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ON THE GROUP OF TRANSFORMATIONS OF
SYMMETRIC CONFORMAL METRICAL N-LINEAR
CONNECTIONS ON A HAMILTON SPACE OF ORDER K

Monica PURCARU!

Abstract

In present paper we obtain in a Hamilton space of order k the transfor-
mation laws of the torsion and curvature tensor fields, with respect to the
transformations of the group T of the transformations of N—linear connec-
tions having the same nonlinear connection N.

We also determine in a Hamilton space of order k the set of all metrical

ms
semisymmetric N —linear connections, 7 p, in the case when the nonlinear
ms
connection is fixed and we prove that T y, together with the composition of

ms
mappings’s a group. We obtain some important invariants of group T y and
give their properties. We also study the transformation laws of the torsion

ms
d—tensor fields with respect to the transformations of the group T .
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1 Introduction

The notion of Hamilton space was introduced by R. Miron in [2],[3]. The
Hamilton spaces appear as dual via Legendre transformation, of the Lagrange
spaces.

Differential geometry of the dual bundle of k—osculator bundle was introduced
and studied by R. Miron [5].

In the present section we keep the general setting from R. Miron [5], and
subsequently we recall only some needed notions. For more details see [5].

Let M be a real n—dimensional C*° —manifold and let (T*kM, ™k M) ,

(k > 2,k € N) be the dual bundle of k—osculator bundle (or k—cotangent bundle),
where the total space is:

T M = TF1M x T* M. (1.1)
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Let (:ci, yi y(kfl)",pi) ,(1=1,2,....,n), be the local coordinates of a point
u = (:c, y(l), ...,y(k_l),p) € T*¢M in a local chart on T**M. The change of coor-
dinates on the manifold T**M is:

7= (:171, . a™), det (%) # 0,
§0i = 28,5,

..................................... (1.2)
(15 9i(k—2)i ) Sik—2)i Y

(k—1) y(k V= yaTy(l)J +o+(k=1) my(k 1)]’

> 027

Di = 3z Py

We denote by T**M = T**M \ {0}, where 0 : M — T**M is the null section
of the projection 7*%.

Let us consider the tangent bundle of the differentiable manifold T*¥M :
(TT*’“M, dﬂ'*k,T*kM) , where dr** is the canonical projection and the vertical
distribution V : u € T"*M — V (u) € T, T**M, locally generated by the vector

fields: {By(?l)i yeee ay(ka_l)i, B%i} at every point v € T** M.

The following F (T*kM) — linear mapping: J : x (T*kM) — X (T*kM) , de-

fined by:
0 0 0 0 0

__ 9 J( 0 ):0,J(8>:0, Vu € T*M (1.3)

Oyk—1)i’ Oy(k—1i opi

is a tangent structure on T**M.
We denote with N a nonlinear connection on the manifold 7**M, with the
coefficients:

N (250, g, p) s N33 (g, gD, ) Ny a0, oy
((1) (:E,y y e Y 7p) ) 7(k—1) (ﬂ%y yeen Y ,p) y J(.’E,y ] 7p) ,
(i,j =1,2,...,n).

The tangent space of T**M in the point u € T**M is given by the direct sum
of vector spaces:

T, (T*kM) = Now ® N1 ® oo ® Neoy ® Vi1 ® Wi, Yu € THM  (1.4)

A local adapted basis to the direct decomposition (1.4) is given by:

0 0 ) 0 .
{M’ 5y(1)7z7 ciey 5y(k:—1)i7 (spl} s (’L = ]., 2, ,n) y (15)
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where:
( . .

6 _ 90 _ Nj._O_ j.__ 0 .0

szt~ Oxt (]}; 2 oy(Di (k]yl) L oy(k—1)j + NZJ Op;’
S _ 90 N] 9 - N j. o)

sy T gy v oy(2i oy Yoy(k=1)i

0 (k-2) (1.6)

) _ o)

Sylk—1)i — gy(k—1)i>

§ a0

op; — Op;’

Under a change of local coordinates on T** M, the vector fields of the adapted
basis transform by the rule:

G oM 6 oW 5 5o 5§ s
sxt Ozt 631 sy(Wi  9at DT syk=D)i 9t §yk=1)i" §p; 639 6p;
(1.7)
The dual basis of the adapted basis (1.5) is given by:
{80!,y V7, . oy * D oy} (1.8)
where:
dx' = 6zt
dy(l)z — 5y(1)7’ _ (J\gijéx]’
1
...................................................................... (1.9)
dy(k—l)z _ 5y(k—1)z N 5y(k—2)] _ Nt 5y(1)j - N 51,]’
G (k—-2) —1)’
( dpi = dpi + Njidx.

With respect to (1.2) the covector fields (1.8) are transformed by the rules:

0%t = Lﬁ&]” sy = %@(UJ, oy = @5y(k—1)j

C T oxd — Oxd ) (1.10)
5p; = 9Z6p;.

Let D be an N—linear connection on T**M, with the local coefficients in the
adapted basis (1.5) :

DI'(N) = <Hijha (C)"'jh,Cijh> (a=1,..,k—1). (1.11)

An N—linear connection D is uniquely represented in the adapted basis in the
following form:
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s s.._ 0 - —
Dﬁw H ”W,D s = Byt (=1, k= 1),
i
Dﬁ (5171 HS] 5ps
D S = C%j5s,D = C %=
6y(°‘>ﬂ ox’ (@) (] 6a: ’ (a)J 5y(ﬁ) (a) v §y(B)s (1 12)
5 .
D5 (oc>J owi _(g) N 5p (Oé p=t 1),
y
P Js Js — _
D(si] 5 ;= C; (;zsvDag] 6y(a)z =C; §y(a)s7(a_ L.k 1)7
D = —Cj ”
61’2
6p]

2 The transformations of the d—tensors of torsion and
curvature

In the following, we shall study the Abelian group Ty . Its elements are
the transformations ¢ : DI" (N) — DI (N) given by (see(2.11)-p.131 [6]):

Nij: Nij, (a:1,...,k—1),

i = H'jn — B'jn, (2.1)
; / :

Cih = OJh — DM (i, 5,h =1,2,...,n).

Firstly, we shall study the transformations of the d—tensors of torsion of
DT (N).

Proposition 2.1. The transformations of the Abelian group Ty, given by (2.1)

lead to the transformations of the d—tensors of torsion in the following way:

( o . — 3 i — —h h
7= 1% B'jn= By Biyn= Bin B"j = B,

N e R R R S S O O

B ijn= B ijn, Bi" = Bi", R = R%jp, R = Ry, ...,

@)"" @@ @ TenT ey 0 (2.2)

R 7;jh: R ]h7 Rzyh— Rijh7 (a§67a7ﬂ: 17"'7k_1)7

(0,k—1) (0,k=1) " (0) (0)
\
szh = Tijh + (Bihj — Bijh> R (23)
S'p=Stn+ (D — D), 8 = 87" + (DM — DM 2.4
() Jh (@) jh ((a) hj (@) Jh) ( ) (2.4)

@i %) Loy (@ < B, B 1 k—1)
jh — ih, (& > O, 0,7 = 1,...,, K — 3

@ " " !

(2.5)
Oijh = Cijh,..., Cijh = Cl'jh ,(Oé: 1,...,]{?—1).

(al) (ad) (a,k—1) (a,k—1)
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Proof. Using (5.3), (5.3), (5.3”)—p.131, [5], (5.12) — p.135, [5], (6.3) — p.161, [5] and
(2.1) we have the results. O

Now, we shall study the transformations of the d—tensors of curvature of
DT (N). We get:

Proposition 2.2. The transformations of the Abelian group Ty, given by (2.1)
lead to the transformations of the d—tensors of curvature in the following way:

Ru'in = Rp'jn — Dips R%jp —..— D 'pg R Si— Dy Rgjp—
m jh m jh | ms jh (h=1) ‘ (Ok 1 jh m (O)SJh (26)
*BzmsTsjh =+ -Ajh {Bsmj : BZS]’L - B m]|h}

Pmijh = Pmijh - Bfn]’ | h + Dimhu’ - Bims Csjh + DimsHﬁj + Bsmj Dish_
o (o) (o) () (o)

D% yBiyi— Dipe B5y —..— D i, B S — DB,
@ ™7 T ™ ey " 1) ™ (o) T T (R
(a=1,..,k—1),
(2.7)
D 1. .h __ i,h 7 h ih 7 sh is rTh s ih
Pyt = Ppii" = Bl |" +Dih . — Bi, C5" — DisHI' + By, Di'— .
—Di"Bi. — D',,sB;*" —...— D %,, B ;" — DB, '
S0 ™y (e—1) " (k—1)’ ™oy
G g (|) D (T) 5. 4+ DI C
ml‘ - ml' m + m st 5, ms 5
@y = Syman = Bma Lt Bl @™ " 5w
+ D5, Dt D5 . D! Dt,, %) D (kcl)s
sh — mh - jh T e T ms ih—
(@ ™) @ ™7 D) "B k=1) " (aB) ?
*Dzsm(%)sjhy (Oé S ﬂv 5/8 - 17"'7k - 1)
(2.9)

(a)
Smih= St — D)+ Dy | - C3h DY — ChgyDE + D, DI —
@™ () m's (@) i =G (@) (@) 7 (@ ™
-DhpDiy; — DY C h—..— D i, C Sh—DisChg
™ (@) 1 " (a1) (=1) " (k1) (@)
(a=1,..,k—-1)

g Wh g iih p isg ih + A {_Dmij ‘h +DmstSih}7

(@)
where A;j denotes the alternate summation and b, | m and [m denote the h-
covariant derivative, the vs-covariant derivative and the wy-covariant derivative
with respect to DT'(N) respectively, « = 1,...,k — 1.

Proof. Using (6.4)-p.161, [5], (2.1) and (5.2)’-p.156, [5] we have the results. [
We shall consider the tensor fields:

K =Ryt — Clos RS iy — oo — O s R* i — C B R, 2.12
mgh = Smh T ™ oy ko)™ on-y™ ™ ot (2:12)
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P = Pm C'ms B jjy — ... — C" s B® 55 —C¥ B},
iyt = A Eim’gh = Coms Bin o it OmBmd
(a=1,...k—=1),
(2.13)
':P/mi'h:Pm h_C s B? jh — e — Cims B 'h_CﬁsBS'h’
@7 @™ ™ @y (h=1)" (k1) (o) (2.14)
(a=1,..,k—1),

Pl = A; {pmi-h—cimsgsh._..._ C' s B c“Bhs} 2.15
TR T ™y )™ b1y’ " (2.15)
Pt =Pt — 0B — .~ O s B — CEBh 2.16

7 ™ o)™ o1y’ UM (2.16)

af) (aB) 1) (ah) (k=1) " (af) (aB)
(OZ < ﬁv aaﬁ = 15"'7k - 1)7

, , @) . (k—1) A
S m'in=HAnq S m'jh—Clms C%in— C" s C *5—Chi B gjn ¢

(2.17)
Sl 7 _ S 7 Cz (év) s Cz (kévl)s Cis B
5" " T @ e T ™ e T M en? (2.18)
(a<pB, a,f=1,...k—1),
St = A St — ClCshs — = O CSh - Cisch
@)’ " { ™ ey’ *-1)"" (@ k-1)’ @) ”} (2.19)
(a=1,..,k—1),
Slmijh =3 mijh - OimsCShj — = C' g csh C;‘rfchsj’ (@=1,...k=1).
(@) (o) 1" (1) *=1)"" (ak—1)’ @)
(2.20)

Proposition 2.3. By a transformation of the Abelian group T, given by (2.1) ,the

tensorﬁelds K ) P mi ihs {-P/mi ihy {-sz ,h’ g),mi 'h’ S mi ihy S, mi ihs 8m h7 8, ih
e Gyt ' P’ 7 @)™ @™ T @y @™
are transformed according to the following laws:

Kon'ih = Kon' it — BirmsT i1+ A {Bsijish - Bimjlh} , (2.21)
o | . | (@) |
(g)mljh = (gj)mzjh + g;msTfh - Blms('g)sjh + Ajp, {—B}’nj | )+ (aD)th.j—i-
B D (D)Sth;‘j}, (=1, k—1),
(2.22)
()

. 5
() 7 ) I (2.23)
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Pty = Pty Ay { = Byl + DMy = BooCit — Dig H+ 22
2.4

+Bs, D — D;’;B;j} L (a=1,.k—1),

%

— . . h ) B . .
Pt =Pt = Bl + D™ — B'nsC3" — DisHY + BS, D — D3t B,
(2.25)

o | | | C®» W
Soniin = Smiin — DivnsS% i — Div S50+ A 4 —Din |+ 4+ Divn |+
ey e @™E" T ”‘{ Ry Lot gy |
+Dsm‘Dis - D Dis'}a a<f,a,f=1,.,k—1),
Dy ek~ Qs o ( )
(2.26)

o | ® @ |

Sinl‘ _ S/mz, — Db, + Dt o Dzmscs, 4 Dzmscs .

St = Smion = Qyma Lt i |5 = ymoyin  Gymolsha (2.27)
DsmjDiSh_DSthisj7 (agﬁ)avﬂ:]ﬂ“'vk_l)v

_|_
(@) " (B) ®) (@)

_ . . (@) ) :
=810+ A, {—gmj\h +Di | - C;hgms - g)szD;ng

Sm';
(a) (@) (@) (2.28)
+D?,; D — Df,?Disj} , (a=1,..,k—1),
() ()
S/ i h _ Slmi h im"h 4 Dzh(T) _ CshDimS _ ChS‘Dis—l—
"’ @™ T @™ @ (2.29)

(a) (a)
+P§mjD§h - Df,?%?;sj, (a=1,..k—1),

Proof. From (2.7) we get:

AT =B+ oty - B}

() . ; i 2
A —B' D' + B D'y — D%nBl: — D'ys B i — . —
+Ajn { mj ‘ nt @ mhlj + m](a) sh @ mhDs; D ms(al) jh

- D' B *,—D®B,:
1) ™ a1y " m(af]h}
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Using (2.30),(6.3) -p.161,[5] and (2.1) we have:

Ajn Pjn ¢ = Ajn S Po'jn ¢ — D h— Bis 5% jn+
() (@) (@) (o)

() . . ,
+Ajn 4 =B'mj | 5+ D i+ By D'sh — D mn By ¢ +
(@) (@) (@)

+A; {C"ms—cims Bp+.4(C 'ps— C 'ns) B S+
i\ (Gyme = §me) B in Sy me ™ (Cyme) o By

L oz;g)(B)sjh} |

If we separate the terms and using (2.13) we get (2.22).
Analogous we obtain the other formulas. O

3 Metrical semisymmetric N —linear connections of the
space HFn

Let H®)" = (M, H) be a Hamilton space of order k, and let N be the canonical

nonlinear connection of space H®)" = (M, H) ([5]) — p.192).
We consider the adapted basis {%, 5;(51)1' s ey 5y(k5_1)i, %m
{(5aﬁi,5y(1)i, ., oy (5p2-} determined by N and by the distribution Wp. Let

and its dual basis

2
(1) <mq)_1aH

N 5 8piapj

97 (z,yM, .y (3.1)

be the fundamental tensor of the space H®).

The d-tensor field g¥ being nonsingular on T*¥M there is a d-tensor field 9ij
covariant of order 2, symmetric, uniquely determined, at every point u € T*FM,
by

gijg]k = 55 (32)

Definition 3.1. ([5]) An N—linear connection D is called compatible to the fun-
damental tensor ¢' of the Hamiltonian space of order k, HF)" = (M,H), or it
is metrical if g is covariant constant (or absolutelyy parallel) with respect to D,
i.€.
g (a) _—
g”'hzo’ gzj ‘ = O7 g” | :O7 (a:l,...,szl). (33)
The tensorial equations (3.3) imply:

5 () g
g9 =0, g7 | ,=0, g7 "=0, (a=1,...,k—1). (3.4)
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Theorem 3.1. ([5]) 1. In a Hamilton space of order k, H®)™ = (M, H), there is
a unique N-linear connection D, with the coefficients
DT'(N) = (Hijh, (C;ijh, v (kC )ijh,Cijh> verifying the axioms:
1 -1
1°. N is the canonical nonlinear connection of H*)™.
2. The fundamental tensor g is h—,va—, and wy- covariant constant:

» _(a) »
g9 =0, g7 | ,=0, g7 |"=0.

. DI'(N) is h—,vq—, and wy- torsion free T, = (S)ijh =S =0.
(a=1,..,k—=1)

2. The connection DT'(N) has the coefficients given by the generalized Christof-
fel symbols:

i _ 1 s (0gsh 4 99is _ 995n
Hj, =39 ( ' ’

Sxd Saxh xS
i 1 is [ 6gsn d9js _ 0gjn _ _
(Ca)]h =39 <5y(a)j + Sy@h Sy ) (a=1,..,k-1), (3.5)
]h _ _l ) agsh 69js . 6gjh
CZ - 2918 < 8pj + Oopn, Ops ’

3. This connection depends only on the fundamental function H of the space
H®" and on the canonical nonlinear connection N.

Definition 3.2. (/5]) The connection DI'(N) with the coefficients (3.5) will be
denoted by CT(N) and called canonical for the space H®)™.

The canonical metrical N-linear connection: CT'(N) has zero torsions
T, g)jh,s?h (@=1,...k—1).

i
The Obata’s operators, are given by:
i 1y . wii 1/ g
e = 5 (9150 — amg) . @7 = 5 (3hol + meg” ) (3.6)
There is inferred:

Proposition 3.1. The Obata’s operators have the following properties:

O + QY = 6,67, (3.7)

QU = Uy VGO = Wy QGO = TGO =0, (38)
i ; ; 1 ) 1

QZ =Q% =0, QZ =3 (n—1) 5;77 Q*Z =5 (n+1) 5;,’. (3.9)

Theorem 3.2. ([4],[5]) There is a unique metrical connection DT (N)

= (Hijh? ?;jm Cﬂ‘), (a =1,....k — 1) metrical with respect to the fundamental

«

(k)n

tensor ¢g¥ of space H having as torsion d— tensor fields Tijh, (Séjh, S apriori
«

glven.
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The coefficients of DT (N) have the following expressions:

i 1 is (0gsn | 095s _ Ogjn

H jh = 29 (6901 + Sxh 0’ +
L

+39" (gsmT™ jb — gjmT™ sh + ghmT™js) »

~i 1 is [ _6gsh dgjs _ 0gjn

(Ca)Jh =39 Sy(a@)i + Sy(ah Syla)s

)+
+%gis <gsmsmjh - gijmsh + ghm*?l?js) )

(3.10)

(@) ()

~jh 1, (8gh | dg7c _ 9gi"
Gt = 29w<apj + Bon ~ op,

_%gis <gsmSmjh _ gjmsmsh +ghmsmjs) )

A class of metrical N-linear connections, which has interesting properties is
that of metrical semisymmetric N-linear connection.

Definition 3.3. ([1]) An N —linear connection on 7**) M is called semisymmetric

if:
‘ 1 . . . 1 ‘ . )
T, — Z (—§° i T~ _st i . Jh
Jh 2 ( 6]ah +5h0])’(§) jh 2 < 6](Z)h +6h(2)3) 7Sz
1 , )
= = (=& 4 57 = -
2( st + oy ) (@=1,..k—1), (3.11)

where o, (7‘) ex* (T*kM) and v € x (T*kM) .
«

Theorem 3.3. The set of all metrical semisymmetric N —linear connections with

local coefficients DI (N) = (Hiﬂ17 (%ij]“ vy (kcl)ijh’ Cijh) s given by:

¢

. 0 . ‘
H'jp = H'jn+ 5 (—ging"os + 050})

) 0 . . )
(C)‘jh = (C)Zjh +3 <—gjhgm(7')s + (T)jé,g) Ja=1,..,k—1), (3.12)

. 0 . . .
Ci" = Cii" + § (=g gisv® + 075} ,

0 . 0 . 0 . 0 .
where CT (N) = <H1jh,(%ljh,...,(kCl)Zjh,C,-Jh> are the local coefficients of the

canonical metrical N—linear connection and o, (7’) ex’ (T*kM) J(a=1,..,k—1)
e
and v € x (T*kM) .

Proof. Using Theorem 3.2 and Definition 3.3 we obtain the results by direct cal-
culation. n

4 The group of transformations of metrical semisym-
metric N—linear connections

Let N be a given nonlinear connection on 7% M.
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Remark 4.1. The relations (3.12) give the transformations of metrical semisym-

metric N—linear connections of space H®n corresponding to the same nonlinear

connection N. We shall denote a transformation of this form by: t(o, (T),U) :
(6%

DI'(N) — DI'(N), (o =1,...,k — 1). It is given by:
H'jy = H'j + 5 (—9in9"0s + 0;6}) ,
N i 1 _ . i Y/ — _
(g)zjh — (g)z]h + L ( g]hgls(qa-)s + (70[')]5;7’ ,(Oé =1,...,k 1), (41)
Cijh = Cijh + % (—gjhgisvs + vjéf) .
Thus we have:

ms
Theorem 4.1. The set T n of all transformations t(o, (T),v) : DI'(N) —
«
DT(N),

(a=1,...,k—1), of metrical semisymmetric N —linear connections, given by (4.1)
is an Abelian group, together with the mapping product.

This group acts on the set of all metrical semisymmetric N—linear connec-
tions, corresponding to the same nonlinear connection N, transitively.

Theorem 4.2. By means of a transformation (4.1), the tensor fields:
Kmijhaipmijha (CV - 17 7k - 1)7Tmijh7 Smijhy (Oé S /87047/8 - 17 7k - 1)7 sz]h
(@) (o)

«

given in (2.12),(2.13),(2.15), (2.17) and (2.11) are changed by the laws:

Kn' jh = Kom' ji + Ajn {Q?}nffrh} ; (4.2)
“?mijh = ?n)%ijh + .Ajh {Qé%(’y)rh} , (a =1,..,k— 1) (4'3)

Pt = Pt + A {Q;?’;nar " +QU "+ Qi (Hhsjz/“ + Cj’"hos> +  (4.4)

1 . 1 A 1. . 1 A 1 .

+ S0 + 157’%%9’505“ + 1 Ohgrmg’ osv" — Zgjsgmamvs - 4gjmgrh0rvz} :
(STE)Z]h = (S%L)Zjh + ‘Ajh {Q;:n(oz—ﬁ)rh} ; (a < ﬁa Oé,ﬁ = 17 sy k— 1)7 (45)

(e} (e}
St = St 4 A, {Q%vrh} , (4.6)

where:
1 rSs

Orh = —0yOp + Oph + ~Grh O, (U =9 Uras) > (47)

4
(@) )
Yrh = — (JTTh+UhTT> + o ‘ h+7r|h+zgrh7a
(@ (@) (@ (@)

(@) (4.8)
=g \orTs+0osT, , (a=1,..,k—-1),
((Z) I < (@) (@) >> ( )
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) (@)
T rh = — ht+ ThT + 7T, + T, —I—er,
@)™ ((a) @" @B ) ay |t gy Latam 2, (4.9)

TeTs+ TsTr , (< B, a,0=1,....k—1),
(aﬁ) =7 ((a) ) (a) (ﬂ))) ( ’ ’ )

1
o =yl 40" R ,ng“hv, (v=grsv"v%). (4.10)
Proof. Using (2.1) and (4.1) we get:
B"-hzl(—aﬁi—i—g-hgisa):— o Dih:1 — T 0+ ging T ) =
J 2 I%h J s hj 87(a)J 9 () h J ()

(4.11)

. 1 . : .
Q45 7o (@=L k= 1), DI = 2 (<078 + ghgi) =~

T(@)
By applying Proposition 2.3, relations (3.11) and (4.11) we obtain the results.
O

ms
Using these results we can determine some invariants of group 7 p. To this

end we eliminate o, 7y ij,(%)ij and v¥ from (4.2), (4.3), (4.5) and (4.6) and we

o
obtain:

Theorem 4.3. Forn > 2 the following tensor fields: H,, jh,Nmijh, (a=1,..,k—
(o)

1), Mmijh,Mmijh, are invariants of group n‘}sN :
(aB)
i i 2 ir grnK
ol =Sl g (=555 ) ) a2
9rh P
Noijn = Priin +—— A d o [ 20— O |V (0 = TFT) @13)
(@) (@) n—2 @ 2(n-1)
9 grh(sﬁ)
Mpin = Smiint——Ain Q7 | 8§ ,p— —2 a<Bia,f=1Fk
" @m " =2 I ee™ T 2= 1) @< fionff
(4.14)
My = Syt 4 —2_p dai (s - g™ (4.15)
L M 2(n—1)/)f" '

where: Kpnj = J{miji,JC = ng'mej7 (gj)mj = ?TSZ 5 (ﬁP) =g J(T)m], (a=1,k—-1)

S mj — Sm 12 S = mj S mgs (¥ < 67aa/8 = 17k_1 aSU = Smljm7s =
Sy = Sl &= g 8w ( LE-D)

959
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ms
In order to find other invariants of group T y, let us consider the transfor-

mation formulas of the torsion d—tensor fields by a transformation ¢(o, (T),U) :
«

DI'(N) — DI'(N),

(o = 1,....,k — 1), of metrical semisymmetric N—linear connections of the space

H®" corresponding to the same nonlinear connection N, given by (4.1).

Proposition 4.1. By a transformation (4.1) of metrical semisymmetric N— lin-

ear connections, corresponding to the same nonlinear connection N :

t(o, (T),’U) : DI'(N) — DI'(N), (o = 1,....,k — 1), the torsion tensor fields:
(0%

()
A , . , ‘ A . ‘
r “ihy B "iny Bijh, BYij, B ijn, B, R 'jn, T i, Rijn, S'jn, Si7", C “jn,

(01) in (aB) (a) (0) (aB) (@)  (0) (0) (a) (ap)
(01) A ( kC’ l)ijh, (a < B,a,B,y=1,....k — 1) are transformed as follows:
( ’FZ = ) l' = B’ aB l':Bhi7B’L - i
oy 7= oy By = By ) ) ey = Gy

B iin= B inB/"=B" (a<B,0,6=1,...k—1),
(aﬁ) "= (ﬁ)]h() (@) { )

(c{%) ih = (R) jho (=1, k = 1), Rijr, = Rijn,

() ™) .

(C%)zjh:(%)zjh,(aSg,a,ﬂzl,...,k—l), (4.16)
Cih=cgh .., C Jh= C " (a=1,.k-1),

(1)’ (e1) (ek—1) (ak—1)

Tiin =T n + 5Am {00}, },
Shn = Si-h+1ﬂ-h{m§i},
@ @ T @
St = St + 5 A {v7 6] }

We denote with:

(ap)

t = {5} —Ajh{ 3 }wa—l’---,k—n,

(a)

t Zjh = -Ajh 5y(,@)h (O‘ ﬂ - 1 1)7




Monica Purcaru

t *i'h:Ei'h{gim t m‘h}, t *h, —Ezh{gzmt mh}
(@B) ! @8 " ! ()
ke —

tiin = Xijn {gimtmjh} J(a<Ba,8=1,..,

(0c “igh = Xigh {gim(OZ)mjh} a=hok=1),

@)

T*iin = ijn {gime]h

((ﬁ)*ijh = Yijn {gim(fz)mjh} i (
() () }

C "ijh = Yijn {gzm C™mpo(a<fap=1.k-1),

a=1,..,k— 1),R;;L = Yijn {gimijh} )

[ (@f) (af)

(4.18)
C *z-h/- :E’L gmcmh yooey C *Z.h. :E’L gzm th , a = 1,]{—1 ’
CORE { " } (ko) T T Gl ( )
(a%)*wh = Dijn gzm(()% e (@< Ba,B=1k-1),
-, |

(a) (o)
S *ijh = Zijn {gim(g)mjh} (04 = 1/“7—1) S*Ih = S, {gimsmjh} ;
H*ijh = zyh {‘Ajh {gij jh

C*ijn = Bijn { {ggm cm; }}
(@)

criih = sy { A {gmCmi } |

- 1),

where ¥;jp{...} denotes the cyclic summation, and with:
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(1)

Kiin = gimT™ jn — Ajn {ghmHmij} ;

@) N

(aK)z‘jh = gim(g)mjh — Ajn {ghm(g)ij} J(a=1,..,k—1),

(2

(apy It = T\ Iy [

®) (4.19)

(VK) (gj)m+ %)’”(<ﬂ s Lok —1)
ijh — 9my I im i\ >~ 0,a, 0,7 = L1,...,k — 5

(o) " = I gy ih T Iim Ly K

(3) ) ; -

(1)

8 ijn = Aij { gim B jh ¢ »

(ap) I T {g (aﬁ)Jh}

(2)

S iin=HAingmiAind Binve,(a<B,aB,yv=1, .. k—1).

S it ]h{g y h{(aﬁ)h}} (@ <B,0,8,7 )

Remark 4.2. It is noted that ¢ *j;p, ¢ *ijh,t*zjh, r *ijh,T*ijh,R§z, S*ijh,S*ijh
(aB) (a) (Ocx) ()

2
CO RN ) () @ . @ ” )
are alternate Ky, K ijn, K 30, K", 8 iin, H ijn, C*ijn, C*7" are alternate with
()" (aB) (ap) (@)
(1)
respect to: j, h, and (Sﬁ)ijh are alternate with respect to 1, j.
Q,

Theorem 4.4. The tensor fields: (07" )ijh, Bﬁijh, B ijn, Bhij, B ijn, B,
[e% (0%

(aB) (o) (0) (ap) (@)
) () . ) ) ) ) )
R Z'h7 R’L ih s C Z'ha C ijhf"'r C ijh} t Z'hatl' 3 t Zh'a t *i'hu t *hi'vt*i'h)
0a) 7" T (apy T (a) (@k-1" @)@ T @) M@ Y
A , h h i
T *iins Tin, R %ijn, C %ijn, RY, C %,y C %ij, B *iin, B*jh, B¥iin,
(0a) 00y M @By T TIN @1y T (agk=1) T @) T (@) T (0)

@ @
ihs R ijh>s ) ijh>s ijhy ijhs ijh>y ) ijhs ijh QGT€ 1N~
@) 7" (@ V@) " @ @p T " @" (ap)"

ms
variants of the group T n.
Proof. By means of transformations of the torsion given in (4.16) and using the

notations: (4.17), (4.18) and (4.19), from (4.1) we obtain the results by direct
calculation. ]
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Theorem 4.5. Between the invariants in Theorem 4.4 there exist the following
relations:

(a

1) (2)
Yijh {Kz‘jh} =T"%in+H" 5, =0, Xijp {K)ijh} = (g)*z‘jh + (g)*z‘jh =0,

Yijn K ijn = C
af

(). . g
Sijh {Kmh = §h 4+ ¢ = 0, By

(2)
™) 0, ™ .
) (aﬁ)ijh_(aﬁ)’ihj7(a§/87a7/377:17"'7k_1)7
(3)

() ™ ™,

@”" " @p " ap™

(

(Oé §67a7ﬁ77: 17"'7k_1)>

Zijn (asﬁ)ijh = B "ijn— B)*jz‘m (a<B,a,8,y=1,....k—=1),

(ap) (aB

(2)
Yijn (aSﬁ ijh ¢ = Hin {(B *jz‘h} — Aij {((ﬁ)*hij} (a<LBa,8=1,...,k—1),

ap)

Yijd K »=0,(a<pB,0,6,7v=1,....k—1).

(4.20)

Proof. Using notations (4.18),(4.19), relations (4.1) and the definitions of the
torsion d—tensor fields given in [5] - p.161, we obtain the results. O
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