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Abstract

Symbol algebras have many applications in various domains of mathe-
matics, as for example number theory (class field theory).
Since these algebras are a natural generalization of the quaternion algebras,
in this short survey we present some properties of the quaternion algebras
and of the symbol algebras of prime degree.
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1 Preliminaries

Let K be a field whose char(K) does not divide n, where n is an arbitrary
positive integer, n > 3, Let & be a primitive n-th root of unity such that (€ K. Let
K* = K\{0}, a,b € K* and let A be the algebra over K generated by elements x
and y, where

" =a,y" = b,yxr = Exy.

This algebra is called a symbol algebra (also known as a power norm residue

algebra) and it is denoted by (‘;(é’) . J. Milnor, in [13], calls it symbol algebra.

For n = 2, we obtain the quaternion algebra.
Let L be a field such that all vector spaces over L are finite dimensional. Let B
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be a simple L-algebra and Z (B) be the centre of B. We recall that the L- algebra
B is called central simple if Z (B) = L.

Quaternion algebras and symbol algebras are central simple algebras. We recall
some definitions and properties used in the theory of associative algebras.

Proposition 1.1. ([12]) If K is an algebraic number field and A is a central
simple K—algebra, then the dimension of A over K is a square.

Definition 1.1. Let A be a central simple algebra of finite dimension n over
K. The positive integer d = \/n is called the degree of algebra A.

Definition 1.2. Let A # 0 be an algebra over the field K. If the equations
ar = b, ya = b,VYa,b € A,a # 0, have unique solutions, then algebra A is called
a division algebra. If A is a finite-dimensional algebra, then A is a division
algebra if and only if A is without zero divisors (x # 0,y # 0 = xy # 0) (See

[17]).

Definition 1.3. Let K C L be a fields extension and let A be a central
simple algebra over the field K. We recall that:
i) A is called split by K if A is isomorphic with a matriz algebra over K.
ii) A is called split by L and L is called a splitting field for A if AQk L is
a matriz algebra over L.

Let K be a field with charK # 2. The generalized quaternion algebras is a
division algebra if and only if for x € Hg (o, 3) we have that the norm n (z) =0
if and only if = 0. Otherwise, the algebra H (o, 8) is called a split algebra.
In [7] the following criteria appear for deciding if a quaternion algebra or a symbol
algebra is split.

Proposition 1.2. ([7]) The quaternion algebra Hp (o, B) is split if and only
if the conic C (a, ) : ax?® + By? = 22 has a rational point over K(i.e. if there
are xo, Yo, 20 € K such that am% + ﬁyg = z%).

Theorem 1.1. ([7]) Let K be a field such that ( € K, (" =1, is a primitive
root, and let o, 8 € K*. Then the following statements are equivalent:

i) The cyclic algebra A = (%@) 1s split.
ii) The element (B is a norm from the extension K C K({/«).

Theorem 1.2 (Weddeburn) ([14]) Let A be a central simple algebra over
the field K. There are n € N* and a division algebra D, K C D, such that A ~
M, (D). The division algebra D is unique up to an isomorphism.

Definition 1.4. With the above notations, the degree of the algebra D over
K (as an algebra) is called the index of the algebra A.

For some h € N*, the tensor product A®...® A (h— times), over the field K,
is isomorphic to a full matrix algebra over K.

Definition 1.5.([1]) The smallest h with the above property is called the
exponent of the algebra A.
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Theorem 1.3.([1]) The algebra A is a division algebra if and only if its index
and its degree are the same.

Theorem 1.4. (Brauer-Hasse-Noether).([14]) Every central simple algebra
over an algebraic number field is cyclic and its index is equal to its exponent.

2 Generalized quaternion algebras Hg (n,p), p,n € Z*,
p is an odd prime

It is known that a quaternion algebra is either division algebra or a split
algebra. In the following, we present some conditions for the quaternion algebras
Hg (n,p), p € N*, p is an odd prime, n € Z* be split or with division. For
n € {—1,—2}, we have the answer in the following propositions.

Proposition 2.1 ([9]) Let p be a prime positive integer. Therefore:
i) The algebra Hg (—1,p) is a split algebra if and only if p=1 (mod 4).
ii) The algebra Hg (—2,p) is a split algebra if and only if p=1 or 3 (mod 8).

In paper [16], we obtained a necessary and sufficient condition such that the
algebras Hg (n,p) , be split algebras, where n € {—13,-7,—5,—-3}, p € N*, p is
an odd prime.

Using the Minkovski-Hasse theorem ([2]), Proposition 1.2 and some results
about quaternion algebras and about primes of the form p = z? 4+ ngy?, with
z,y € Z (see [3], [9], [16], [18]), we obtained the following result:

Proposition 2.2 ([16]) Let p be an odd positive prime integer and let K be
an algebraic number field such that [K : Q] is odd. The following statements hold
true:

i) the algebra Hg (—3,p) splits if and only if the algebra Hg (—3,p) splits if and
only if p = 22 + 3y? for some z,y € Z;

ii) the algebra Hg (—5,p) splits if and only if the algebra Hg (—5, p) splits if and
only if p = 22 + 5y for some z,y € Z;

iii) the algebra Hg (—7,p) splits if and only if the algebra Hq (-7, p) splits if and
only if p = 22 + 7y? for some z,y € Z;

iv) the algebra Hg (—13,p) splits if and only if the algebra Hg (—13,p) splits if
and only if p = 22 4 1332 for some z,y € Z.

3 Some examples of split quaternion and split symbol

algebras over a quadratic field or over a cyclotomic
field

In our previous works, we tried to find examples of split quaternion and split
symbol algebras over an extension of the field of the rational numbers.

We obtained the following results:



62 Cristina Flaut and Diana Savin

Proposition 3.1 ([15]) Let p be a prime positive integer, p = 1( mod 3) and
let K=Q (\/g) . Then the quaternion algebra Hy (—1,p) is a split algebra.
Proof. According to Proposition 1.2, ]H[Q( V3) (—1,p) is a split algebra if and

only if the associated conic —2% + py? = 22 has Q (\/g) — rational points. Using
the Gauss’s theorem, there are a,b € Z such that 4p = a? 4+ 27b%. Then, the point
(20, Yo, 20) :<3T‘/§b, , %) isa@Q (\/§) — rational point for the associated conic.[]

Proposition 3.2. ([15]) Let € be a primitive root of order 3 of the unity.

Then, the symbol algebras A = <Q?£€)’ for o, € {=1,1} are not division

algebras.

It is known that a symbol algebra of degree p is either split or a division algebra
(see [10]), so the symbol algebra from the Proposition 3.2. is a split algebra.

Example. (See [15], [4]) For &« = —1 and 8 = 1 the algebra A = ( o8 ) is

-1 0 0 010
generated, for example, by the elements X = 0 — O ,Y=10 01
0 0 —¢ 100

where X3 = —I3, Y3 = I3, YX = e¢XY.We get that A ~ M3 (Q (e)), therefore
the index of A is d = 1 and the algebra A is a split algebra.

Let € be a primitive root of order 3 of the unity. Using the computer alge-
bra system MAGMA, we obtained that the class number of the Kummer field

Q (e, \:ﬁ) is 3 and the symbol algebras (&gi) , (78(1:{?3) , (Q?(f)ag) are split

algebras. Using this idea, in paper [6] we found a class of split symbol algebras,
over a cyclotomic field.

Proposition 3.3. ([6]) Let € be a primitive root of order 3 of unity and let
K = Q (e) be the cyclotomic field. Let o € K*, p be a prime rational integer, p # 3
and let L = K ({/a) be the Kummer field such that « is a cubic residue modulo

p. Let hy, be the class number of L. Then, the symbol algebras A = (O"phL) are

Ke
split.

A generalization of the above last proposition for symbol algebras of prime
degree ¢ (¢ > 3) is given in the following Corollary.

Corollary 3.1. ([6]) Let g be an odd prime positive integer and & be a primitive
root of unity of order q. Let K = Q(§) be the cyclotomic field. Let o € K*, p
a prime rational integers, p # q and let L = K (/) be the Kummer field such
that a is a q power residue modulo p. Let hy, be the class number of L. Then, the

symbol algebras A = (O‘}?h;) are split.
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