1)
=1 Aj (dgng)?,

where we have used
Li(ding)? = (dine )P

which also follows by mathematical induction after k.
Finally, using (3.2) we obtain

i1 ((drm)?s —mk Ak (dini)? ™) = (e Ak (dime), (dime)P)

which ends the proof. O

4 A generalization of coeffective 1-differentiable cohomol-
ogy and coeffective numbers

In this section we consider an inductive generalization of coeffective 1-differentiable coho-
mology and coeffective numbers of a smooth manifold. In the case of an almost contact
manifold of finite type we prove that the generalized coeffective numbers are bounded by
generalized Betti numbers of the manifold.

Let us consider
AP (M) = ker{Ly, : QV (M) — QVY*(M)}

called the coeffective space of 1-differentiable p—forms of order k.
It is easy to see that

AP(M) = AY_ (M) & ALZ{(M).

Indeed, we have that Lipr = O if and only if Ly_1pr_1 = Lg_1¥x—1 = Ox_1, for any
ok = (Pr—1,%r-1) € Q(M).
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Since Lydy, = dj, Ly, we obtain that (A} (M), dy) is a differential subcomplex of (2, (M), d)
and consider the associated cohomology H} (A(M)) called generalized coeffective 1-differentiable
cohomology of order k of M. If this cohomology is finite, we define the generalized p-
coeffective numbers of order k by ¢y ,(M) = dim HY (A(M)).

Using the same technique as in Section 2 we can prove the following isomorphism:

HY(A(M)) ~ HY_ | (A(M)) & H | (A(M))

and consequently
k
crp(M) =) Clep—e(M), (4.1)
t=0

where ¢, (M) = dim HP(A(M)) are the classical coeffective numbers of M.
According to [4, 5], if (M, F, &, n) is an almost contact manifold of dimension 2n + 1 of
finite order then

bp(M) = bpi2(M) < cp(M) < bp(M) + bp41 (M) (4.2)
for any p > n + 2 and if M is a contact manifold of dimension 2n + 1 of finite order then
cp(M) = bp(M) + bp1 (M) (4.3)

for any p > n + 2.
Now, using (2.2), (4.1), (4.2) and (4.3), we obtain

Theorem 4.1. i) If (M, F,&,n) is an almost contact manifold of dimension 2n + 1
then

bk,p(M) - bk,p+2(M) < Ck,p(M) < bk,p(M) + bk,erl(M) (4.4)
foranyp>k+n+2.

it) If (M,n) is a contact manifold then
Chyp (M) = bpoyp (M) + bgep11 (M) (4.5)

foranyp>k+n+2.
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