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Abstract

In this paper we extend the known results on R - complex Hermitian
Finsler spaces from [4], by the study of three special R - complex Hermitian
Finsler spaces with (α, β)-metrics. We characterize the R - complex Hermi-
tian Finsler versions of the Kropina metric, Matsumoto metric and another
special (α, β)-metric. Moreover, we find the conditions for two of these three
R - complex Hermitian Finsler spaces to be Berwald. Based on [4,5,6,7,8],
we write some explicit examples.
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1 Preliminaries

The notion of complex Finsler space appeared for the first time in a paper
written by Rizza in 1963, [21], as a generalization of the similar notion from the
real case, requiring the homogeneity of the fundamental function with respect to
the fibre variables, for any complex scalars λ. The first example comes from the
complex hyperbolic geometry and was given by S. Kobayashi in 1975, [14]. The
Kobayashi metric has given an impulse to the study of complex Finsler geometry.

A complex Finsler geometry, which contains many interesting results, has been
developed in the papers [1, 2, 15, 18, 3, 5, 6, 7, 13, etc.].
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In paper [19], the well-known definition of a complex Finsler space [1, 2,13]
was extended, reducing the scalars to λ ∈ R. The outcome was a new class of
Finsler space called the R- complex Finsler spaces [19].

The interest for this class of Finsler spaces was stimulated by the fact that the
Finsler geometry means, first of all, distance and this refers to curves depending
on the real parameter.

In the present paper, following the ideas from real Finsler spaces with (α, β)-
metric [10, 16, 17, 22] we introduce the similar notions on R− complex Finsler
spaces.

In this section we keep the general setting from [4,18,19] and subsequently we
recall only some needed notions (for more details, see [18]).

Let M be an n − dimensional complex manifold and z = (zk)k=1,n be the
complex coordinates in a local chart. The complexified of the real tangent bundle
TCM splits into the sum of holomorphic tangent bundle T ′M and its conjugate
T ′′M . The bundle T ′M is itself a complex manifold and the local coordinates
in a local chart will be denoted by u = (zk, ηk)k=1,n. These are changed into

(z′k, η′k)k=1,n by the rules z′k = z′k(z) and η′k = ∂z′k

∂zl
ηl.

A R− complex Finsler space is a pair (M,F ), where F is a continuous function
F : T ′M −→ R+ satisfying the conditions:

i) L = F 2 is smooth on T̃ ′M = T ′M\{0};
ii) F (z, η) ≥ 0 the equality holds if and only if η = 0;
iii) F (z, λη, z̄, λη̄) = |λ| F (z, η, z̄, η̄),∀λ ∈ R.
The fundamental function L of a R− complex Finsler space, induces the fol-

lowing tensors:

gij =
∂2L

∂ηi∂ηj
; gij̄ =

∂2L

∂ηi∂η̄j
; gı̄j̄ =

∂2L

∂η̄i∂η̄j
, (1)

which satisfy interesting properties, obtained as consequences of the homogeneity
condition iii), [19],

∂L

∂ηi
ηi +

∂L

∂ηi
ηi = 2L ; gijη

i + gjı̄η
i =

∂L

∂ηj
; (2)

2L = gijη
iηj + 2gijη

iηj + gijη
iηj ;

∂gik
∂ηj

ηj +
∂gik
∂ηj

ηj = 0 ;
∂gik
∂ηj

ηj +
∂gik
∂ηj

ηj = 0.

An R− complex Finsler space with gij̄(z) (or gij(z)) will be called purely
Hermitian [4].

Having an R− complex Finsler space, if we suppose that F satisfies the regu-

larity conditions: gij̄ is nondegenerated, (i.e., det(gij̄) 6= 0, in any u ∈ T̃ ′M), and
it defines a positive definite Levi-form for all z ∈ M , then such a class of spaces
is called R− complex Hermitian Finsler space, [19].

Consider the sections of the complexified tangent bundle of T ′M. Let V T ′M ⊂
T ′(T ′M) be the vertical bundle, locally spanned by { ∂

∂ηk
}, and V T ′′M its conju-

gate. The idea of complex nonlinear connection, briefly (c.n.c.), is an instrument
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in ’linearization’ of the geometry of the manifold T ′M . A (c.n.c.) is a supplemen-
tary complex subbundle to V T ′M in T ′(T ′M), i.e. T ′(T ′M) = HT ′M ⊕ V T ′M.
The horizontal distribution HuT

′M is locally spanned by { δ
δzk

= ∂
∂zk
− N j

k
∂
∂ηj
},

where N j
k(z, η) are the coefficients of (c.n.c.).

The pair {δk = δ
δzk
, ∂̇k = ∂

∂ηk
} will be called the adapted frame of (c.n.c.) which

obeys the change rules δk = ∂z′j

∂zk
δ′j and ∂̇k = ∂z′j

∂zk
∂̇′j . By conjugation everywhere

we have obtained an adapted frame {δk̄, ∂̇k̄} on T ′′u (T ′M). The dual adapted bases
are {dzk, δηk} and {dz̄k, δη̄k}.

A (c.n.c.) related only to the fundamental function of the R− complex Hermi-
tian Finsler space (M,F ), (called Chern-Finsler (c.n.c.)), has the following local
coefficients

N i
k = gm̄i

∂2L

∂zk∂η̄m
= gm̄i(

∂gr̄m̄
∂zk

η̄r +
∂gsm̄
∂zk

ηs). (3)

Also, in an R− complex Hermitian Finsler space, we have recovered the Chern-
Finsler connection, [19], which is metrical, of (1, 0)− type, and it is given by

Lijk = gm̄i(δjgkm̄) ; Cijk = gm̄i(∂̇jgkm̄) ; Lijk̄ = Cijk̄ = 0, (4)

where here and further on δk is the frame corresponding to the Chern-Finsler
(c.n.c.).

Finally we recall from [4] the definition of an R− complex Hermitian Finsler
space with Berwald property: (M,F ) is Berwald if the local coefficients Lijk de-
pend only on the position z. In this case, the local coefficients of the Chern-Finsler
(c.n.c.) have the particular form

N i
k = Lijk(z)η

j + (∂̇h̄N
i
j)(z)η̄

h.

2 R− complex Hermitian Kropina spaces

We consider z ∈M, η ∈ T ′zM, η = ηi ∂
∂zi
. An R− complex Finsler space (M,F )

is called R− complex Kropina space if

F =
α2

β
, β 6= 0 (5)

where

α2(z, η, z̄, η̄) = Re{aijηiηj}+ aij̄η
iη̄j ; (6)

β(z, η, z̄, η̄) = Re{biηi}.

with aij = aij (z), aij̄ = aij̄ (z), and b = bi(z)dz
i is a differential (1, 0)− form.

The Kropina function (5) produces two tensor fields gij and gij̄ .
In order to study the R− complex Hermitian Finsler spaces with Kropina

metric, we suppose that aij = 0. Thus, only the tensor field gij̄ is invertible and
it is characterized by the following properties:



18 Gabriela Câmpean and Monica Purcaru

Proposition 1. [20] For the R− complex Hermitian Kropina space, with aij = 0,
we have

i)

gij̄ =
2F

β
aij̄ +

2

β2
lilj̄ +

3F 2

2β2
bibj̄ +

−2F

β2

(
bj̄li + bilj̄

)
(8)

or, in the equivalent form

gij̄ =
2F

β
aij̄ −

2

β2
lilj̄ +

F 2

2β2
bibj̄ +

1

F 2
ηiηj̄ ; (9)

ii)

gj̄k = β
2F a

j̄k + β(−4β+Fω)
2F 2N

ηj̄ηk + β(−3Fβ+α2)
2FN bj̄bk+

+β(4β−ε)
2FN bj̄ηk + β(4β−ε)

2FN ηj̄bk,

(10)

where
N = |ε|2 − α2ω + 3Fβω + 8β2 − 8βRe(ε),

α2 = aij̄η
iηj̄ = lı̄η

ı̄, lj = aı̄j l̄ı = ηj ,

bk = aj̄kbj̄ , ε = l̄ıb
ı̄, ε = bı̄η

ı̄, ω = bı̄b
ı̄.

(11)

Proposition 2. Let (M,F) be an R− complex Hermitian Kropina space with
aij = 0. Then we have the following expressions of Chern-Finsler(c.n.c.):

N i
j =

a

N i
j +

(
2ε2−α2ω+12β2−10βε

FNβ ηi + −2ε2−12β2+11βε
Nβ bi

)
∂alm̄
∂zj

ηlη̄m+

+2
[
−2ε2−10β2+9βε

Nβ ηi + F (3ε2+16β2−15βε)
Nβ bi

](a
δjβ

)
+

+
[
F 2

2β

(
gm̄i − am̄i

)]
∂lm̄
∂zj
− F 2

2β g
m̄i ∂bm̄

∂zj

(12)

where
a

Nk
j := am̄i

∂asm̄
∂zk

ηs;
a
δjβ =

1

2
(
∂b̄r

∂zj
lr̄ +

∂br̄
∂zj

η̄r) (13)

Lemma 1. Let (M,F ) be an R− complex Hermitian Kropina space with aij = 0.
If (M,F ) is Berwald then

2FNβ

(
N i
j −

a

N i
j

)
li = (26ε2α2 − 44α2βε− 2α4ω + 24α2β2−

−4Fε3)∂alm̄
∂zj

ηlη̄m + 2(−19Fα2ε2 − 20α4β + 18α4ε+ 3F 2ε3+

+16α4βε)

(
a
δjβ

)
+
(
−8α4β + 2α4βω + 8α2βε− ε2α2

)
η̄m+

+
(
−6α2βε+ α4ε+ 4α4β

)
bm̄
(
∂lm̄
∂zj
− F

2
∂bm̄
∂zj

)
−−F

2 a
m̄i ∂bm̄

∂zj

(14)
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2FNβ

(
N i
j −

a

N i
j

)
li = (28ε2β − 4ε3 − 20α2βω + 24α2ωε+

+48β3 − 64β2ε−−4Fε2ω)∂alm̄
∂zj

ηlη̄m+

2(−26Fβε2 + 4Fε3 − 40Fβ3 + 56Fβ2ε+ 3F 2ε2ω − 16α4ω−

−15F 2βεω)

(
a
δjβ

)
+ [(−16α2β2 + 8Fβ2ε+ 4F 2ωβ2−

2F 2ωβε = −2α2εω)η̄m + (−6Fωβ2 + 2α4ω + 16α2β2

−8Fβ2ε− 4Fβ2 + 2α2ε)]
(
∂lm̄
∂zj
− F

2
∂bm̄
∂zj

)
−−F

2 a
m̄i ∂bm̄

∂zj

1.

At this moment we want to emphasize the difference between this class of
spaces and R− complex Hermitian Randers spaces. In our case we have only
rational terms, and for this reason we have the next Corollary

Corollary 1. Let (M,F ) be an R− complex Hermitian Kropina space with aij =

0. If
a
δjβ = 0 and

2FNβ

(
N i
j −

a

N i
j

)
li = (26ε2α2 − 44α2βε− 2α4ω + 24α2β2−

−4Fε3)∂alm̄
∂zj

ηlη̄m

2FNβ

(
N i
j −

a

N i
j

)
bi = (28ε2β − 4ε3 − 20α2βω + 24α2ωε+

48β3 −−64β2ε− 4Fε2ω)∂alm̄
∂zj

ηlη̄m

(15)

then (M,F) is a Berwald space and N i
j =

a

N i
j .

With α, β from [4] and using the same technique, as in the Randers case
(exhaustively studied in [4]), we can write a first example of Kropina metric.

Example 1. As in [4], on M = C3 we set the metric

α2 = ez
1+z̄1 ∣∣η1

∣∣2 + ez
2+z̄2 ∣∣η2

∣∣2 + ez
1+z̄1+z3+z̄3 ∣∣η3

∣∣2 . (16)

and the (1, 0) - differential form

ε = ez
2
η2. (17)

Then, 2β = ez
2
η2 + ez̄

2
η̄2 and so, aij = 0, bi = bi = 0, (i, j = 1, 3), b2 = ez

2
,

b2 = e−z
2

and ω = 1.
Using (16) and (17), we have

F =
ez

1+z̄1 ∣∣η1
∣∣2 + ez

2+z̄2 ∣∣η2
∣∣2 + ez

1+z̄1+z3+z̄3 ∣∣η3
∣∣2

1
2(ez2η2 + ez̄2 η̄2)

, (18)

which is a Hermitian Kropina metric.
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3 A special class of R− complex Hermitian Finsler
space with (α, β)-metric

Following the ideas from real case [22], we shall introduce a new class of R−
complex Finsler metrics.

We consider z ∈M, η ∈ T ′zM, η = ηi ∂
∂zi
. We define the function F on T ′M ,

F = α2 + εβ2, ε = ±1, (19)

where
α2(z, η, z̄, η̄) = Re{aijηiηj}+ aij̄η

iη̄j ;

β(z, η, z̄, η̄) = Re{biηi},
(20)

with aij = aij (z), aij̄ = aij̄ (z), and b = bi(z)dz
i is a differential (1, 0)− form.

The function (19) produces two tensor fields gij and gij̄ .
In order to study the R− complex Hermitian Finsler space with this metric,

we suppose that aij = 0. Thus, only tensor field gij̄ is invertible.

Proposition 3. The fundamental metric tensor of the R− complex Hermitian
Finsler space with the (α, β)-metric: F (α, β) =

√
α2 + εβ2, ε = ±1 is given by

gij̄ = aij̄ +
ε

2
bibj̄ (21)

Proof. The invariants of an R− complex Finsler space (α, β)-metric for this class
are: δ0, δ1 = εβ, δ−2 = δ−1 = 0, µ = ε

2 , ε = ±1. Using them in Theorem 2.1. [7]
by direct calculation we have the result.

The next aim is to find the formulas for the determinant and the inverse of
tensor field gij̄ . The solution is obtained by the followin Lemma from [6], for an
arbitrary non-singular Hermitian matrix (Qij̄).

Lemma 2. Suppose:
• (Qij̄) is a non-singular n× n complex matrix with inverse (Qj̄i);

• Ci and Cı̄ = Ci, i = 1, .., n, are complex numbers;
• Ci = Qj̄iCj̄ and its conjugates; C2 = CiCi = C̄iCı̄; Hij̄ = Qij̄ ± CiCj̄
Then
i) det(Hij̄) = (1± C2) det(Qij̄)
ii) Whenever 1 ± C2 6= 0, the matrix (Hij̄) is invertible and in this case its

inverse is H j̄i = Qj̄i ∓ 1
1±C2C

iC j̄ .

Proposition 4. For the R− complex Hermitian Finsler space with the metric
F =

√
α2 + εβ2, ε = ±1 the determinant and the inverse of the fundamental

metric tensor gij̄ are given by

i) gj̄i = aj̄i +
1

2 + ω̄
ak̄iaj̄lblbk̄, (22)

ii) det
(
gij̄
)

=
2 + ω̄

2
det(aij̄), (23)
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where
ω = bib

i, bi = bj̄aij̄ , b
i = aj̄ibj̄ .

Proof. Applying Lemma 2 we set Qij̄ = aij and Ci = 1√
2
bi. We obtain Qj̄i = aj̄i

Ci = aj̄i, 1√
2
bj̄ , C

2 = 1
2 ω̄, 1 + C2 = 2+ω̄

2 6= 0, We have Hij̄ = gij̄ . H j̄i =

aj̄i+ 2
2+ω̄ (ak̄i 1√

2
bk̄)(a

j̄l 1√
2
bl), det(Hij̄) = (1+C2)det(aij̄). From here, immediately

results i) and ii).

Proposition 5. Let (M,F) be an R− complex Hermitian space with F =
√
α2 + εβ2

and aij = 0, ε = ±1. Then we have the following expressions of Chern-Finsler
(c.n.c.)

N i
j =

a
N
i

j +
1 + ω

2 + ω

(
a
δjβ

)
bi +

1

2 + ω

∂lm̄
∂zj

bibm̄ + 2βgm̄i
∂bm̄
∂zj

, (24)

where
a

N i
j = am̄i

∂alm̄
∂zj

ηl and
a
δjβ =

1

2

(
∂b̄r

∂zj
lr̄ +

∂br̄
∂zj

η̄r
)
. (25)

After a direct calculus, we can prove that,

Proposition 6. Let (M,F ) be an R− complex Hermitian space with F =
√
α2 + εβ2

and aij = 0, ε = ±1. If (M,F ) is Berwald then

(2 + ω)

(
N i
j −

a
N
i

j

)
li = (2 + ω)

(
a
δjβ

)
ε̄+ ε̄∂lm̄

∂zj
bm̄ + 2β (2 + ω) gm̄i ∂bm̄

∂zj
li

(2 + ω)

(
N i
j −

a
N
i

j

)
bi = (2 + ω)

(
a
δjβ

)
ω + ω ∂lm̄

∂zj
bm̄ + 2β (2 + ω) gm̄i ∂bm̄

∂zj
bi.

(26)

Theorem 1. Let (M,F ) be an R− complex Hermitian Finsler space, with aij = 0

and F =
√
α2 + εβ2, ε = ±1. If (M,F ) is a Berwald space and (N i

j −
a
N
i

j)bi = 0,

then
a
δjβ = 0 and N i

j =
a
N
i

j.

Example 2. We consider α as in [8], given by

α2(z, η) =
|η|2+ε(|z|2|η|2−|<z,η>|2)

(1+ε|z|2)2 , (27)

defined over the disk ∆n
r =

{
z ∈ Cn, |z| < r, r =

√
1
|ε|

}
if ε < 0, on Cn if ε = 0

and on the complex projective space Pn(C) if ε > 0, where |< z, η >|2 =< z, η >

< z, η >. By computation, we obtain aij = 0 and aij̄ = 1
1+ε|z|2

(
δij − ε

zizj

1+ε|z|2

)
and so, α2(z, η) = aij̄(z)η

iη̄j . Thus purely Hermitian metrics which have special
properties are determined. They are Kähler with constant holomorphic curvature
Kα = 4ε. Particularly, for ε = −1 we obtain the Bergman metric on the unit disk
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∆n = ∆n
1 ; for ε = 0 the Euclidean metric on Cn, and for ε = 1 the Fubini-Study

metric on Pn(C). Setting β(z, η) = Re <z,η>
1+ε|z|2 , where bi = zi

1+ε|z|2 ,, we obtain some

examples of this class of R - complex Hermitian metrics

Fε =
|η|2+ε(|z|2|η|2−|<z,η>|2)

(1+ε|z|2)2 ±
(
Re <z,η>

1+ε|z|2

)2
. (28)

4 R− complex Hermitian Matsumoto spaces

Following the ideas from the real case [10, 16, 17, 22], we shall introduce a
new class of R− complex Finsler space with (α, β)-metric.

We consider z ∈M, η ∈ T ′zM, η = ηi ∂
∂zi
. An R− complex Finsler space (M,F )

is called R− complex Matsumoto space if

F (α, β) =
α2

α− β
, α 6= β, (29)

where
α2(z, η, z̄, η̄) = Re{aijηiηj}+ aij̄η

iηj̄ ;

β(z, η, z̄, η̄) = Re{biηi},
(30)

with aij = aij (z), aij̄ = aij̄ (z), and b = bi(z)dz
i is a (1, 0)− differential form.

Taking into account the 2−homogeneity condition of L :

L (α (z, λη, z̄, λη̄) , β (z, λη, z̄, λη̄)) = λ2L (α (z, η, z̄, η̄) , β (z, η, z̄, η̄)) , λ ∈ R+,
(31)

we have,

Proposition 7. In an R−complex Hermitian Matsumoto space the following
equalities hold

αLα + βLβ = 2L, αLαα + βLαβ = Lα,
αLαβ + βLββ = Lβ, α

2Lαα + 2αβLαβ + β2Lββ = 2L,
(32)

where

Lα =
∂L

∂α
, Lβ =

∂L

∂β
, Lαβ =

∂2L

∂α∂β
, Lαα =

∂2L

∂α2
, Lββ =

∂2L

∂β2
. (33)

The Matsumoto function (29) produces two tensor fields gij and gij̄ .
In order to study the R− complex Hermitian Matsumoto spaces, we suppose

that aij = 0. Thus, only the tensor field gij̄ is invertible.

Proposition 8. The fundamental metric tensor field of a R− complex Hermitian
Matsumoto space is given by

gij̄ =
α3 − 2α2β

(α− β)3
aij̄+

−αβ + 4β2

2(α− β)4
lilj̄+

3α4

2(α− β)4
bibj̄+

α2(α− 4β)

2(α− β)4
(bj̄li+bilj̄) (34)

or, in the equivalent form

gij̄ =
α3 − 2α2β

(α− β)3
aij̄+

4β − α
2(α− β)3

lilj̄+
F

(α− β)(α− 2β)
bibj̄+

α− 4β

2F (α− 2β)
ηiηj̄ . (35)
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Proof. The invariants of an R− complex Hermitian Matsumoto space are: ρ0 =
α2(α−2β)

(α−β)3 , ρ1 = F
α−β , ρ−2 = −β(α−4β)

2(α−β)4 , ρ−1 = F (α−4β)
2α2(α−β)2 , µ0 = 3F

2(α−β)2 . Using

them in Theorem 2.1. [7] by direct calculation we have the result.

Proposition 9. For an R− complex Hermitian Matsumoto space the determinant
and the inverse of the fundamental metric tensor gij̄ are given by:

i) gj̄i = (α−β)3

α2(α−2β)
H j̄i, with

H j̄i = aj̄i +
(α− 4β)D

MM̄
ηiηj̄ +

α2M

A
bibj̄ +

α2(α− 4β)ε̄

A
ηibj̄+

α2(α− 4β)Mε

AM̄
biηj̄ +

(α− β)5(α− 4β)

L
(aj̄iηj̄ +

(α− 4β)Pµ̄

MM̄
ηi+

+
α2Mν̄

A
bi +

α2(α− 4β)ε̄ν̄

A
ηi +

α2(α− 4β)Mεµ̄

AM̄
bi)(aj̄lηl+ (36)

+
(α− 4β)Pµ

MM̄
ηj̄ +

α2Mν

A
bj̄ +

α2(α− 4β)ε̄ν

A
ηj̄ +

α2(α− 4β)Mεµ

AM̄
bj̄),

where
M = 2α3 − 4α2β − αγ + 4βγ,
D = M̄ +M [α2|ε|2(α− 4β)],
L = 2α6(α− 2β)2 +B(α− β)5(α− 4β),
µ = ηiηi, ν = biηi,
P = M̄ +Mα3|ε|2 − 4Mα2|ε|2β,

(37)

A = (α2 − 4αβ + 4β2)(2α2 − 4α2β − αγ + 4βγ) + α2(2ωα2 − 4α2βω−
− αγω + 4βγω + α|ε|2 − 4β|ε|2,

B = aj̄iηj̄ηi+

+
(α− 4β)(2α3 − 4α2β − αγ̄ + 4βγ̄ + α2|ε|2(α− 4β)(2α3 − 4α2β − αγ + 4βγ)

(2α3 − 4α2β − αγ + 4βγ)(2α3 − 4α2β − αγ̄ + 4βγ̄)
×

×ηiηiηj̄ηj̄+
+α2(2α3−4α2β−αγ+4βγ)

A bibj̄ηiηj̄ + α2(α−4β)(2α3−4α2β−αγ+4βγ)
A

+

(
ε̄

2α3 − 4α2β − αγ + 4βγ
ηibj̄ηiηj̄ +

ε

(2α3 − 4α2β − αγ̄ + 4βγ̄)
biηj̄ηj̄ηi

)
ii) det

(
gij̄
)

=
(
α2(α−2β)

(α−β)3

)n
det(Hij̄), with

det(Hij̄) =
2α6(α− 2β)2 +B(α− β)5(α− 4β)

4α8(α− 2β)7M
·A2 · det(aij̄),

ω = bib
i, bi = bj̄aij̄ , b

i = aj̄ibj̄ .
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Proof. I. We set: Qj̄i = aj̄i and Ci = 1
α

√
α−4β

2(α−2β) li. By applying Lemma 2

we obtain: Qj̄i = aj̄i , C2 = α−4β
2α2(α−2β)

γ, Ci = 1
α

√
α−4β

2(α−2β)η
i. So the matrix

Hij̄ = aij̄ −
α−4β

2α2(α−2β)
lilj̄ is invertible with: Hj̄i = aj̄i + α−4β

2α3−4α2β−αγ+4βγ
ηiηj̄ . II.

Now, we consider: Qij̄ = aij̄−
α−4β

2α2(α−2β)
lilj̄ and Ci = α

α−2β bi. By applying Lemma

2 we obtain this time:

C2 =
α2

(α− 2β)2

(
ω +

(α− 4β)|ε|2

2α3 − 4α2β − αγ + 4βγ

)
It results that the the inverse of:

H ij̄ = aij̄ − α− 4β

2α2(α− 2β)
lilj̄ +

α2

(α− 2β)2
bibj̄

exists and it is:

Hj̄i = aj̄i+(α−4β)

(
1

2α3 − 4α2β − αγ + 4βγ
+

α2|ε|2(α− 4β)

2α3 − 4α2β − αγ̄ + 4βγ̄

)
ηiηj̄+

+
α2(2α3 − 4α2β − αγ + 4βγ

A
bibj̄+

+
α2(α− 4β)(2α3 − 4α2β − αγ + 4βγ)

A

(
ε̄

2α3 − 4α2β − αγ + 4βγ
ηibj̄+

+
ε

2α3 − 4α2β − αγ̄ + 4βγ̄
biηj̄

)
.

III. Finally we put Qij̄ = aij̄ −
α−4β

2α2(α−2β)
lilj̄ + α2

(α−2β)2 bibj̄ and

Ci = (α−β)2

α3(α−2β)
√

2

√
(α− β)(α− 4β)ηi. From here we obtain:

det(Hij̄) = det

(
aij̄ −

α− 4β

2α2(α− 2β)
lilj̄ +

α2

(α− 2β)2
bibj̄ +

(α− β)5(α− 4β)

2α6(α− 2β)2
ηiηj̄

)
=

=
2α6(α− 2β)2 + β(α− β)5(α− 4β)

2α6(α− 2β)2
· A

2α2(α− 2β)3
· A

(α− 2β)2M
· det(aij̄)

But gij̄ = α2(α−2β)
(α−β)3 Hij̄ , with Hij̄ from III. Thus, gj̄i = (α−β)3

α2(α−2β)
H j̄i. From here,

immediately results i) and ii).

Proposition 10. Let (M,F) be an R− complex Hermitian Matsumoto space with
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aij = 0. Then we have the following expressions of Chern-Finsler (c.n.c.),

N i
j =

a

N i
j +

1

2α2(α− β)(α− 2β)
{[(α− 2αβ + 2β2) + α(Q+ U +W )·

· (α(α− 2αβ + 2β2) + ε̄) + (S + V )(ε̄(α− 2αβ + 2β2) + ωα)+

+ α(α− β)6(α− 4β)(α− 2αβ + 2β2 + ε̄)]ηi + [(α− 2αβ + 2β2)(Rε̄+

+ Tα2 + Zα2) + α(α− 2αβ + 2β2)(Rω + T ε̄+ Zε̄)]bi}∂alm̄
∂zj

ηlηm̄+

+
1

2α2(α− β)(α− 2β)
{(2α− 2β − 1 + 3α2ε̄)[α2(S + V + α2(U + V +Q)+

+ (α− β)6(α− 4β)]ηi + α2[(Zα2 + Tα2 +R)(2α− 2β − 1 + 3α2ε̄)+

+ 3α2]bi}(
a
δjβ) + [Q+ U +W +

(α− β)7(α− 4β)

α4
]
∂lm̄
∂zj

ηm̄ηi+

+ (S + V )
∂lm̄
∂zj

bm̄ηi + (T + Z)
∂lm̄
∂zj

ηm̄bi +R
∂lm̄
∂zj

bm̄bi +
α2

(α− 2β)
gm̄i

∂bm̄
∂zj

,

where
Q = (α−4β)D

MM̄
, R = α2M

A , S = α2(α−4β)ε̄
A , T = α2(α−4β)Mε̄

AM̄
,

U = (α− 4β)
(
P 2µ2

M2 + α2ε̄ν̄
A

)
+ α2(α−4β)2P ε̄µ(ν̄+ν)

AM̄M
,

V = α2(α−4β)M
A

(
Pµ
MM̄

+ αε̄ν̄
A

)(
ν + (α−4β)εµ

M̄

)
,

W = (α− 4β)
(
Pµ
MM̄

+ α2ε̄ν
A

)
+ (α− 4β)

(
Pµ̄
MM̄

+ α2ε̄ν̄
A

)
,

Z = α2M
A

(
ν̄
A + (α−4β)εµ̄

M̄

)
.

Also,with α and β from [4] we have an example,of Matsumoto metric.

Example 3. As in [4], on M = C2 we consider the metric

α2 = ez
1+z̄1 ∣∣η1

∣∣2 + ez
2+z̄2 ∣∣η2

∣∣2
and ε = ez

2
η2. These imply aij = 0, (i, j = 1, 2), 2β = ez

2
η2 + ez̄

2
η̄2, b1 = b1 = 0,

b2 = ez
2
, b2 = e−z

2
and ω = 1. With the above tools we obtain an R− complex

Matsumoto metric

F =
ez

1+z̄1 ∣∣η1
∣∣2 + ez

2+z̄2 ∣∣η2
∣∣2√

ez1+z̄1 |η1|2 + ez2+z̄2 |η2|2 − 1
2(ez2η2 + ez̄2 η̄2)

, (39)

which is an R− complex Hermitian Matsumoto metric.
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[22] Roman, M., Spaţii Lagrange de ordin superior speciale. Aplicaţii - Teză de
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