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A NEW LINEAR POSITIVE OPERATOR OF DURRMEYER TYPE
ASSOCIATED WITH BLEIMANN - BUTZER - HAHN OPERATOR
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Abstract

In this paper we define a new linear positive operator associated with Bleimann -
Butzer - Hahn operator and study some of its approximation properties.
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1 Indroduction

Consider the following spaces of the real valued functions on [0,+∞):
B[0,+∞) the space of bounded functions;
C[0,+∞) the space of continuous functions;
CB[0,+∞) = C[0,+∞) ∩B[0,+∞);

C0[0,+∞) =

{
f ∈ C[0,+∞) | (∃)

∣∣∣∣ lim
x→+∞

f(x)

∣∣∣∣ <∞}.

Spaces C0[0,+∞) and CB[0,+∞) are Banach spaces regard with the sup - norm
‖f‖ = sup

x∈[0,+∞)
|f(x)| and C0[0,+∞) is a linear subspace of CB[0,+∞).

Denote by ei, i ∈ N ∪ {0}, the monomial functions ei(x) = xi, x ∈ [0,+∞) and by
ω(f, ·) the first modulus of continuity of f .

For n ∈ N, let Ln : CB [0,+∞) −→ CB [0,+∞) be the Bleimann - Butzer - Hahn
operator [7] defined as:

Ln(f ;x) = (1 + x)−n
n∑

k=0

(
n

k

)
xkf

(
k

n− k + 1

)
, f ∈ CB [0,+∞) , x ≥ 0, n ∈ N. (1)

The approximation properties of this operator are well-known and were studied by many
authors (G. Bleimann, P. L. Butzer, L. Hahn [7]; U. Abel, M. Ivan [9]; O. Agratini [5]; F.
Altomare, M. Campiti [6], etc) and the most important of them were included in the next
lemma.
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Lemma 1. For n ∈ N and x ≥ 0 operator (1) has the following properties:

1. Ln (e0;x) = 1;

2. Ln (e1;x) = x− x
(

x

1 + x

)n

;

3. If n ≥ 24(1 + x) then
∣∣Ln (e2;x)− x2

∣∣ ≤ 2x(1 + x)2

n+ 2
;

4. |Ln (f ;x)| ≤ ‖f‖;

5. lim
n→∞

Ln (f ;x) = f(x) uniformly in x on each compact [0, b], b > 0;

6. For (∀)δ > 0, (∀)x ≥ 0, (∀)n ≥ 24(1 + x)

|Ln (f ;x)− x| ≤

1 +
1

δ

√
4x(1 + x)2

n+ 2

ω(f ; δ);

7. If f has derivative on [0,+∞) and f ′ ∈ CB [0,+∞) then for (∀)n ≥ 24(1 + x),
n ∈ N, x ≥ 0

|Ln (f ;x)− f(x)| ≤ (x+ 1)2

n+ 2

∣∣f ′(x)
∣∣+ 2δn(x)ω

(
f ′; δn(x)

)
,

with δn = 2(1 + x)

√
x

n+ 2
;

8. Ln(F ; y) =
n∑

k=0

(
n
k

)
yk(1− y)n−kF

(
k

n+ 1

)
, with F (y) = f

(
y

1− y

)
, y ∈ [0, 1)

(the Bernstein - Stancu operator, see Stancu [11] respectively Ln = V ◦Bn+1◦U, n ∈
N with

U : R[0,+∞) −→ R[0,1), U(f ; t) =

(1− t)f
(

t

1− t

)
, t ∈ [0, 1)

0, t = 1

and

V : R[0,1) −→ R[0,+∞), V (g;x) = (1 + x)g

(
x

1 + x

)
, x ≥ 0,

Bnf being the n-th Bernstein operator, see J. A. Adell, F. G. Badia, J. De la Cal
[2] and M. Ivan [9]);

9. If f ∈ R[0,+∞), f(x) = O(1 +x) (x→ +∞) and f has derivative on a neighbourhood
of the point x0 ∈ [0,+∞) and f ′′ (x0) exists, then

lim
n→∞

n (Ln (f ;x0)− f (x0)) =
x0 (1 + xo)

2

2
f ′′ (x0) ;
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10. If f ∈ C [0,+∞), f(x) = o(x) (x → +∞), f is convex function or f ∈ R[0,+∞)

is nonincreasing and convex function, then Lnf is convex and f ≤ Ln+1f ≤ Lnf ,
n ∈ N;

11. f ∈ LipMα⇐⇒ Lnf ∈ LipMα, α ∈ (0, 1].

Using a general method of construction of linear positive operators, which means associ-

ating to operator Hn : CB(I) −→ CB(I), Hn(f ;x) =
n∑

k=0

hn,k(x)f (xn,k) , f ∈ CB(I), x ∈

I, a linear positive operator defined as follows:

In(f ;x) =

n∑
k=0

hn,k(x)Fn,k(f), f ∈ CB(I), x ∈ I, (2)

(with hn,k ∈ CB(I), hn,k ≥ 0, under condition that xn,k ∈ I exists, the barycenter of
a µn,k probability Borel measure on I, n ≥ 1, k = 0, n i.e. xn,k =

∫
I

tdµn,k(t) and

Fn,k(f) =
∫
I

f(t)dµn,k(t)), we study in the next section a new operator which is associated

to Bleimann - Butzer - Hahn operator.

2 A new linear positive operator

Let Fn,k(f) =


f(0), k = 0
∞∫
0

f(t)ρn,k(t)dt, 1 ≤ k ≤ n− 1

f(n), k = n

, n > 1 be, for each k and n, a linear posi-

tive functional, defined for ρn,k(t) =

0, t ≤ 0

1

B(k, n− k + 2)
· tk−1

(1 + t)n+2
, t > 0, 1 ≤ k ≤ n− 1

,

n > 1 an Inverse - Beta probability density function, with B(a, b) =
∞∫
0

ta−1

(1 + t)a+b
dt, a > 0,

b > 0 the Inverse - Beta function.

We obtain the knots xn,k =

0, k = 0
k

n− k + 1
=
∞∫
0

tρn,k(t)dt =
B(k + 1, n− k + 1)

B(k, n− k + 2)
, 1 ≤ k ≤ n

,

and we consider a new linear positive operator Cn : CB [0,+∞) −→ CB [0,+∞) defined
by (2) as follows:

Cn(f ;x) =
1

(1 + x)n
f(0) (3)

+

n−1∑
k=1

(
n

k

)
xk

(1 + x)n
· 1

B(k, n− k + 2)

∞∫
0

f(t)
tk−1

(1 + t)n+2
dt

+

(
x

1 + x

)n

f(n),
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x ≥ 0, f ∈ CB [0,+∞).

3 Some approximation properties

It is easy to see, that
Cn (e0;x) = 1, (4)

Cn (e1;x) =
n−1∑
k=1

(
n

k

)
xk

(1 + x)n
· k

n− k + 1
+ n

(
x

1 + x

)n

=

n−1∑
k=1

(
n

k − 1

)
xk

(1 + x)n
+ n

(
x

1 + x

)n

=

n−2∑
j=0

(
n

j

)
xj+1

(1 + x)n
+ n

(
x

1 + x

)n

=
x

(1 + x)n
[
(1 + x)n − nxn−1 − xn

]
+ n

(
x

1 + x

)n

= x− x
(

x

1 + x

)n

. (5)

For the monomial function e2(x) we have

Cn (e2;x) =

n−1∑
k=1

(
n

k

)
xk

(1 + x)n
· B(k + 2, n− k)

B(k, n− k + 2)
+ n2

(
x

1 + x

)n

=
n−1∑
k=1

(
n

k

)
xk

(1 + x)n
· k(k + 1)

(n− k)(n− k + 1)
+ n2

(
x

1 + x

)n

=
n−1∑
k=1

(
n

k − 1

)(
n+ 1

n− k
− 1

)
xk

(1 + x)n
+ n2

(
x

1 + x

)n

=

n−1∑
k=1

(
n+ 1

k − 1

)
n− k + 2

n− k
· xk

(1 + x)n
−

n−2∑
j=0

(
n

j

)
xj+1

(1 + x)n
+ n2

(
x

1 + x

)n

=
n−1∑
k=1

(
n+ 1

k − 1

)
xk

(1 + x)n
+ 2

n−1∑
k=1

(
n+ 1

k − 1

)
1

n− k
· xk

(1 + x)n
− x

+n

(
x

1 + x

)n

+ x

(
x

1 + x

)n

+ n2
(

x

1 + x

)n

=

n−2∑
j=0

(
n+ 1

j

)
xj+1

(1 + x)n
+ 2

n−2∑
j=0

(
n+ 1

j

)
1

n− j − 1
· xj+1

(1 + x)n
− x

+n

(
x

1 + x

)n

+ x

(
x

1 + x

)n

+ n2
(

x

1 + x

)n

=
x

(1 + x)n

[
(1 + x)n+1 − n(n+ 1)

2
xn−1 − (n+ 1)xn − xn+1

]
+2

n−2∑
j=0

(
n+ 1

j

)
1

n− j − 1
· xj+1

(1 + x)n
− x+ n

(
x

1 + x

)n

+ x

(
x

1 + x

)n

+ n2
(

x

1 + x

)n
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= x2 +
n(n+ 1)

2

(
x

1 + x

)n

− nx
(

x

1 + x

)n

− xn+2

(1 + x)n
+R

with R = 2
n−2∑
j=0

(
n+1
j

) 1

n− j − 1
· xj+1

(1 + x)n
.

Since
1

n− j − 1
≤ 4

n− j + 2
, 0 ≤ j ≤ n− 2, n ≥ 2 we obtain

R ≤ 8
n−2∑
j=0

(
n+ 1

j

)
1

n− j + 2
· xj+1

(1 + x)n

< 8x

n+1∑
j=0

(
n+ 1

j

)
1

n− j + 2
· xj

(1 + x)j

(
1− x

1 + x

)n−j
.

Considering the random variable
1

n+ 2− U
, with U having Bernoulli distribution with

parameters n+ 1 and p =
x

x+ 1
, using the mean value, we have

R < 8x(1 + x)
n+1∑
j=0

(
n+ 1

j

)
1

n− j + 2
· xj

(1 + x)j

(
1− x

1 + x

)n+1−j

= 8x(1 + x)E

[
1

n+ 2− U

]
.

Using the caracteristic function it is easy to see that, the random variable n+ 1− U has

a Bernoulli distribution with parameters n+ 1 and q = 1− p =
1

x+ 1
.

Together with a result of Chao and Strawdermann [8, (3.4)] we obtain for the mean
value

E

[
1

n+ 2− U

]
= E

[
1

1 + (n+ 1− U)

]
=

1− pn+2

(n+ 2)q
<

1

(n+ 2)q
=

1 + x

n+ 2

and so, R ≤ 8x(1 + x)2

n+ 2
. It results

Cn (e2;x) ≤ x2 +
n(n+ 1)

2

(
x

1 + x

)n

− nx
(

x

1 + x

)n

− xn+2

(1 + x)n
+ 8

x(1 + x)2

n+ 2

≤ x2 +
n(n+ 1)

2

(
x

1 + x

)n

+ 8
x(1 + x)2

n+ 2

≤ x2 + 11
x(1 + x)2

n+ 2
. (6)

Indeed, because (1+x)n+2 ≥
(
n+2
3

)
xn−1, x ≥ 0 it results

n(n+ 1)

2

(
x

1 + x

)n

≤ 3x(1 + x)2

n+ 2

and so,
∣∣Cn (e2;x)− x2

∣∣ ≤ 11x(1 + x)2

n+ 2
, x ≥ 0.
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Theorem 1. For each function f ∈ CB [0,∞), x ≥ 0 follows

1. 
Cn (e0;x) = 1

Cn (e1;x) = x− x
(

x

1 + x

)n

Cn (e2;x) ≤ x2 +
11x(1 + x)2

n+ 2
, n ≥ 2

(7)

2.

Cn(f) =⇒ f on [0, b] , b > 0 (the symbol =⇒ means the uniform convergence);
(8)

3. For δ > 0, x ≥ 0, n ≥ 2

|Cn (f ;x)− f(x)| ≤

1 +
1

δ

√
13x(1 + x)2

n+ 2

ω(f, δ); (9)

4. If f is differentiable and f ′ ∈ CB [0,∞) then (∀)δ > 0, x ≥ 0, n ≥ 2

|Cn (f ;x)− f(x)| ≤ (1 + x)2

n+ 2

∣∣f ′(x)
∣∣+ 2

√
13x(1 + x)2

n+ 2
ω

f ′,
√

13x(1 + x)2

n+ 2

 .

(10)

Proof. 1. It results from (4), (5) and (6).

2. Since operators Cn are positive, it is enough to prove the relation (8) for three test
functions ei(x) = xi, i = 0, 1, 2, x ≥ 0. Using the theorem Popoviciu - Bohmann -
Korovkin we obtain with (4), (5), (6) the uniform convergence (8).

3. - 4. Let ϕx(t) = |t− x| , t ≥ 0, be a function for each fixed x ≥ 0. We have

Cn (ϕx;x) = Cn (e2;x)− 2xCn (e1;x) + x2

≤ x2 +
11x(1 + x)2

n+ 2
− 2x

(
x− x

(
x

1 + x

)n)
+ x2

≤ 11x(1 + x)2

n+ 2
+ 2x2

(
x

1 + x

)n

.

Since,
(
n+2
n+1

)
xn+1 ≤ (1 + x)n+2 we obtain

(
x

1 + x

)n

<
(1 + x)2

x(n+ 2)
and

Cn (ϕx;x) <
13x(1 + x)2

n+ 2
. (11)

Using a well-known result of O. Shisha , B. Mond [12, Th.1],with (7) and (11) we
have (9) and (10).
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