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Abstract

Following the study of the indicatrix of a complex Finsler space (M, L)
initiated in [10], in this paper an adapted frame is introduced on the complex-
ified of the real tangent bundle of the complex Finsler manifold in a manner
that makes it easier to study the properties of the indicatrix bundle. The
indicatrix IM is studied as a hypersurface of the holomorphic tangent bun-
dle 7'M and the adapted frame obtained on it gives simplified expressions of
the equations of the subspace. Using them, a link between the curvature and
torsion coefficients of the induced tangent connection and the ones existing
on the ambient manifold is obtained.
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1 Introduction

The study of the indicatrix of a real Finsler space is one of interest ([3, 5, 7],
etc.), mainly because it is a compact and strictly convex set surrounding the
origin. For example, the indicatrix plays a special role in the definition of the
volume of a Finsler space.

In this paper, based on some ideas from the real case and continuing the
existing ones in the complex spaces, the indicatrix bundle of a complex Finsler
manifold (M, F) is introduced and several of its properties are obtained. Firstly,
we recall some basic notions about complex Finsler geometry (in Section 1). Then,
in Section 2 a new local frame of vector fields in TcT" M is fixed and in this frame,
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the holomorphic tangent bundle of 7" M can be written as direct sum of the vertical
Liouville vector field and its orthogonal distributions with respect to the Sasaki
lifted metric G. With the help of these bases, a local frame is introduced on the
indicatrix bundle. In Section 3, by using the new frame introduced in Section
2, the Gauss-Weingarten formulae are expressed and the relation between the
local coefficients of the second fundamental form and Weingarten operator will
be given. Using the submanifold equations ([9, 10]), the local expressions for the
Gauss, H- and A-Codazzi, Ricci equations, corresponding to the indicatrix bundle,
are obtained in Section 4.

Now, we will make a short overview of the concepts and terminology used in
complex Finsler geometry, for more see [1, 8]. Let M be an n + 1 dimensional
complex manifold and z := (2*), k = 1,..,n + 1, the complex coordinates on
a local chart (U, ). The complexified of the real tangent bundle TcM splits
into the sum of holomorphic tangent bundle 7'M and its conjugate T” M, i.e.
TcM = T'M @& T"M. The holomorphic tangent bundle 7'M is in its turn a
(2n + 2)-dimensional complex manifold and the local coordinates in a local chart
inu e T'M are u := (zk,nk), k=1,..,n+ 1, where n* are the components of a
(1,0) vector of T,M, X, = nk’a%k.

Definition 1. A complex Finsler space is a pair (M,F), where F : T'M —
RT, F =F(z,n) is a continuous function that satisfies the following conditions:

i. L :=TF? is a smooth function on T'M :=T'M \ {0};
ii. F(z,nm) >0, the equality holds if and only if n = 0;
iii. F(z,An) = |\[F(z,n), YA € C;

92L

w. the Hermitian matriz (gﬁ(z,n)), with g;5 = T the fundamental metric

tensor is positive definite on T'M .

The last condition means that the indicatrix I, = {n | gij(z,n)niﬁj =1}
considered in a fixed point is strongly pseudoconvex, for any z € M. Moreover,
the positivity of (g;;) ensures the existence of the inverse (¢7%), with ¢/'g;z = 5%.

Condition iii. represents the homogeneity of L with respect to the complex
norm, L(z, A\n) = AL(z,n), YA € C, and by applying Euler’s formula we get that:

oL k:@—k:L. 9955 k_agﬁﬁk

= il 1

Roughly speaking, the geometry of a complex Finsler space consists of the
study of the geometric objects of the complex manifold 7'M endowed with a
Hermitian metric structure defined by g;;. Regarding this, the first step is the
study of the sections of the complexified tangent bundle of 7'M which splits into
the direct sum Tc(T'M) = T'(T'M) & T"(T'M), where T,/(T'M) = T!(T'M) .
Let V(T'M) C T'(T"M) be the vertical bundle, locally spanned by {%} and let

V(T"M) be its conjugate that contains (0,1)— vector fields.
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The idea of complex nonlinear connection, briefly (c.n.c.), is fundamental in
"linearization” of this geometry ([8]). A (c.n.c.) is a supplementary complex
subbundle to V(T'M) in T'(T'M), i.e. T"(T'M) = H(T'M) @&V (T'M). The hor-

izontal distribution H,(T'M) is locally spanned by {&ik = % — Ng%}, where

NZ(Z, n) are the coefficients of the (c.n.c.). Then, we will call the adapted frame

of the (c.n.c.) the pair {6k = 6%,“ O, = 8%,6}, which obeys the change rules
O = az/’f 52- and 9y, = gzzlkj 8; By conjugation everywhere we get an adapted frame

{67, Oz} on T"(T'M). The dual adapted bases are {dz*, on* := dn® + Nj’?dzj},
respectively {dz*, 67F}, where 67* = di* + N%déj.

Let us consider on T7"M the Hermitian metric structure G, named the Sasaki
type lift of the metric tensor g,;, as

G = g;;dz" @ d2F + g;56n" @ o7 (2)

On the sections of Te:(T' M) bundle, two almost complex structures act. One is
the natural complex structure J on the complex manifold T'M, given by J(0k) =
10k, J(0f) = —i0g, J(O) = 10k, J(0f) = —i0g,where O = 8‘97. With respect to
the adapted frames of a (c.n.c.), J is given by

J(O) =10, J(Oh) =0k, J(65) = —i6;, J(0f) = —id}. (3)
The second almost complex structure is
F(04) = =0k, F(Ok) =0k, F(6f) = =0  F() = 5 (4)

Further on, to avoid a possible confusion with the fundamental function F, we
will use the notation (M, L) for the complex Finsler space. Thus, (M, F,G) is an
almost Hermitian structure on 7"M and its integrability involves the integrability
of the horizontal distribution.

One main problem of this geometry is to determine a (c.n.c) related only by
the fundamental function of a complex Finsler space (M, L); one almost classical
now is the Chern-Finsler (c.n.c) ([1, 8]), in brief C-F (c.n.c.):

k mk O9um
N = 5.5 - (5)
The next step is to specify the derivation law D on sections of To(T'M). A
Hermitian connection D, of (1,0)-type, which satisfies D;xY = JDxY, for all
horizontal vectors X and J the natural complex structure of the manifold, will be
the Chern-Finsler linear connection, locally given by the next set of coefficients
(notations from [8]):

where D(;kéj = L;kéz, ngéj = L;k(‘)l, D8k8] = C]Zkaz, Dak(sj' = C;kéz Of

course, there is also DxY = DgY. From the homogeneity conditions (1) it
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takes: C’;knj = C;knk = 0. Moreov?r, considering that N7, is (1,0)-homogeneous,
i.e. (8{9N}>nk = N]Z: and (8,;]\7;)77’C = 0 ([2]), it takes place njLé-k = N} and
L%y, = 0;Ny.

Further we will use the following notation 7/ =: 773 to note a conjugate object.

2 A frame on the indicatrix bundle of a complex Finsler
manifold

In the following, we consider (ﬁ\?, G) the slit holomorphic tangent bundle of
the Finsler manifold M endowed with the Sasaki lift (2), which is a Hermitian
metric structure on 7'M = T'M\{0}. Considering that dim¢ 7'M = 2n + 2,
where dimg M = n + 1, we take on 7'M the local coordinates (z*,7"), with
k=1,..,n+ 1.

We denote by IM the hypersurface of T'M given by

IM= U LM, I.M= {neT/M|F(z,n) =1},

which will be called the indicatriz bundle of the complex Finsler space (M,F).
The above condition can be written, for any z € M, as

L(z,n) =1 or gs(znn'y =1.

In the following, considering the results form the real case [3], we will determine
the normal vector of the indicatrix bundle. First, it can be noticed that the

inclusion TM < T'M takes place. Locally, we can consider a parametrization of
this submanifold as:

2 =20, 7' =n'(w"), a€{l,2,.,2n+1}

Differentiating F2(z,7n) = 1 with respect to v® we obtain: %1;2 gj; + %1:; gg; =0.

Using F? = L, we can rewrite:

oL 0z n oL on' B
0zt Qve Ot Ove

From the homogeneity relations we define: 7; := gﬁﬁj = 9L Furthermore, on

= 57
T'M we consider the Chern-Finsler (c.n.c.) such that % = aai —NF_2_and 9L =
z z v On 0z

0. Then the above relations can be written as (% + NngLk) gj; + gnLi gg; =0,

2zt onP
NF =0. 7
(5 + 5 ) )
The natural frame field on M is represented by
0 :8,2" 8.+@17" 8':822'1 Nk82i+877k 0
vt v 0zt Ov*Ont  Ov®dz!

that is equivalent to

onk’

Cove T Qo
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Then, by (7), we have

8 1 8 o kazi 877k o
G <8va’77 W) = (Ni oo + v ) Ik = 0,

where G is the Sasaki lift. Then it follows that the vertical Liouville vector field
C= nla%l is orthogonal to T"(IM), i.e. it is normal to the indicatrix. Thus, we
can state:

Lemma 1. With respect to the Sasaki lift G given by (2), the vertical Liouville
vector field is everywhere orthogonal to the indicatriz bundle, i.e. G(X,C) = 0,
for any vector fields X € T'(IM). The vector field N = %C is a unit normal
vector field orthogonal of the indicatriz bundle.

The unit horizontal Liouville vector field £ = %ni% is tangent to IM since
G(&,N) =0. On T"M we have the natural complex structure J and the almost
complex structure F, given in (3) and (4), respectively. Thus, we notice that
F(N)=¢.

Consider the vertical Liouville distribution on 7'M defined by

Vi ={ZeT (V(I'M)) | G(Z,N) =0} . (8)

Since dim¢ V{; = n, we can assume that the orthogonal vertical distribution to
N in V/(T'M) with respect to the Sasaki lift G has a local frame taken as follows

([4]):
Vi =spanq —— ¢, ,a=1,..n
D g [ s ey T

Considering the fact that V}; is a hypersurface of V(T"M), the inclusion V}; <
V(T'M) takes place and as V(T'M) = span{d;}, i = 1,..,n + 1, there are the
projection factors defined as B (0) = go#; such that 9, = B;@Z , where 9, = %.
Note that rank(B.) = n.

We denote u(Z) = G(Z,N), for any Z € T'(V(T'M)), which is a vertical 1-
form. We notice that u (N) = 1, and, considering that V (T"M) = span{0d;}, we
have 1(9;) = G (87,, %ﬁk@;) = %m.

According to Vattamanny [11] or Bejancu [5], we can consider that any vertical
vector field Z = Z0; € T (V(T'M)) admits the decomposition

Z =PZ+ u(Z)N, 9)

where the map P : V(T'M) — VJ, given by P := Id — p ® N is the projector
on the indicatrix bundle, i.e. P? = P. Thus, considering this projection with
PZ € V§, VZ € V(T'M) and that V}; = span{0,}, there are the factors P/

(2
with rank(P") = n, such that P(9;) = P9, and hence Z = Zi9; vy P(Z19;) =
Z'P(0;) = Z'P*, . In the particular case of Z = 9;, by applying the decompo-
sition (9) we get

0; = P(0;) + ()N ie. 9; = PO + %ﬁmjaj-
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Using that (% = Bgﬂj, we obtain
D
‘Pi Ba = 5@ - zﬁm . (10)

In order to build the horizontal distribution we use the complex structure
F, given in (4). Therefore, we denote H; = F(Vy) and {{} = {F(N)}. So
Hé = gpan{F(éa) =: b4}, more precisely 6, = B.d;. We easily have {¢} L HY,
by +B:n; = 0 which holds because {N} L V.

Therefore, we obtain

T' (T'M) = {N} &V ® {¢} & H. (11)

By conjugation, we get that 7" (T'M) = {N} @ Vy, ® {£} @ Hg, where Vy, =
span{d = BL0;} and Hg = span{ds = BL4;}.
Due to the fact that

T'(T'M) ={N}e T (IM), (12)
from (11) we have:
T'(IM) = {¢} @ H{ & V. (13)
and, by conjugation, T" (IM) = {£} & Hg @ Vy. Thereby,
Te (IM) ={¢}c ® He & Vn, (14)

where {¢}c = {¢} @ {€}, He = H{ @ Hg, Vi = Vi @ V. So, we can state that:
Te (IM) = span {g, €, 5o = Bio;, 55 = BLoy, o= BLO;, O = Bg&} . (15)
The Sasaki lift G on T"M can be written in the new adapted frame as
G = go5di® @ dZ° + 9,500 © 00° + p@ p+ u® i,

where o, 8 € {1,2,...,n}, go5 = G(0a,05) = G(0a,03) = B,Blg;, B = BE,
p and p represent the dual 1-forms of the unit horizontal and vertical Liouville
vector fields, which can be computed by p(X) = G(X,¢) and pu(X) = G(X,N)
and locally are given by

1

_ ; 1
pi= f17k%/,-€(1l2'Z and p:=

o
Since F(z,m) = 1 on the indicatrix bundle IM, the Sasaki lift induced on
indicatrix bundle may be considered:

gon".

G = goa5dZ° @ d3° + g,300% © 86° + p* @

where p* = 7" g;zd~" is the restriction of the 1-form p to the indicatrix bundle, the
dual of ¢ = 1'6; on the indicatrix.
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Let us consider the frame R = {8 = Bﬁ B N = %nk%} along VT'M and

then R~! = {P, %nk}t are the inverse matrices of this frame, that is:

1 1
BEPf = 6, ek =0, chk =0, BePf+pntny =0, pmn" =1
(16)

We can easily obtain that gﬂo‘ = gﬂPaPlB is the inverse of g,3, where Pﬁ Pﬁ

F

Moreover, along the indicatrix bundle we have gjZ = B}XB%gﬁa + %771779 and Iuh, =

Gih + £k, Where Gz = PRPY g, 5.

Considering that restricted on the indicatrix bundle F = 1 and that for the
study of properties it does not affect whether the vertical or horizontal Liouville
vector fields are unit or not, to simplify the calculus we further consider N = nZBZ
and & = 7';. Taking into account the local components of the Lie brackets, in
adapted frame fields of a (c.n.c.), from [8], pp. 43, we can compute forward the
Lie brackets of the vector fields tangent to the indicatrix bundle, from which we
can obtain the local expressions for torsion and curvature.

Thus, considering that according to [8] for the complex Chern-Finsler connec-
tion R;'-k = 6RN; — 5jN,i = 0, we obtain

[0a,05] = (6aBj — 65BL)d:;

[ba:05] = (0aB5)0: — (55Bz)5‘+BQBJ[6l,5]]

[0a,05) = (0aBj — 93B.)0; [0, 03] = (0aBj)0: — (95 BL):;
0as0s) = (8aBh+ BLBYO;NE)) 8 — (93B2)6:

[bas 03] = (0 B’“)ﬁwBZB](@N’“)@ (95 B5,)s;

Gasé]l = = (BT +€(8) 0 6,€] = 0;

0a,&] = —&(BLS + B [6:,6;);  [6.€] = ' [0:,65).

3
008l = 80— (€(BY) + Bin" (&) ) Oy
00:€) = —~€(BL)O: — BLi (OiN]),

where [0, 07] = (5,;]\7;)8Z — ((%Ni)ag. In addition, we consider

[ba, N1 = —N(BY,)d;; [bas N] = =N (BY,)ds;
[ach] = 80( - N<B(i>8u [8a,_]V] ( Zx)al
[ny}:_f, [faN] [Nv ]:[N ] 0

3 The Gauss-Weingarten formulae of the indicatrix
bundle

In this section the Gauss-Weingarten formulae of the indicatrix relative to the
adapted frame introduced on the indicatrix bundle in the previous section, will
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be deduced first, followed in the next Section by the Gauss, H- and A-Codazzi,
and Ricci equations.

Taking into account that the indicatrix 1M can be regarded as a hypersurface
of the holomorphic tangent bundle 7" M and considering the general framework of
the geometry of subspaces [9], by restriction to the complexified vector fields and
with respect to the Chern-Finsler complex linear connection of coefficients (6), for
any X,Y € I'(TcIM) we have the Gauss formula of the immersed subspace IM:

DxY = DxY +h(X,Y), VX,Y € [(TcIM), (17)

where DxY € T'(T¢IM) is the tangential component, also called the induced
tangent conmection of the indicatrix bundle, and h(X,Y) € T(TFIM) is the
normal part of the vector field DxY. The map h : I'(TcIM) x I'(TcIM) —
D(TAIM) is F(I)-bilinear and it represents the second fundamental form of the
indicatrix subspace.

With respect to the adapted local basis frame of IM from (15)

do, forie{l,..,n}

g fori=n+1. 7 (18)

(5ir0as 55,0, where 3 :{
and the normal frame given by span{N, N}, the second fundamental form h is
well-determined by the following set of coefficients:

h(6j,0)) = hijN,  h(6;,0;) = hizN,  1(9s,0a) = hapN, h(D3,0a) = hyzN,
h(0;,0a) = hajN, h(65,0a) = hojN, h(s,0;) = higN,  h(dg,6;) = h;zN,

(19

such that th = hy, hT; = hyj, etc. Moreover, it takes place: G(DxY, N) =

G(h(X,Y),N) and using

(05 Bi)n; = —Blgz,

(8, BL)n; + BL(Brgjm)n™ = 0,
= 0, (5,}3&)%‘ = O,

m

: : i (20)
(0xBa)n; + Ba(Okgjm)n™

and (15), we compute the coefficients of the second fundamental form and obtain

Proposition 1. The coefficients of the second fundamental form are

hij = hi; = hap = haj = hos = hig = hyz =0,

Ds: 6; = Ds b;; Dz 6; = Dz 0;

75 5 755 ;% X
1;)%3@ = Dy, 0a; 1?3,?04 = Dggéa + £9a5;
Ds 0, = D5 Oy D; 0y = D5 Oy

~6J ~ 6J~ Y5 J
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Considering this, we observe that the induced tangent connection D : D(To I M) —
[(TeIM @ T IM™) preserves the distributions given in (15), thus it is a d-(c.l.c)
and in the adapted local basis (18), D is well defined by the next set of coefficients:

1
Dj 0 = Liydi, Dy d;=Cid, D
2 2

4
D5, 05 = L§,0a, Dy 03 =C§,0a, D5 05 = L300, Dy 05 = C§.0a,
3

3 1 1
D305 = Ljpdn - Dy 05 = Cl0e - Dy 05 = Ligds, - Dy, 0 = Cjs0n
4 4 2
nga_ = L%kaa’ Da.yaﬁ_ = Cg,yaﬁy DS’;a_ = L%Eaaa Da_ 8]@ = Cg:yaa

By applying the Gauss formula, we can compute the above coefficients, and we
obtain:

1 2 1 1 1
[ —J[a — ‘ i Ti Y. Fabl 7  Fatl
ngl = L3, —2PZQB,’;(5I<B/§ +BLLLY; Lgvl = Lzml— Lyt = ?’
~ ~ : i T4 T 1 T fd 1
L§n1=L5npn = Piank((sszﬂ + B Ly ); Lg+n+1 =L i =Lp1 =0
3 - 3 3 3
. _ 3 i s
L3y = P B5 0k Bp) ng{ =—196v Lijiy = LZIW =0;
3 ] A 5
Lo = k(5. BL); [l T _ fnt+l —_0-
Lg | —Pzan (5kBé)’ Lﬂrﬂ_LZ+lm_Ln+1m_O7
4 ) ‘ ; 7 |
Lg"y = PZ‘QBI::((STCBZE); g T — Piank((SEBZﬁ);
1 2 | ! )
9 o ), B j (i “ndl _ Antl ~
Cp, =gy = PUBAGRBY + BICH): O =Cith =0 O, =05,
3 4 ! 5 5 5
R _ o 3 ) ) R
Cg, =08 = P;MB%“(@,;B%); Cg’fyr =—Lgsy Coy1y= Cr?jrrw

=0;
(21)
In order to obtain the coefficients of the induced (c.n.c.), we consider the
adapted local frame {51, O, 07, 5@}, as in (18). Then, its dual frame is {dz?, 60% =
d6* + Ned#'}, with dZ' = { dz® = Ppdz/, forie{l,..n}
’ ’ p=n"g;dzt, fori=mn+1
]\7{1 are called the coefficients of the induced (c.n.c.) iff 660% = P,?‘(Snk, namely
d6* + Nedz' = P (dn* + NFd2') and using (16) we get

and df® = P;”‘dnj.

(22)

7

N Ng§ =t/ PENF, forie{l,.,n}
| Ng = PEBLNY, fori=n+1,

Next, let us consider the Weingarten formula of the immersed subspace IM:
DyW = —AwZ + DzW, NZ € Tc (IM), YW € span{N}¢, (23)

where Ay Z € T(TcIM) is the tangential component and Dy Z € T'(TFIM) is
the normal part, with D+ the induced normal connection from the Chern-Finsler
complex linear connection D. The map A : T(TFIM) x I'(T¢IM) — T(TcIM)
is F(IM)-bilinear, Aw X = A(W,X) and Aw is called the shape operator (or
Weingarten operator). It can be noticed that the space Té[ M is spanned by N, N,
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i.e. has only vertical component and then we can conclude D&W € I‘(Vé[ M)
and A : D(VFIM)xD(TeIM) — T'(VeIM). Thus, as above, we express the action
of the shape operator Ay(X) := A(X) € VIM on ¢ and 0, as follows:

An(op) = ARda;  An(0s) = AG0a;
AN(op) = AQ0a;  AN(95) = A%0a,
such that AY = A2, T% = Af, etc. By direct computation, using G(DXN,gg) =
—G(A(X),é)g), we obtain
Proposition 2. The coefficients of the shape operator are:
A=A = A% =0 and Aj=—03. (24)
Moreover, it can be noticed that
DzW =0, VZeTo(IM), YW € span{N}c, (25)

and thus, the Weingarten formula becomes D;W = —AwZ, VZ € Tc (IM),
VW € span{N }c.

Considering that the Chern-Finsler connection D is metrical with respect to
the Sasaki lift G (2), i.e. (DxG)(Y,N) =0,VX,Y € I'(T"IM), and by applying
the Gauss and Weingarten formulae for the immersed subspace IM in (1/”\]\71, G),
between Weingarten operator and the second fundamental tensor the following
relation exists:

G (ANX,Y) = G(N,h(X,Y)) and G(Y,AxX)=G(h(X,Y),N),

and their conjugates, for all X, Y € T'(T"IM). Thereby, their nonzero components
satisfy

1 5 _
ho5 = EA%gO@, that is equivalent to A3 = Lh~gg™®.

4 Gauss, Codazzi and Ricci equations

In order to introduce Gauss, Codazzi and Ricci equations on the indicatrix
hypersurface we consider D and D+ the induced tangent and normal connec-
tion on IM of the Chern-Finsler (c.l.c), as above. To get a link between curva-
tures R(X,Y)Z of D connection and R(X,Y)Z of D connection, for X,Y,Z €
[(TcIM) we act similar steps as in [9, 10]. First, the covariant derivative of
the second fundamental form is being defined as (Dxh) (Y, Z) = Dx(h(Y, Z)) —
h(DxY,Z) — (Y, DxZ) and using (25), we get :

(Dxh) (Y, Z) = —h(DxY,Z) — h(Y,Dx Z).
Using curvature and torsion definitions R (X,Y) Z = Dx Dy Z— Dy Dx Z — Dix y

and T(X,Y) = DxY — Dy X — [X,Y], respectively, for X,Y,Z € I'(TcIM) and
applying Gauss-Weingarten formulae (17) and (23), we get:

R(X,Y)Z = R(X,Y)Z+A(h(X, Z),Y)—AY,Z),X)+ (Dxh)(Y,Z)—
— (Dyh) (X,Z) + WT(X,Y),2)
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Equating the components from ToIM and Té:[ M with the help of the metric
structures G and G introduced in previous sections, it is obtained

G(R(X,Y)Z,U)=GR(X,Y)Z,U) + G (Ayx.2)Y — Any. )X, U) (26)

where XY € I'(ToIM), Z € T(T'IM), U € I(T"IM), and respectively, using
that T4 IM = span{N, N} and taking now Z € I (V'IM)

G (R(X,Y)Z,N) =G ((Dxh) (Y,Z) — (Dyh) (X,Z),N) + G(h(T(X,Y),Z),N)

27)
called the Gauss equations, respectively H-Codazzi equations of the indicatrix
bundle.

Analogously, for normal curvatures R (X,Y)N and R(X,Y) N, defining the
covariant derivative of the shape operator as (DxA)(N,Y) = Dx (AnY) —
A(D%N,Y) — A(N, DxY) and considering the curvature form R of the nor-
mal Finsler connection, we apply (25) and we obtain for each X,Y € I'(TcIM)

(DxA)(N,Y) =Dy (ANY) — A(N,DxY) and R*(X,Y)N = 0.
Thus, using the Gauss-Weingarten equations it is obtained that:

R(X,Y)N = h(Y,AxX)—h(X,ANY)+ )
+ (DYA) (N’ X) - (DXA) (N7 Y) - AN(T (Xv Y))

Equating their components from T¢I M and Té:[ M, we have

G(R(X,Y)N,Z)=G((DyA) (N,X)— (DxA) (N,Y),Z)-G(An(T (X,Y)), Z),
(28)
where X, Y € T (TcIM), Z € T'(V"IM), and,

G (R(X,Y)N,N) =G (h(Y,ANX) — h(X,ANY),N) (29)

called the A-Codazzi equations, respectively Ricci equations.

Therefore, we suggest obtaining propose to obtain local expressions of these
equations in the adapted frames orthogonal to span{N, N}, given by (18) with
respect to the Chern-Finsler (c.l.c.). First, for a simplified writing of the equations,
we recall, that according to [8], the Chern-Finsler connection has the following
nonzero curvature coefficients

. . I\ i . )
R;-;;h = _5EL;‘h - 5E(Nh)C;7> P;;;h = —5ECJZ'ha
;’Eh = 78kL;'h - a]_C(N}lL) }la S;]}h = 78}5 }h'

With this setting and considering the notations of the curvature and torsion
coefficients introduced in [8], pp. 44, by direct calculation with respect to the
vector fields of the adapted frame (18) of IM and taking into account the sec-
ond fundamental form and the shape operator coefficients from (19) and (24),
respectively, the local expressions for the equations (26)-(29) are:
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Theorem 1. With respect to the induced tangent Chern-Finsler connection D
defined in (17) on the indicatriz bundle IM by the Chern-Finsler connection (6)
on (M, L), we have the local expressions for:

i. the Gauss equations

JnRkphpi _ D . pinkphpi _ pn+l.
PPBg By By Ry, = R, miBy BBy Ry = Rﬁﬁfw
i Rk Rh DI D . i Rk Rh P _ pn+ .
P@'aUJ'B"ZBoR;,;h = ~%+17ya'7 nijiBaR},;h = ]?ZJrllfyaa
P By BoRig, = Rirs,3 - miBjn* BoRigy, = R
J Rk, hpi P . pJ Rk, hpi  _ pntl .
PrBaByn" Rig,, = Ris,, 15 mBg By Ry, = Rsni1s
ik Rh DRI D . Ik Rh DI _ pn+l .
it BoRogy, = R o i By Ry, = ]?nﬂlma’
PEBpn Ry, = Ry, i B " Ry, = Rt s
i Rk h i > . i Rk, h i _ pn+l .
Pianij?? R;-;;h = Ry 1ang1s 77”7]3777 R;‘Eh = RZ+1%+17
i k. h i D . Ik, h i _ pn+l .
Pz‘an]n n R;‘Tch - Rg+1mn+1’ min 0 ijch - Rn+1nT—1n+1’
PRBLBEBLPY, = P BLBLBLPY, = P
iRkphpi  _ D . ipkphpi  _ pn+l .
Pian]Bﬁ_Bap;Eh - 7?—',—1'70’ nin]'Bf’zBa]D;]}h - Pr?—&—ll"ym
J ok Rh D _ D . RJ .k nhpi _ pn+ .
PEBan” Ba Py, = Poagrot - miBgn" BoPiy = Py

i kphpi_  _ . inkphpi_  _ pn+l .
]37;0477]17 BUP;Eh - Ps—l—ln—i-la’ Thn]n BUP;Eh T T n+lnFlo’
I npkphryi_  _ A . ninknhpi_ _ AHn+l,
PP Ba B, B @iy = Qs 185553 B @iy, = Ui
iRkRhOyi. — A ) iRkRhryi _ Ant+l .
PeWBEBEQ Y = Qs P BEBLQY, = Gt
J pkohyi o . RI Rk heyi _ Antl .
P,L-aBﬁBj/TI ;’l}h = Qg"yn-i-l’ UngBj?? ;‘Eh = Qgﬁn—l—l?
iRk byl — A . iRk heyi . Antl .
Pin Byn Q;,;h = Q%—i—l"yn—&—lv i’ Byn Q;;;,h = QZ+17n+17

Jpkphgi_ _ da . Ripkphgi_ _ ontl.
PP BsB5 By Sigy, = Shyos B3 By By iy, = :9,6’*7{7’
pBs = S S S
BéB’;BgS;Eh = 8%, BY — 1957 BL, where R(0y,07)05 = S5, 00

ii. the H-Codazzi equations

nRRh R & -y .
niByByBe Ry = =O5095m:  miBn" By Ry, = =004y gsp;

RIpk,hpi_ i . p.RBInk hpi I .
nngan hR;Eh = _@?n_ugﬁﬂa 7713577];77 hR;(gh = _@anrlgB/“
By By By Py = —phogens  niBgn"BoP, = — i 9sp;

4 2

| Rk Rhyi 7R = & _

niBéB:YBU ;/::h = Lga'gﬁﬂ + Lgcfgll’_Y - Egcfgﬁﬁu
4 2

| Rk, hyi Fi z =i )
mBéB’W ;’l_ch - Lfn—i—lgﬁﬂ +2Lgn+19;ﬁ - Egnﬂgﬂﬁ,

| Rk ph Qi A = ~ i )
ThBéB:YBO'S;Eh - C’%Lo'gﬁﬁ + Cuag:uﬁ - Xgogﬁﬂa

4

_ . — ~4 _—
0= P95 B5 — 0yB5)gsp + Clisguy — Clis 9o — S55955;

g
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iii. the A-Codazzi equations

P BB, =
Pepy BER
PeyiBEBLP,
P BB, —
PO BEBS T, =

iv. the Ricci equations

nin’ BY By Rig, = 0;
hRi_

" " Rig, = 0;

ninstBg ;Eh =0;

97

Na . i kRhPI_ — G .
—085  Prwn"BgRY, = —O5
= ) inkph R — @ ;
*@3+W Pﬁnjn_n R;;;h = z+1n7+1’
Sa inkBhpi_  — _% .
—X55 Pt BiPg, = Yoy
—Pgs Prn"BYQL, = — PRy
oo
Xﬁfya
nmf nk_BgRégh = Wﬂ ff’_]%”hR;z;h =
mit BB Pl = 0i - ma'n* By Py, = 0;

niy B§ QY =05 min? BYBYS, = gox.

By comparing the local expressions of the Ricci equations with the Gauss,
H- and A-Codazzi equations, using the curvature coefficients expressions and the

homogeneity conditions (1), we

notice that some of the torsion and curvature

components of the induced tangent connection become zero, and we get:

Theorem 2. With respect to the adapted frame introduced on IM, the above
equations give the following nonzero relations

Jpkphpi _ D .
PPBBLBIRY, = RS,

J kphpi _ p .
BBy Bo gy, = Ry,

ik hpi T .
PrBgByn" Ry, = Ry i1

Jokohpi D .
PiaBﬁn N R;'l_ch - arﬂn+1’

Jpkphpi  _ P .
PP BBy By Py, = Pisg

i knhpi P .
PrBgn" By Py, = Po— s

i pkphi A .
POBIBEBIQY, = Oy

| Rk heyi o .
P ByBin @i, = Qhyns1s

S
j

J Rk ph — Ga .
PPByBIB; S, = S0

VBB, = )= 6
mBin* By Ry, = Ryt = —68 - gam;
mByBIn" Ry, = Ry = =051 955
By Ry, = R = Ok, 950
Pianjf%cBgR;kh =Ry 158 = —O55;
Pewnf By Rig, = R gy =~
PianjB}*j”hR;Eh = {zg-i-l”yn—&-l = _@701}1@?
PianjnknhR;‘l}h = Rg-i-lnT-lnH = _@ﬁﬂm;
WBLBEBLPY, ~ P = ~iF

niByn BYP, = Pitl = —ph o gap;

P BYBg Py = Pliisg = =S5

Pt BEP, = P2 oy = =S
Pep BEBRQ, = Qi y1sp = — By
PianstnhQ;‘kh = Q%+1"yn+1 = _Pgﬂa;

«

ipkphqi  _ & _ _ca .
P BIBg S, = Si158 = — X3y

iRkRhgi  _ dn+l .
’rhn]Bf‘yBchj]}h - Sn+1'7/0 - gO”Ya



98

Elena Popovici

ByBEBESY, = S§,,Bi— 19syBi,  where R(Dy,05)05 = §55,00;

_ ‘ ~4 2 o
mBéB%CBgQZ'Eh = Qg;}l - vagﬂﬁ + ngg,u"y - E‘%agﬂﬁ;

2
. . ) |

mBéB ngh - ngnﬂ ’7n+1gﬁu + Lﬁn—i-lglw Egnﬂgﬂﬁ,

_ ~4
nlBéB’%BgS;Eh - ng; - C’_YUgBH + C o9y — X’?Ugﬁ,ua

— . - 4 ~ =
0= P,é‘(@aB%“ — 03B5)gsn + C B9y — nggm’f — 555957
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