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Abstract

In this paper we introduce the generalized complex Lagrange metrics of
Beil type, which arise from a fundamental metric tensor of a complex Finsler
space, both on the same complex manifold. Also, we determine the con-
ditions under which, the complex non-linear connection, related only to a
generalized complex Lagrange metric of Beil type, can be obtained.
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1 Indroduction

The real Beil metrics were first introduced by. R.G. Beil in order to develop
his unified theory in [6]. These were called Beil metrics on a real Finsler space
(M, F) with the metric tensor g;;(x,y), having the formula

“gij(%,y) = gij(x,y) + o(z,y) Bi(z,y) Bj(w,y), (1)

were B;(z,y) = gij(z,y)B?(z,y), for B/(x,y) a given Finsler vector field. R.G.
Beil tells about his choice of metric (1): ”Since in my unified theory the quantity
k which corresponds to your o is related to the gravitational constant, this means
that a possible physical interpretation of your theory with a y—dependent o is
that gravitation is itself velocity dependent”. The major use of the real Beil
metrics is also pointed in [3, 7, 8, 10, 11, 14], etc. Our aim is to give a systematic
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description of generalized complex Lagrange spaces, endowed with complex Beil
metric on a complex manifold M,

*gij(zv 77) = gij(z7 77) + O‘(Z, 77)31'(757 n)Bj(Za 77)? (2)

with g;5(2,7) as the fundamental metric tensor of a complex Finsler space (M, F'),
and B;(z,n) = gi;(%, n)Bi(z,n), for Bi(z,n) a given complex Finsler vector field.
This space is most interesting for its applications in the theoretical physics, having
as basis the geometry of the complex Finsler space.

The particular form of (2) achieved for 0 = a(F?), a : R — R, and B; = n;
was studied by the author in [15]. In this case the metric tensor *g;; will be non-
degenerate, Hermitian and homogeneous in 7, and so (M,* g;;) becomes a complex
Finsler space.

In this paper, after some preliminaries in Section 2, we introduce the com-
plex Beil metric, i.e., a complex metric which contains two parts: the first is a
fundamental metric tensor of a complex Finsler space and the second one is the
product of a real valued function with two complex vector fields, all defined on
an underlying complex manifold. In Theorem 1. we show that the above con-
structed metric is a generalized complex Lagrange metric under some conditions,
calculating meanwhile its inverse and its determinant (Proposition 2.).

Further on, we point out cases when the generalized complex Lagrange metric
becomes a weakly regular metric, (Proposition 3.). In this case we are able to
determine the complex non-linear connection, briefly (c.n.c.), of it. A further cus-
tomization of this space, is the generalized complex Lagrange space with regular
metric. This case is discussed in Proposition 4.

Another special case of generalized complex Lagrange spaces is given by the
generalized complex local Minkowski spaces. They are treated in Proposition 6.

After this, we find exactly the form of the complex Lagrangian of a complex
Beil metric.

2 Preliminaries

Let M be an n—dimensional complex manifold. The complexified of the real
tangent bundle T M splits into the sum of holomorphic tangent bundle 7'M and
its conjugate T M. The bundle T’ M is in its turn a complex manifold. The local
coordinates in a chart will be denoted by u = (¥, n¥), k = 1,...,n, which are
changed by the rules: 2’* = 2'*(2), n'* = %ZZ/ Jk n/. The complexified tangent bundle
of T"M is decomposed in the direct sum of T'(T"M) and T"(T'M) respectively.

A natural local frame for T, (7" M) is {%, 8%}, and it changes by the rules:

0 _ ko Pk 0
D28 T Bzh 02k ' 029950 on'k’
0 02’k 0

aF = 9k aE (3)
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Let V(T'M) = Ker(7*) C T'(T'M) be the vertical bundle, spanned locally by
%. A complex non-linear connection, briefly (c.n.c.), determines a supplementary
complex subbundle to V(T'M), i.e. T'(T'M) = V(T'M)® H(T'M). It determines
an adapted frame {% = a%k - N,z%}, where Ng(z, n) are the coefficients of the
(c.n.c.). These functions have a special rule of change obtained by (3). Then
{0k = %, O = %} is an adapted basis of H(T'M). For more details you can
see [8, 9]. Moreover, the pair (M, F) is called a complex Finsler space, where
F:T'M — RT is a continuous function which satisfies:

i) L := F?is smooth on T'M :=T'M \ {0};
ii) F(z,m) > 0, the equality holds if and only if n = 0;
iii) F(z,An) = |A[F(z,n) for X € C;

iv) the following Hermitian matrix (g;;(2,7)), with g;; = %, is positive

definite on T'M , and it is called the fundamental metric tensor.

If the iv)-th assumption is satisfied, then the Finsler metric F' is strongly
pseudoconvex, this means that the complex indicatrix Ir, = {n € T.M | F(z,n) <
1} is strongly pseudoconvex.

Certainly, a main problem in this geometry is to determine a (c.n.c.) related
only to the fundamental metric tensor g;; of the complex Finsler space (M, F').

A Hermitian connection D on the sections of Te:(T'M), of (1,0)—type, which
satisfies in addition D;jxY = JDxY, for X horizontal vectors and J the natural
complex structure of the manifold, is the Chern-Finsler connection (see [12]). This
connection is locally given by the following coeflicients:

oF _ Oar-
N]z:gmz glm l.

8Zj 77)

Liy = g™ 0kgjm = 0Ny Cly = g™ Okgjm, (4)

and L;k = C’;]—e = 0, where here and subsequently d is the adapted frame of the
Chern-Finsler (c.n.c.) and Dj, d; = L;kéi, Dékéj = C;k3i7 etc.
Let N; be the local coefficients of a fixed (c.n.c.).

Definition 1. A generalized Lagrange metric on M is a d—tensor field §i3(z,77)
of ((1] (I))—type, non-degenerated and Hermitian Gi; = gjz. The pair (M, gi;) is said
to be a generalized complex Lagrange space.

In particular, when g;; derives from a complex Lagrangian function L:T'M —

R,ie. gi= %, then the pair (M, g;;) is called a complex Lagrange space and
a study of such structure is made in [13].

A complex Lagrange space for which the Lagrange function I:(z, n) is homo-
geneous with respect to 7, i.e. i(z,)\n) = \A\Qi(z,n), for A € C, is a complex

Finsler space. For detailed analysis, [12, 13] can be consulted.
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3 The complex Beil metric

Following the ideas from real case, [3, 4, 7], we shall introduce a new class
of complex metrics. Let (M, F) be a an n—dimensional complex Finsler space,
and g;; its fundamental metric tensor. Assume that (M, F) is endowed with a
complex Finsler vector field B = B¥(z,1)0;, and let By(z,n)dz" be a differential
(1,0)—form with By = ggmB™, where B™ := B™. The lowering and rising of
indices will be done with (g;;) and (¢7%), where g;;07* = &%, respectively.

Also, we consider o : T"M — R, a real valued function, on 7M. By these
objects we set

*gi]_(z7 77) = gij_(zv 77) + U(Zv U)Bz(% 77)BJ_<27 77) (5)

Our aim is to prove, that the matrix (*g;;), defined above, is non-degenerate
and *g;; is a Hermitian d—tensor of ((1) ?)—type.

It is clear that (*g;;) are the components of a Hermitian matrix, and they
satisfy the transformation law *ggj = %’“; f %*gk[. To find the formulas for the
inverse and the determinant of the matrix (*g;;), we use the Proposition 2.2 from

[2] for an arbitrary non-singular Hermitian matrix (Q;3) :

Proposition 1. [2/ Suppose:

e (Qij) is a non-singular n X n complexr matriz with inverse (Q7);

e C;and Cy:=Cj, i=1,...,n are complex numbers;

o C":= Q7Cy and its conjugates; C* := C'C; = C"Cy; Hyy := Q;5 £ CiCy.
Then

i) det(H;;) = (1 £ C?)det(Qs7);

i) Whenever 1+ C? # 0, the matriz (Hy;) is invertible and in this case its
inverse is H1' = Q7 F @CICJ_.

Proposition 2. For the d—tensor *g;; from (5) we have,
i) det(*gi;) = (1+ o B?)det(g;);

ii) If 1 +0B% # 0, the d—tensor 9i; is non-degenerate, and his inverse has the

following expression *g¢/* = ¢7* — 1+ZB2 B'BY,

where B? = B;B" = ¢;;B'B’ (the length of B with respect to gi;).

Proof. To prove the affirmations we apply the above Proposition. First we set
Qi =g, Ci=+\0oB;, C'=g'C;=+0oB
C? =(C'C; =+\/oB'-\/oB; = 0B,
Hij = Giy + C@Cj = Gij + O'BiBj =* Gij-
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Applying i) from the Proposition 1. we obtain,
det(H;;) = det(*gi;) = (1 + C?)det(Qi;) = (1 + o B?)det(gi;) (6)

To show, that (*g;;) is invertible, we use i) from the Proposition 1. From this
we obtain, that if 1 + C? = 14 0B? # 0, and then the matrix (H;;) = (*gij), is
invertible and its inverse has the following expression

1

Tl =g"

gl — HI = QP — B'B. (7)

14+ 0B2
O

So we have proven:

Theorem 1. The pair (M,* gi;) is a generalized Lagrange space, briefly (g.c.L)
space, if and only if 1 + o B? # 0.

Therefore, (*g;;) from (5) define a (g.c.L) metric, if 1 + 0B? # 0, which we
call the complex Beil metric, by analogy with the real case, [3].
From the expression of det(*g;7), we can affirm the followig.

Lemma 1. The Beil metric *giz(z,m) from (5) is a positive definite (g.c.L) metric
if and only if 1 + o B? > 0.

Of course, the most tangible examples of generalized complex Lagrange metric
are those which are obtained from a Lagrange or a Finsler function on 7' M.

We shall consider some proper subclasses of (g.c.L) spaces, for which a (c.n.c.)
on T"M can be obtained from the metric tensor *g;;.

It is said that *g;; is a weakly regular metric if (M, € =* g;;n'n7) is a complex
L Thi ~ o2%¢e . .
agrange space. is means that 9i7 = Fpigq7 1S @ Hermitian non-degenerated
metric. In our case, the complex energy € has the formula:

8(2’,77) =" gij_(z7n)niﬁj = L(Zv 77) + 0(27 n)BiBJ_niﬁj =L+ U‘B|27 (8)

where 8 = B;(z,n)n', and j3 is its conjugate.
By a direct computation, we deduce

Gi7 = giy+0i5| B> +0i(B;8+ BBy) +05(BiB+ BB:) + (B B+ BiBi+ BizB+BBiz), (9)

where 3; := 88, Bi := ;8, Bi7 == 3,6]—6, o; == 0o, o7 = 370 and their conju-
gates.

It is hopeless to decide if g;; is invertible or not. However we can study some
particular cases.
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Proposition 3. i) If the complex Liouville vector field T' = nk% 15 orthogonal
to B, then *g;; is a weakly regular metric, and g;; = g;7-

ii) If B; = B;i(2) and o(z,m) = f(|B]?), for f : R — R a smooth function,
then *g;; is a weakly regulm“ metm’c if and only if 1+ @B?% # 0, where ¢(|B)?) =

B+ 3f1B2+ f, f =

, 7= d\ﬁQ 7 and also we have

iz = gi7 + ¢(2,1)Bi(2) B5(2). (10)

Proof. i) The condition I" orthogonal to B is equivalent with 8 = 0. In this case

€ =L, and so (M, E) becomes a complex Finsler space, which is also a complex
Lagrange space. Hence (9) is reduced to gi; = gi7.

ii) A direct computation leads to (10). With o replaced by ¢, the forms of

gi7 coincide with the form of it *g;;. It follows, that the metric g;; became a

non-degenerate Hermitian metric. So, (M, £) becomes a complex Lagrange space.

O

Remark 1. Condition f = 0 and B; = B;(2) are incompatible, because they imply
that B = 0.

It is well known, that the complex energy € is uniquely determined by the

metric of the (g.c.L) space (M,* g;3). Then it follows, that also the Chern-Lagrange
CL
(c.n.c.) depends only on *g;;. From (5.1.8) [12] we have *]\ﬂC * gk 28 from

here we obtain.

Lemma 2. The Chern-Lagrange (c.n.c.) of the (g.c.L) space (M,* g;3) with weakly
reqular metric given by the Proposition 3. case ii) has the following expression:

CL CF
*NF = NF+ g (fB:By)n" + BB, Nm (1 =" B)(f'1B1 + f) — ¢] (11)

”’f(a o f)|BP2,

where p(|82) = 1812+ 3f|B2+ f, *¢ = Sprr and”|;” denotes the horizontal
covariant derivative of the Chern-Finsler (c.n.c.) of the complex Finsler space

(M, F).

Another subclass of the (g.c.L) spaces, are (g.c.L) spaces with regular metric.
To determine when the complex Beil metric *g;; is a regular metric we use the
Proposition 5.2.2 from [12], p.110 for an arbitrary (g.c.L) space (M, gi7):

Proposition 4. [12] The pair (M, gi7) is a (g.c.L) space with regular metric if
and only if the following conditions are satisfied:
1) (M g”) is a (g.c.L) space with weakly regular metric;

2) a,,ﬂ? = 8

Proposition 5. i) If the complex Liouville vector field T' = nka%k s orthogonal
to B, then *g;7 is a reqular metric, and g;; = gij.



Generalized complex Lagrange spaces with Beil metric 141

ii) If B; = B;i(2) and o(z,m) = f(|B8]?), for f : R — R a smooth function,
then *g;; is a regular metric if and only if f =c € R and 1 + cB? £ 0, and also
we have

Giz =" gi7 = gi + cBi(2) B5(2). (12)

Proof. i) From Proposition 3. we know that, in this case, (M,* g;7) is a (g.c.L)
space with weakly regular metric, and € = L. Because L is a complex Finsler
metric, then the condition 2) from the above Proposition is also satisfied. The
form of g;; results likewise from Proposition 1.

ii) The second condition from the above presented Proposition asks that the
complex energy tensor & of the (g.c.L) space be homogeneous in 7.

9e .. . . . . . . 4
8771‘771 = (L + fIB%)n" = (O:L)n' + f/(%il B )" + f(Ai|BI1*m" = L+ (f + f2)|8

(13)
The equality 257" = € holds if and only if f' =0 < f = c € R. In this case,

ont
¢ = ¢, and so the condition 1 + ¢pB? # 0, will be equivalent with 1 + ¢B? # 0.
The formula of g;; instantly results.
O

An immediate conclusion of this Proposition and of Lemma 2 is

Lemma 3. The Chern-Lagrange (c.n.c.) of the (g.c.L) space (M,* giz) with reqular
metric given by the Proposition 5. case ii) has the following expression:

cL  Cr . 2B, C
N = Nj + g™ (BiBy)jn’ — CiB B, N (14)
where * g7 is expressed in (12), and”|;” denotes the horizontal covariant derivative
of the Chern-Finsler (c.n.c.) of the complex Finsler space (M, F).

A sufficient condition for the (g.c.L) space (M,* gi;) to be a locally Minkowski
space, (briefly, (g.c.l.M.)), is given by the following.

Proposition 6. Let (M,* gi;) be the (g.c.L), with the complex Beil metric (5).
If the complex Finsler metric giz is locally Minkowski. (i.e., there exists the local
chart on T'M in which g;; depends only onn), and Oy(0 B;By,) = 0, then (M,* gi7)
is a (g.l.c.M).

Proof. Indeed, under our assumptions, the derivative with respect to z of (5) gives
0k (*gi;) = 0, which means that *g;; is locally Minkowski. O

In the following, our aim is to construct the Lagrangian corresponding to the
complex Beil metric (5). We keep the hypothesis B; = B;(z) and o = f(|3]?), B #
0. From (10) we can deduce that

Giz =" gi7+ (f"181* + 3f'|B]) B: By. (15)
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From here, we have g;; =" g;; if and only if f is a solution of the differential
equation

a

LR

In this case we know that *g;; is a complex Lagrange metric. From the condition
Gi7 =" gi; we can deduce the form of *L :

F1BIY 318 =0 < f(8]°) = +b, a,beR. (16)

"L(z,m) = E(z,m) + Ai(2)n" + A;(2)iF + ¥(2), (17)

where A;(z) is a covector, and W is a real valued function. Plugging in (17) the
expresion of € from (8), we obtain

- Bl + A (20t 4 A (2)i
2B, By T BB A+ A (i £ 0(z), a,b e R
(18)

Consequently, we found that for the complex Lagrange metric *g;;(2,n) =

“L(z,m) = L(z,7n)

gi7(z,m) + (b - W) B;(z)Bj;(z), the corresponding complex Lagrangian is
iDj

*L from (18).

Remark 2. If we take a = 0, A; =0, W =0 and b > 0 in the expression of

*L from (18), then *F? :=* L(z,n) will be homogeneous in 1, and so the complex
Lagrange space (M,* F) becomes a complex Finsler space.
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