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Abstract

In this article we study parallel submanifolds in generalized Sasakian
space—forms and we find some conditions so that Legendre pseudo—parallel
submanifolds of the generalized Sasakian space—forms be totally geodesic.
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1 Introduction

The study of parallel submanifolds of real space forms of constant sectional
curvature was made by Ferus [12] and Takeuchi [17] and Kon [14], Nakagawa-
Takagi [15] and others for complex space forms. In [16], two theorems concerning
reduction of codimensions of parallel submanifolds in Sasakian space—forms were
proved. We prove that such a theorem holds for parallel submanifolds of gen-
eralized Sasakian space—forms. Pseudo-parallel submanifolds are introduced in
[6] and [7] as a generalization of semi-parallel submanifolds in the sense of [10].
The notion of pseudo—parallelism generalizes the notion of semi—parallelism in the
same way as pseudo-symmetry (in the sense of [10]) generalizes semi-symmetry.
In this article we prove that under certain conditions, Legendre pseudo—parallel
submanifolds of generalized Sasakian space—forms are totally geodesic.

2 Preliminaries

We remember some necessary useful notions and results for our next consid-
erations.

!'Negru-Vods College, Constanta, Romania, e-mail: maria.cirnu@yahoo.com



36 Maria Cirnu

Let M be a C°°—differentiable, 2n + 1-dimensional almost contact manifold
with the almost contact metric structure (F,&,n,g), where F' is a (1,1) tensor
field, n is a 1-form, g is a Riemannian metric on M ¢ is the Reeb vector field,
X(M ) is the set of all vector fields on M all these tensors satisfying the following
conditions :

F2:—[—|—77®f; n(g):l; g(FX,FY):g(X,Y)—ﬁ(X)U(Y) (1)
for all X,Y in X(M)

We consider the Sasaki form €2 on M, given by Q(X,Y) = g(X, FY). An inte-
gral submanifold M of the contact distribution D = kern is an integral manifold
and such a submanifold is characterized by any of

1.n=0, dn=0;
2. FX € x* (M) for all X in x(M).

Another property valid on these submanifolds and useful for our considerations
is the following

Proposition 2.1. Let M be an integral submanifold of the almost contact metric
manifold M. Then:

i) Ag = 0,‘

ii) AFXY = AFyX;

iii) Apy X = —[Fh(X,Y)]T;

w) V(FY) = g(X,Y){+ FVxY + [Fh(X,Y)]*;

v) V& =-FX

for all X,Y in x(M).
A maximal integral submanifold M of an almost contact metric manifold Mis a
Legendre submanifold.

Denote by

Osc,M = T,M & N} (M) (2)

the first osculating space of the submanifold M at x, where M is a submanifold
of a Riemannian manifold M, z is a point of M, N, 1(M ) is the subspace of T}, (M )
generated by h(X,Y), X, Y € T, M.

If M is a symmetric Riemannian manifold (i.e VR = 0) and = € M then a
subspace V' of T, (M ) is a Lee triple system if and only if R(X Y)Z €V, for all
X,Y,Z € V. Here R represents the curvature tensor of M. From [13] we have
the following Theorem:

Theorem 2.2. Let M be symmetric Riemannian manifold, x a point of M and
V C T.M a Lee triple system. Then there exists an unique complete totally
geodesic submanifold M* of M with the property that x € M* and T,M* =V .
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Given an almost contact metric manifold M. , we say that M is s a generalized
Sasakian space—form [2], if there exit three functions f1, f2, f3 on M such that

R(X,Y)Z = flg(Y,2)X —g(X, Z)Y]
+ flg(X,FZ)FY — g(Y,FZ)FX + 29(X, FY)FZ|
+ SIX)n(2)Y —n(Y)n(2)X
+ 9(X, Z2)n(Y)§ = g(Y, Z)n(X)E] (3)
for any vector fields X,Y, Z on M. In such a case, we will write M(fl, f2, f3).

3 Parallel submanifolds of generalized Sasakian space—
forms

A submanifold M of an almost contact metric manifold M is parallel if and
only if

(Vxh)(Y.2)=0 (4)
for X, Y, Z vector fields on M, where
(Vxh)(Y, 2) = Vx(h(Y, 2)) = h(VxY, Z) = h(Y, Vx Z).

Proposition 3.1. Let M be an n—dimensional complete connected orientated par-
allel submanifold of generalized Sasakian space—form M(f1, fa, f3), with n > 2,
fo #0, f3 #£ 0 and 3fa + f3 # 0. Then the Reeb vector field € is tangent or
normal to M at any point of M.

Proof. We consider & = ¢ @ ¢+, where ¢7 and &+ represent the tangent, respec-
tively, the normal component of £. From (3) we have

Falg(X, FZ)FY — g(Y, FZ)FX + 2¢(X, FY)FZ]*
+f309(X, Zm(Y) — g(Y, Z)n(X)]¢- =0 (5)

for all X,Y, Z in x(M).

Suppose that both ¢ # 0 and €+ # 0. Then both FET # 0 and F&- # 0. Taking
Y = Z = ¢ in (5), we obtain 3fog(X, (FENT)(FET)L = 0, for all X in x(M)
and because fo # 0 we have two cases:

Case 1. (FET)L = 0. Taking X = ¢F and Y = Z = F¢T in (5) we have
(3f2 4+ £3)[—g(€T, 1) + ()] Tn(¢T)ét = 0 and then &+ = 0 (contradictorily
with the fact that &+ # 0).

Case 2. (F¢T)T = 0. Taking X = Z = ¢ in (5) we obtain g(¢7,¢T)Y =
g(Y,€T)ET | that is n < 2 (contradictorily with the fact that n > 2) or ¢ = 0
(contradictorily with the fact that &7 # 0). O

Proposition 3.2. Let M be an n—dimensional connected orientated parallel sub-
manifold of the generalized Sasakian space—form M (f1, f2, f3), with fo #0, f3 £ 0
and 3fs + f3 # 0. If M is tangent to the Reeb vector field £, then M is invariant
or anti-itnvariant.
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Proof. Taking &+ =0 and Y = Z in (5) we have 3fo9(X, FY)(FY)* = 0, for all
X,Y in x(M). Because f # 0 and M is connected , we obtain that FX € x*(M)
or F'Y € x(M), that is M is invariant or anti-invariant. O

If {X, FX} is a 2-plane of M or M we denote by K (X, FX)and Ky (X, FX)
the F-sectional curvatures on M , respectively on M. We have the following
Theorem:

Proposition 3.3. Let M be an invariant submanifold of generalized Sasakian
space—form M(f1, fa, f3). Then M is totally geodesic if and only if

K#(X, FX) = Ky(X, FX)
for any {X, FX} 2-plane of M. In this case

Ki(X, PX) = Ky(X, FX) = fy + 3f22(X) — 12 — fsn(X). (6)
Proof. 7 = 7 Because M is totally geodesic, using Gauss equation we have
K#(X, FX) = Ky(X, FX), for any {X, FX} 2-plane on M. Then from (3)
we obtain (6).

7 <=7 From K7 (X, FX) = Ky (X, FX) and Gauss equation we have ||h (X, FX)|I>+
|h(X, X)||* = 0, for all X € x(M). Then h(X,X) =0 and h(X,Y) = 0, for all
X, Y € x(M). O

Theorem 3.4. Let M be an n—dimensional orientated connected symmetric par-
allel submanifold of the generalized Sasakian space—form M ( f1, fa, f3), withn > 2,
fo#0, f3 £ 0 and 3fa + f3 # 0. Suppose that M is tangent to the Reeb vector
field.

i) If M is invariant then M is totally geodesic with F-sectional curvature given
by (6)

i1) If M is anti—invariant then there exists an unique complete totally geodesic
submanifold M* of M so that

1. x e M* and T, M* = Osc, M, for any x € M;
2. M* is invariant;
3. dim(M*) = 2dim(M) — 1.

Proof. 1) results from Proposition 3.3.
ii) Because M is anti-invariant we have that Fh(X,Y) € x(M), for all XY €
x(M). Now, from (2) and (3) we obtain that Osc,M is a Lee triple system.
Applying Theorem 2.2 we obtain ii) 1.
ii) 2. and ii) 3. result from the fact that, FT,M C NiM, F(¢) =0, FN}M C
T,.M and M* has odd dimension. ]
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4 Pseudo—parallel submanifolds of generalized
Sasakian space—forms

Let M be a submanifold of the Riemannian manifold M. We consider
(VxVyh)(V,W) = Vx((Vyh)(V.W)) = (Vyh)(Vx V. W)
— (Vyh)(V,VxW) (7)
and
(R-B)(X,Y,V,W) = (VxVyh)(V,W) = (VyVxh)(V,W)
— (Vixyh) (V, W) (®)

forall X,Y,Z, W € x(M).
From (7) and (8) we obtain that

(R-W)(X.Y.V.W) = RYX.Y)W(V,W) —h(R(X,Y)V.W)
where RH(X,Y)i = V§ Vit — VEVii — V[%X’Y]fi, for any X,Y € x(M) and
it € xH(M).
The submanifold M is semi-parallel [10] if
(R-h)(X,Y,V,W) =0. (10)
and M is pseudo-parallel [6] if
(R-h)(X,Y,V,W) + @ Q(g,h)(X,Y,V,W) =0 (11)
where ® is a differential function on M and
Qg W)X, Y, VW) = h((X AY)V, W) + h(V, (X A V)W),

for all X, Y, V,W in x(M).

Now, we consider M a Legendre submanifold of 2n + 1-dimensional general-
ized Sasakian space—form M (f1, fo, f3). Let
{e1,...,en,ent1 = e1x = Feq,...,e9, = ep» = Fey, ean11 = &} be a local orthonor-
mal basis on M so that {e1,...,en} is alocal orthonormal basis on M. We consider
i,5,k,1=1,n and o, 3 =n + 1,2n + 1 and the following decompositions and no-
tations

h(e;,e;) = h%ea; V€5 = I‘éjel; %ekea = Ffmei + Ffaeg (12)

(Veuh)(eirej) = hiipea; (Ve Verh)(ei ef) = hiiea (13)

where I']) are connection coeficients with m,r7,p=1,2n+ 1.
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Proposition 4.1. Let M be a minimal pseudo-parallel Legendre submanifold of
the generalized Sasakian space—form M(f1, fa, f3). Then:

1 S
§A|]h|]2:¢n\\h\|2+HVhH . (14)

Proof. The second fundamental form A is a tensor field of type (1, 2) and Vhis a
tensor field of type (1, 3). From (12), (13) and the local expresion of the covariant
derivative of a tensor field of type (r,s), we obtain that:

%k = g((VSkh)(eivej)>ea)
= ek(h%)+hiﬁj gﬁ_ﬂa’ I F%cj il

Ij
Vg (15)
and
Wi = 9((Ve,Ve,h)(eir ), €a)
= el(hfjk)+F%hfjk_ 1ihie
1Mk — Lighir
= Ve,
= Ve Ve, hs (16)
Moreover,
n 2n+1 » 9 n 2n+1
TR DD DR 1 I S SR (g (17)
i,j=1 a=n+1 i,9,k,l a=n+1

From the properties of the Laplacian of a differential function we have Ah% =
> k=1 h%kk and
n

SO = 3 o(FuTerh)ens i), leise) + 3] (18)
1,5,k,l

Because M is a Legendre submanifold, from (3) we have R*(X,Y)Z = 0, for
all X,Y,Z € x(M) and then using Codazzi equation, we have that Vh is totally
symmetric. Now, from the fact that Vh is totally symmetric, we obtain that:

(eekeek h)<ei? e]) = (%Ekeeih)(eky ej)

(Ve Verh)(en, €5) = (Ve, Ve h)(ej, ex)-

Taking into account these last relations and the fact that M is pseudo—parallel
we obtain that

9(Ve, Ve, h)(eive) hleie;)) = g((Ve,Ve,h)(er, ), hlei,e5))
—  O[0ig(hle, e5), hiei, e5))
— Okg(hleis e5), hei, ej))
+  dizg(h(ek, ex), h(ei, e;)
— Okjg(h(ek, ei), h(ei, ;)] (19)
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where ¢;; are Kronecker symbols. We consider the decomposition H = Zin:tllﬂ H%,.
Then |[H|[* = S350 (H*)?, H® = § Y25, iy and

n n  2n+1
Z g(( h)(ex, er), h(ei, e;) —nz Z hO‘V V JH. (20)
1.7.k=1 1,j=1 a=n+1
From (18), (19), (20) we have that
1 n  2n+l1
§Aumﬁ = > h(Ve, Ve, HY)
i,j=1 a=n+1
2 1 7112 2, I |12
= @[n? |H|? = nllhl] + || VA (21)
Finally, because M is minimal we obtain (14). O

In [9], Chern, do Carmo and Kobayashi obtained a formula for the Laplacian of
the square of the length of the second fundamental form of a minimal immersion
into a locally symmetric space. The same formula also holds for an integral
submanifold of a generalized Sasakian space—form, that is:

%AHMF - H%ﬂf+§:n@%MgB—A%A%F

——ZW@A 42}%h%

aﬂ/l?]?
+ Z Riaphishy
a,B,,4,k
- 2 Z Rl iy — 2 Z Rhiihj, (22)
a,i,j,k,l a,i,7,k,l

where Rapc = ﬁ(ec, eplea, A, B,C =1,2n+ 1 and trAj; represents the trace of
the Weingarten operator Az.

Proposition 4.2. Let M be a minimal Legendre submanifold of the generalized
Sasakian space—form M(f1, fa, f3). Then:

TR |90+ (72 + ns) 112

- ZH[AEMAe,g]Hz+Z(t7"AeaAeB)2 . (23)
B o

Proof. From Proposition 2.1 we have h?,j i = h?,:rj .
Because M is Legendre and minimal, taking into account (3) we have

Z R,szh hzk: fQHh‘HQa

a, B4,k
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Z Rkﬁk ij z] ( 3f2_nf1) HhH2>

a,B,i,5,k
Y Righfhiy = A =n)[IR]*; Y Righihs = —fi Al
i,k ikl
Moreover, because g(A47X,Y) = g(AzY, X) we obtain that
tr(Aeg Aey — AcyAca)? = = |[[Aeas Acy]||* -
From these relations and (22) we obtain (23). O

Now, from Proposition 4.1 and Proposition 4.2 it is easy to prove the following
Theorem:

Theorem 4.3. Let M be a minimal pseudo-parallel Legendre submanifold of the
generalized Sasakian space—form M (f1, fa, f3) so that

dn — fo—nf1 > 0. (24)
Then M is totally geodesic.

We observe that for f; = 82—3, fo=f3 = %1, M(fl,fg,fg) is a Kenmotsu
space—form and (24) is equivalent with ® — W > 0 and for f; = %,

fo=f3= CZ—I, P — % > 0 we are in the case of Sasakian space—forms
[18].
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