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ON THE GROUP OF TRANSFORMATIONS OF
SYMMETRIC CONFORMAL METRICAL N-LINEAR

CONNECTIONS ON A HAMILTON SPACE OF ORDER K
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Abstract

In present paper we obtain in a Hamilton space of order k the transfor-
mation laws of the torsion and curvature tensor fields, with respect to the
transformations of the group TN of the transformations of N−linear connec-
tions having the same nonlinear connection N.

We also determine in a Hamilton space of order k the set of all metrical

semisymmetric N−linear connections,
ms

T N , in the case when the nonlinear

connection is fixed and we prove that
ms

T N , together with the composition of

mappings’s a group. We obtain some important invariants of group
ms

T N and
give their properties. We also study the transformation laws of the torsion

d−tensor fields with respect to the transformations of the group
ms

T N .
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1 Introduction

The notion of Hamilton space was introduced by R. Miron in [2] , [3] . The
Hamilton spaces appear as dual via Legendre transformation, of the Lagrange
spaces.

Differential geometry of the dual bundle of k−osculator bundle was introduced
and studied by R. Miron [5] .

In the present section we keep the general setting from R. Miron [5] , and
subsequently we recall only some needed notions. For more details see [5] .

Let M be a real n−dimensional C∞ −manifold and let
(
T ∗kM,π∗k,M

)
,

(k ≥ 2, k ∈ N) be the dual bundle of k−osculator bundle (or k−cotangent bundle),
where the total space is:

T ∗kM = T k−1M × T ∗M. (1.1)
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Let
(
xi, y(1)i, ..., y(k−1)i, pi

)
, (i = 1, 2, ..., n) , be the local coordinates of a point

u =
(
x, y(1), ..., y(k−1), p

)
∈ T ∗kM in a local chart on T ∗kM. The change of coor-

dinates on the manifold T ∗kM is:



x̃i = x̃i
(
x1, ..., xn

)
,det

(
∂x̃i

∂xj

)
6= 0,

ỹ(1)i = ∂x̃i

∂xj y(1)j ,

.....................................

(k − 1) ỹ(k−1)i = ∂ỹ(k−2)i

∂xj y(1)j + ... + (k − 1) ∂ỹ(k−2)i

∂y(k−2)j y(k−1)j ,

p̃i = ∂xj

∂x̃i pj ,

. (1.2)

We denote by T̃ ∗kM = T ∗kM \ {0} , where 0 : M → T ∗kM is the null section
of the projection π∗k.

Let us consider the tangent bundle of the differentiable manifold T ∗kM :(
TT ∗kM,dπ∗k, T ∗kM

)
, where dπ∗k is the canonical projection and the vertical

distribution V : u ∈ T ∗kM → V (u) ∈ TuT ∗kM, locally generated by the vector
fields:

{
∂

∂y(1)i , ...,
∂

∂y(k−1)i ,
∂

∂pi

}
at every point u ∈ T ∗kM.

The following F
(
T ∗kM

)
− linear mapping: J : χ

(
T ∗kM

)
→ χ

(
T ∗kM

)
, de-

fined by:

J

(
∂

∂xi

)
=

∂

∂y(1)i
, J

(
∂

∂y(1)i

)
=

∂

∂y(2)i
, ..., J

(
∂

∂y(k−2)i

)
=

=
∂

∂y(k−1)i
, J

(
∂

∂y(k−1)i

)
= 0, J

(
∂

∂pi

)
= 0, ∀u ∈ T̃ ∗kM (1.3)

is a tangent structure on T ∗kM.

We denote with N a nonlinear connection on the manifold T ∗kM, with the
coefficients:

(
N
(1)

j
i

(
x, y(1), ..., y(k−1), p

)
, ..., N

(k−1)

j
i

(
x, y(1), ..., y(k−1), p

)
, Nij(x, y(1), ..., y(k−1), p)

)
,

(i, j = 1, 2, ..., n).

The tangent space of T ∗kM in the point u ∈ T ∗kM is given by the direct sum
of vector spaces:

Tu

(
T ∗kM

)
= N0,u ⊕N1,u ⊕ ...⊕Nk−2,u ⊕ Vk−1,u ⊕Wk,u, ∀u ∈ T ∗kM (1.4)

A local adapted basis to the direct decomposition (1.4) is given by:{
δ

δxi
,

δ

δy(1)i
, ...,

δ

δy(k−1)i
,

δ

δpi

}
, (i = 1, 2, ..., n) , (1.5)
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where: 

δ
δxi = ∂

∂xi − N
(1)

j
i

∂
∂y(1)j − ...− N

(k−1)

j
i

∂
∂y(k−1)j + Nij

∂
∂pj

,

δ
δy(1)i = ∂

∂y(1)i
− N

(1)

j
i

∂
∂y(2)j − ...− N

(k−2)

j
i

∂
∂y(k−1)j ,

..............................................................
δ

δy(k−1)i = ∂
∂y(k−1)i ,

δ
δpi

= ∂
∂pi

.

(1.6)

Under a change of local coordinates on T ∗kM, the vector fields of the adapted
basis transform by the rule:

δ

δxi
=

∂x̃j

∂xi

δ

δx̃j
,

δ

δy(1)i
=

∂x̃j

∂xi

δ

δỹ(1)j
, ...,

δ

δy(k−1)i
=

∂x̃j

∂xi

δ

δỹ(k−1)j
,

δ

δpi
=

δxi

δx̃j

δ

δp̃j
.

(1.7)
The dual basis of the adapted basis (1.5) is given by:{

δxi, δy(1)i, ..., δy(k−1)i, δpi

}
, (1.8)

where:



dxi = δxi,

dy(1)i = δy(1)i − N
(1)

i
jδx

j ,

......................................................................

dy(k−1)i = δy(k−1)i − N
(1)

i
jδy

(k−2)j − ...− N
(k−2)

i
jδy

(1)j − N
(k−1)

i
jδx

j ,

dpi = δpi + Njiδx
j .

(1.9)

With respect to (1.2) the covector fields (1.8) are transformed by the rules:

δx̃i = ∂x̃i

∂xj δxj , δỹ(1)i = ∂x̃i

∂xj δy(1)j , ..., δỹ(k−1)i = ∂x̃i

∂xj δy(k−1)j ,

δp̃i = ∂xj

∂x̃i δpj .
(1.10)

Let D be an N−linear connection on T ∗kM, with the local coefficients in the
adapted basis (1.5) :

DΓ (N) =
(

H i
jh, C

(α)

i
jh, Ci

jh

)
, (α = 1, ..., k − 1) . (1.11)

An N−linear connection D is uniquely represented in the adapted basis in the
following form:
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

D δ

δxj

δ
δxi = Hs

ij
δ

δxs , D δ

δxj

δ
δy(α)i = Hs

ij
δ

δy(α)s , (α = 1, ..., k − 1) ,

D δ

δxj

δ
δpi

= −H i
sj

δ
δps

,

D δ

δy(α)j

δ
δxi = C

(α)

s
ij

δ
δxs , D δ

δy(α)j

δ
δy(β)i = C

(α)

s
ij

δ
δy(β)s ,

D δ

δy(α)j

δ
δpi

= −C
(α)

i
sj

δ
δps

, (α, β = 1, ..., k − 1) ,

D δ
δpj

δ
δxi = Ci

js δ
δxs , D δ

δpj

δ
δy(α)i = Ci

js δ
δy(α)s , (α = 1, ..., k − 1) ,

D δ
δpj

δ
δpi

= −Cs
ij δ

δps
.

(1.12)

2 The transformations of the d−tensors of torsion and
curvature

In the following, we shall study the Abelian group TN . Its elements are
the transformations t : DΓ (N) → DΓ̄ (N) given by (see(2.11)-p.131 [6]):

N̄
(α)

i
j = N

(α)

i
j , (α = 1, ..., k − 1),

N̄ij = Nij ,
H̄ i

jh = H i
jh −Bi

jh,

C̄
(α)

i
jh = C

(α)

i
jh − D

(α)

i
jh, (α = 1, ..., k − 1),

C̄i
jh = Ci

jh −Di
jh, (i, j, h = 1, 2, ..., n) .

(2.1)

Firstly, we shall study the transformations of the d−tensors of torsion of
DΓ (N) .

Proposition 2.1. The transformations of the Abelian group TN , given by (2.1)
lead to the transformations of the d−tensors of torsion in the following way:

r̄
(01)

i
jh = r

(01)

i
jh, B̄

(αβ)

i
jh = B

(αβ)

i
jh, B̄

(α)
ijh = B

(α)
ijh, B̄

(0)

h
ij = B

(0)

h
ij ,

B̄
(αβ)

ijh = B
(αβ)

ijh, B̄i
jh

(α)
= Bi

jh

(α)
, R̄
(01)

i
jh = R

(01)

i
jh, R̄

(02)

i
jh = R

(02)

i
jh, ...,

R̄
(0,k−1)

i
jh = R

(0,k−1)

i
jh, R̄

(0)
ijh = R

(0)
ijh, (α ≤ β, α, β = 1, ..., k − 1),

(2.2)

T̄ i
jh = T i

jh +
(
Bi

hj −Bi
jh

)
, (2.3)

S̄
(α)

i
jh = S

(α)

i
jh + (D

(α)

i
hj − D

(α)

i
jh), S̄i

jh = Si
jh +

(
Di

hj −Di
jh
)

, (2.4)

(γ)

C
(αβ)

i
jh =

(γ)

C
(αβ)

i
jh, (α ≤ β, α, β, γ = 1, ..., , k − 1),

C̄i
jh

(α1)
= Ci

jh

(α1)
, ..., C̄i

jh

(α,k−1)
= Ci

jh

(α,k−1)
, (α = 1, ..., k − 1).

(2.5)
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Proof. Using (5.3), (5.3′), (5.3”)−p.131, [5], (5.12)−p.135, [5], (6.3)−p.161, [5] and
(2.1) we have the results.

Now, we shall study the transformations of the d−tensors of curvature of
DΓ (N). We get:

Proposition 2.2. The transformations of the Abelian group TN , given by (2.1)
lead to the transformations of the d−tensors of curvature in the following way:

R̄m
i
jh = Rm

i
jh − D

(1)

i
ms R

(01)

s
jh − ...− D

(k−1)

i
ms R

(0,k−1)

s
jh −Dm

is R
(0)

sjh−

−Bi
msT

s
jh + Ajh

{
Bs

mj ·Bi
sh −Bi

mjph
}

,
(2.6)

P̄
(α)

m
i
jh = P

(α)
m

i
jh −Bi

mj

(α)

| h + D
(α)

i
mhpj −Bi

ms C
(α)

s
jh + D

(α)

i
msH

s
hj + Bs

mj D
(α)

i
sh−

−D
(α)

s
mhBi

sj − D
(1)

i
ms B

(α1)

s
jh − ...− D

(k−1)

i
ms B

(α,k−1)

s
jh −Dis

m B
(α)

sjh,

(α = 1, ..., k − 1),
(2.7)

P̄m
i
j
h = Pm

i
j
h −Bi

mj |h +Dih
m|j −Bi

msC
sh
j −Dis

mHh
sj + Bs

mjD
ih
s −

−Dsh
m Bi

sj − D
(1)

i
msB

(1)
j
sh − ...− D

(k−1)

i
ms B

(k−1)
j
sh −Dis

mB
(0)

h
sj ,

(2.8)

S̄
(αβ)

m
i
jh = S

(αβ)
m

i
jh − D

(α)

i
mj

(β)

| h + D
(β)

i
mh

(α)

| j − D
(α)

i
ms C

(β)

s
jh + D

(β)

i
ms C

(α)

s
jh+

+D
(α)

s
mj D

(β)

i
sh − D

(β)

s
mh D

(α)

i
sj − D

(1)

i
ms

(1)

C
(αβ)

s
jh − ...− D

(k−1)

i
ms

(k−1)

C
(αβ)

s
jh−

−Dis
m B

(αβ)
sjh, (α ≤ β, α, β = 1, ..., k − 1).

(2.9)

S̄
(α)

m
i
j
h = S

(α)
m

i
j
h − D

(α)

i
mj |h + Dm

ih
(α)

| j − Csh
j D

(α)

i
ms − C

(α)

h
sjD

is
m + D

(α)

s
mjD

ih
s −

−Dsh
m D

(α)

i
sj − D

(1)

i
ms C

(α1)
j
sh − ...− D

(k−1)

i
ms C

(α,k−1)
j
sh −Dis

m C
(α)

h
sj ,

(α = 1, ..., k − 1)
(2.10)

S̄m
ijh = Sm

ijh + Dm
isSs

jh + Ajh

{
−Dm

ij |h +Dm
sjDs

ih
}

, (2.11)

where Aij denotes the alternate summation and m,
(α)

m and
m

denote the h-
covariant derivative, the vα-covariant derivative and the wk-covariant derivative
with respect to DΓ(N) respectively, α = 1, ..., k − 1.

Proof. Using (6.4)-p.161, [5], (2.1) and (5.2)’-p.156, [5] we have the results.

We shall consider the tensor fields:

K i
m jh = R i

m jh − Ci

(1)
ms Rs

(01)
jh − ...− Ci

(k−1)
ms Rs

(0,k−1)
jh − C is

m R
(0)

sjh, (2.12)



62 Monica Purcaru

P
(α)

m
i
jh = Ajh{P

(α)
m

i
jh − Ci

(1)
ms Bs

(α1)
jh − ...− Ci

(k−1)
ms Bs

(α,k−1)
jh − Cis

m B
(α)

sjh},

(α = 1, ..., k − 1),
(2.13)

P′
(α)

m
i
jh = P

(α)
m

i
jh − Ci

(1)
ms Bs

(α1)
jh − ...− Ci

(k−1)
ms Bs

(α,k−1)
jh − Cis

m B
(α)

sjh,

(α = 1, ..., k − 1),
(2.14)

Pm
i
j
h = Ajh

{
Pm

i
j
h − Ci

(1)
msB

sh

(1)
j − ...− Ci

(k−1)
ms Bsh

(k−1)
j − Cis

mBh

(0)
sj

}
, (2.15)

P′
m

i
j
h = Pm

i
j
h − Ci

(1)
msB

sh

(1)
j − ...− Ci

(k−1)
ms Bsh

(k−1)
j − Cis

mBh

(0)
sj , (2.16)

S
(αβ)

m
i
jh = Ajh

{
S

(αβ)
m

i
jh − Ci

(1)
ms

(1)

C
(αβ)

s
jh − Ci

(k−1)
ms

(k−1)

C
(αβ)

s
jh − Cis

m B
(αβ)

sjh

}
,

(α ≤ β, α, β = 1, ..., k − 1),
(2.17)

S′
(αβ)

m
i
jh = S

(αβ)
m

i
jh − Ci

(1)
ms

(1)

C
(αβ)

s
jh − ...− Ci

(k−1)
ms

(k−1)

C
(αβ)

s
jh − Cis

m B
(αβ)

sjh,

(α ≤ β, α, β = 1, ..., k − 1),
(2.18)

Sm
(α)

i
j
h = Ajh

{
Sm
(α)

i
j
h − Ci

(1)
msC

sh

(α1)
j − ...− Ci

(k−1)
ms Csh

(α,k−1)
j − Cis

mCh

(α)
sj

}
,

(α = 1, ..., k − 1),
(2.19)

S′
(α)

m
i
j
h = S

(α)
m

i
j
h − Ci

(1)
msC

sh

(α1)
j − ...− Ci

(k−1)
ms Csh

(α,k−1)
j − Cis

mCh

(α)
sj , (α = 1, ..., k − 1).

(2.20)

Proposition 2.3. By a transformation of the Abelian group TN , given by (2.1) ,the
tensor fields K i

m jh, P
(α)

m
i
jh, P′

(α)
m

i
jh,Pm

i
j
h,P′

m
i
j
h, S

(αβ)
m

i
jh, S′

(αβ)
m

i
jh, Sm

(α)

i
j
h, S′

(α)
m

i
j
h

are transformed according to the following laws:

K̄m
i
jh = Km

i
jh −Bi

msT
s
jh + Ajh

{
Bs

mjB
i
sh −Bi

mjph

}
, (2.21)

P̄
(α)

m
i
jh = P

(α)
m

i
jh + D

(α)

i
msT

s
jh −Bi

ms S
(α)

s
jh + Ajh

{
−Bi

mj

(α)

| h + D
(α)

i
mhpj+

+Bs
mj D

(α)

i
sh − D

(α)

s
mhBi

sj

}
, (α = 1, ..., k − 1),

(2.22)

P̄′
(α)

m
i
jh = P′

(α)
m

i
jh −Bi

mj

(α)

| h + D
(α)

i
mhpj −Bi

ms C
(α)

s
jh − D

(α)

i
msH

s
jh+

+Bs
mj D

(α)

i
sh − D

(α)

s
mhBi

sj , (α = 1, ..., k − 1),
(2.23)
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P̄m
i
j
h = Pm

i
j
h + Ajh

{
−Bi

mj |h + Dih
mpj −Bi

msC
sh
j −Dis

mHh
sj+

+Bs
mjD

ih
s −Dsh

m Bi
sj

}
, (α = 1, ..., k − 1),

(2.24)

P̄′
m

i
j
h = P′

m
i
j
h −Bi

mj |
h

+ Dm
ih
|j −Bi

msC
sh
j −Dis

mHh
sj + Bs

mjD
ih
s −Dsh

m Bi
sj ,

(2.25)

S̄m
(αβ)

i
jh = Sm

(αβ)

i
jh −Di

(α)
msS

s

(β)
jh −Di

(β)
msS

s

(α)
jh + Ajh

{
−Di

(α)
mj

(β)

| h + Di

(β)
mh

(α)

| j+

+Ds

(α)
mjD

i

(β)
sh −Ds

(β)
mhDi

(α)
sj

}
, (α ≤ β, α, β = 1, ..., k − 1),

(2.26)

S̄′m
(αβ)

i
jh = S′m

(αβ)

i
jh −Di

(α)
mj

(β)

| h + Di

(β)
mh

(α)

| j −Di

(α)
msC

s

(β)
jh + Di

(β)
msC

s

(α)
hj+

+Ds

(α)
mjD

i

(β)
sh −Ds

(β)
mhDi

(α)
sj , (α ≤ β, α, β = 1, ..., k − 1),

(2.27)

S̄m
(α)

i
j
h = Sm

(α)

i
j
h + Ajh

{
−Di

(α)
mj |h + Dih

m

(α)

| j − Csh
j Di

(α)
ms − Ch

(α)
sjD

is
m+

+Ds

(α)
mjD

ih
s −Dsh

m Di

(α)
sj

}
, (α = 1, ..., k − 1),

(2.28)

S̄′m
(α)

i
j
h = S′m

(α)

i
j
h −Di

(α)
mj |h + Dih

m

(α)

| j − Csh
j Di

(α)
ms − Ch

(α)
sjD

is
m+

+Ds

(α)
mjD

ih
s −Dsh

m Di

(α)
sj , (α = 1, ..., k − 1),

(2.29)

Proof. From (2.7) we get:

Ajh

{
P̄m
(α)

i
jh

}
= Ajh

{
Pm
(α)

i
jh

}
+ Ajh

{
D
(α)

i
msH

s
hj −Bi

ms C
(α)

s
jh

}
+

+Ajh

{
−Bi

mj

(α)

| h + D
(α)

i
mh|j + Bs

mj D
(α)

i
sh − D

(α)

s
mhBi

sj − D
(1)

i
ms B

(α1)

s
jh − ...−

− D
(k−1)

i
ms B

(α,k−1)

s
jh −Dis

m B
(α)

sjh

}
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Using (2.30),(6.3) -p.161,[5] and (2.1) we have:

Ajh

{
P̄m
(α)

i
jh

}
= Ajh

{
Pm
(α)

i
jh

}
− D

(α)

i
msT

s
jh −Bi

ms S
(α)

s
jh+

+Ajh

{
−Bi

mj

(α)

| h + D
(α)

i
mh|j + Bs

mj D
(α)

i
sh − D

(α)

s
mhBi

sj

}
+

+Ajh

{
(C̄
(1)

i
ms − C

(1)

i
ms) B

(α1)

s
jh + ... + ( C̄

(k−1)

i
ms − C

(k−1)

i
ms) B

(α,k−1)

s
jh+

+(C̄is
m − Cis

m)B
(α)

sjh

}
.

If we separate the terms and using (2.13) we get (2.22).
Analogous we obtain the other formulas.

3 Metrical semisymmetric N−linear connections of the
space H(k)n

Let H(k)n = (M,H) be a Hamilton space of order k, and let N be the canonical
nonlinear connection of space H(k)n = (M,H) ([5])− p.192).

We consider the adapted basis
{

δ
δxi ,

δ
δy(1)i , ...,

δ
δy(k−1)i ,

δ
δpi

}
and its dual basis{

δxi, δy(1)i, ..., δy(k−1)i, δpi

}
determined by N and by the distribution Wk. Let

gij(x, y(1), ..., y(k−1), p) =
1
2

∂2H

∂pi∂pj
(3.1)

be the fundamental tensor of the space H(k)n.

The d-tensor field gij being nonsingular on T̃ ∗kM there is a d-tensor field gij

covariant of order 2, symmetric, uniquely determined, at every point u ∈ T̃ ∗kM,
by

gijg
jk = δk

i . (3.2)

Definition 3.1. ([5]) An N−linear connection D is called compatible to the fun-
damental tensor gij of the Hamiltonian space of order k, H(k)n = (M,H), or it
is metrical if gij is covariant constant (or absolutelyy parallel) with respect to D,
i.e.

gij
|h = 0, gij

(α)

| h= 0, gij |h= 0, (α = 1, ..., k − 1). (3.3)

The tensorial equations (3.3) imply:

gij
|h = 0, gij

(α)

| h= 0, gij |h= 0, (α = 1, ..., k − 1). (3.4)
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Theorem 3.1. ([5]) 1. In a Hamilton space of order k, H(k)n = (M,H), there is
a unique N -linear connection D, with the coefficients

DΓ (N) =
(

H i
jh, C

(1)

i
jh, ..., C

(k−1)

i
jh, Ci

jh

)
verifying the axioms:

1◦. N is the canonical nonlinear connection of H(k)n.
2◦. The fundamental tensor gij is h−, vα−, and wk- covariant constant:

gij
|h = 0, gij

(α)

| h= 0, gij |h= 0.

3◦. DΓ(N) is h−, vα−, and wk- torsion free T i
jh = S

(α)

i
jh = Si

jh = 0.

(α = 1, ..., k − 1)
2. The connection DΓ(N) has the coefficients given by the generalized Christof-

fel symbols:

H i
jh = 1

2gis
(

δgsh

δxj + δgjs

δxh − δgjh

δxs

)
,

Ci

(α)
jh = 1

2gis
(

δgsh

δy(α)j + δgjs

δy(α)h −
δgjh

δy(α)s

)
, (α = 1, ..., k − 1),

Ci
jh = −1

2gis

(
∂gsh

∂pj
+ ∂gjs

∂ph
− ∂gjh

∂ps

)
,

(3.5)

3. This connection depends only on the fundamental function H of the space
H(k)n and on the canonical nonlinear connection N .

Definition 3.2. ([5]) The connection DΓ(N) with the coefficients (3.5) will be
denoted by CΓ(N) and called canonical for the space H(k)n.

The canonical metrical N -linear connection: CΓ(N) has zero torsions
T i

jh, Si

(α)
jh, Sjh

i , (α = 1, ..., k − 1).

The Obata’s operators, are given by:

Ωij
hk =

1
2

(
δi
hδj

k − ghkg
ij
)

, Ω∗ij
hk =

1
2

(
δi
hδj

k + ghkg
ij
)

. (3.6)

There is inferred:

Proposition 3.1. The Obata’s operators have the following properties:

Ωir
sj + Ω∗ir

sj = δi
sδ

r
j , (3.7)

Ωir
sjΩ

sn
mr = Ωin

mj , Ω∗ir
sjΩ

∗sn
mr = Ω∗in

mj , Ωir
sjΩ

∗sn
mr = Ω∗ir

sjΩ
sn
mr = 0, (3.8)

Ωir
rj = Ωir

si = 0, Ωir
ij =

1
2

(n− 1) δr
j , Ω∗ir

ij =
1
2

(n + 1) δr
j . (3.9)

Theorem 3.2. ([4], [5]) There is a unique metrical connection D̄Γ (N)

=
(

H̄ i
jh, C̄i

(α)
jh, C̄i

jh

)
, (α = 1, ..., k − 1) metrical with respect to the fundamental

tensor gij of space H(k)n having as torsion d− tensor fields T i
jh, Si

(α)
jh, Si

jh apriori

given.
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The coefficients of D̄Γ (N) have the following expressions:

H̄ i
jh = 1

2gis
(

δgsh

δxj + δgjs

δxh − δgjh

δxs

)
+

+1
2gis (gsmTm

jh − gjmTm
sh + ghmTm

js) ,

C̄i

(α)
jh = 1

2gis
(

δgsh

δy(α)j + δgjs

δy(α)h −
δgjh

δy(α)s

)
+

+1
2gis

(
gsmSm

(α)
jh − gjmSm

(α)
sh + ghmSm

(α)
js

)
,

C̄i
jh = −1

2gis

(
∂gsh

∂pj
+ ∂gjs

∂ph
− ∂gjh

∂ps

)
−

−1
2gis

(
gsmSm

jh − gjmSm
sh + ghmSm

js
)

.

(3.10)

A class of metrical N -linear connections, which has interesting properties is
that of metrical semisymmetric N -linear connection.

Definition 3.3. ([1]) An N−linear connection on T ∗(k)M is called semisymmetric
if:

T i
jh =

1
2
(
−δi

jσh + δi
hσj

)
, S
(α)

i
jh =

1
2

(
−δi

j τ
(α)

h + δi
h τ
(α)

j

)
, Si

jh

= −1
2

(
−δj

i v
h + δh

i vj
)

, (α = 1, ..., k − 1), (3.11)

where σ, τ
(α)

∈ χ∗ (T ∗kM
)

and v ∈ χ
(
T ∗kM

)
.

Theorem 3.3. The set of all metrical semisymmetric N−linear connections with

local coefficients DΓ (N) =
(

H i
jh, C

(1)

i
jh, ..., C

(k−1)

i
jh, Ci

jh

)
is given by:



H i
jh =

0
H i

jh + 1
2

(
−gjhgisσs + σjδ

i
h

)
,

C
(α)

i
jh =

0
C
(α)

i
jh + 1

2

(
−gjhgis τ

(α)
s + τ

(α)
jδ

i
h

)
, (α = 1, ..., k − 1),

Ci
jh =

0
Ci

jh + 1
2

(
−gjhgisv

s + vjδh
i

)
,

(3.12)

where CΓ (N) =
(

0
H i

jh,
0
C
(1)

i
jh, ...,

0
C

(k−1)

i
jh,

0
Ci

jh

)
are the local coefficients of the

canonical metrical N−linear connection and σ, τ
(α)

∈ χ∗ (T ∗kM
)
, (α = 1, ..., k−1)

and v ∈ χ
(
T ∗kM

)
.

Proof. Using Theorem 3.2 and Definition 3.3 we obtain the results by direct cal-
culation.

4 The group of transformations of metrical semisym-
metric N−linear connections

Let N be a given nonlinear connection on T ∗kM.
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Remark 4.1. The relations (3.12) give the transformations of metrical semisym-
metric N−linear connections of space H(k)n, corresponding to the same nonlinear
connection N . We shall denote a transformation of this form by: t(σ, τ

(α)
, v) :

DΓ(N) −→ D̄Γ(N), (α = 1, ..., k − 1). It is given by:
H̄ i

jh = H i
jh + 1

2

(
−gjhgisσs + σjδ

i
h

)
,

C̄
(α)

i
jh = C

(α)

i
jh + 1

2

(
−gjhgis τ

(α)
s + τ

(α)
jδ

i
h

)
, (α = 1, ..., k − 1),

C̄i
jh = Ci

jh + 1
2

(
−gjhgisv

s + vjδh
i

)
.

(4.1)

Thus we have:

Theorem 4.1. The set
ms
T N of all transformations t(σ, τ

(α)
, v) : DΓ(N) −→

D̄Γ(N),
(α = 1, ..., k−1), of metrical semisymmetric N−linear connections, given by (4.1)
is an Abelian group, together with the mapping product.

This group acts on the set of all metrical semisymmetric N−linear connec-
tions, corresponding to the same nonlinear connection N, transitively.

Theorem 4.2. By means of a transformation (4.1) , the tensor fields:
Km

i
jh,Pm

(α)

i
jh, (α = 1, ..., k − 1),Pm

i
j
h, Sm

(αβ)

i
jh, (α ≤ β, α, β = 1, ..., k − 1), Sm

ijh

given in (2.12), (2.13), (2.15), (2.17) and (2.11) are changed by the laws:

K̄m
i
jh = Km

i
jh + Ajh

{
Ωir

jmσrh

}
, (4.2)

P̄m
(α)

i
jh = Pm

(α)

i
jh + Ajh

{
Ωir

jm γ
(α)

rh

}
, (α = 1, ..., k − 1) (4.3)

P̄m
i
j
h = Pm

i
j
h + Ajh

{
Ωir

jmσr |h +Ωij
rmvr

ph + Ωis
rm

(
Hh

sjv
r + Cj

rhσs

)
+ (4.4)

+
1
2
Ωij

hmσrv
r +

1
4
δh
mgjrg

isσsv
r +

1
4
δi
hgrmgjsσsv

r − 1
4
gjsg

ihσmvs − 1
4
gjmgrhσrv

i

}
,

S̄m
(αβ)

i
jh = Sm

(αβ)

i
jh + Ajh

{
Ωir

jm τ
(αβ)

rh

}
, (α ≤ β, α, β = 1, ..., k − 1), (4.5)

S̄m
ijh = Sh

ijh + Ajh

{
Ωij

rmvrh
}

, (4.6)

where:
σrh = −σrσh + σrph +

1
4
grh · σ, (σ = grsσrσs) , (4.7)

γ
(α)

rh = −
(

σr τ
(α)

h + σh τ
(α)

r

)
+ σr

(α)

| h + τ
(α)

rph + 1
4grh γ

(α)
,(

γ
(α)

= grs

(
σr τ

(α)
s + σs τ

(α)
r

))
, (α = 1, ..., k − 1),

(4.8)
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τ
(αβ)

rh = −
(

τ
(α)

r τ
(β)

h + τ
(α)

h τ
(β)

r

)
+ τ

(α)
r

(β)

| h + τ
(β)

r

(α)

| h + 1
4grh τ

(αβ)
,(

τ
(αβ)

= grs

(
τ

(α)
r τ
(β)

s + τ
(α)

s τ
(β)

r

))
, (α ≤ β, α, β = 1, ..., k − 1),

(4.9)

vrh = vrvh + vr |h −1
4
grhv, (v = grsv

rvs) . (4.10)

Proof. Using (2.1) and (4.1) we get:

Bi
jh =

1
2
(
−σjδ

i
h + gjhgisσs

)
= −Ωis

hjσs, D
(α)

i
jh =

1
2

(
− τ

(α)
jδ

i
h + gjhgis τ

(α)
s

)
=

(4.11)

−Ωis
hj τ

(α)
s, (α = 1, ..., k − 1), Di

jh =
1
2

(
−vjδh

i + gjhgisv
s
)

= −Ωjh
si vs.

By applying Proposition 2.3, relations (3.11) and (4.11) we obtain the results.

Using these results we can determine some invariants of group
ms
T N . To this

end we eliminate σij , γ
(α)

ij , τ
(αβ)

ij and vij from (4.2), (4.3), (4.5) and (4.6) and we

obtain:

Theorem 4.3. For n > 2 the following tensor fields: Hm
i
jh, Nm

(α)

i
jh, (α = 1, ..., k−

1), Mm
(αβ)

i
jh,Mm

ijh, are invariants of group
ms
T N :

Hm
i
jh = Km

i
jh +

2
n− 2

Ajh

{
Ωir

jm

(
Krh −

grhK

2 (n− 1)

)}
, (4.12)

Nm
(α)

i
jh = Pm

(α)

i
jh +

2
n− 2

Ajh

Ωir
jm

 P
(α)

rh −
grh P

(α)

2 (n− 1)


 , (α = 1, k − 1) (4.13)

Mm
(αβ)

i
jh = Sm

(αβ)

i
jh+

2
n− 2

Ajh

Ωir
jm

 S
(αβ)

rh −
grh S

(αβ)

2 (n− 1)


 , (α ≤ β;α, β = 1, k − 1)

(4.14)

Mm
ijh = Sm

ijh +
2

n− 2
Ajh

{
Ωij

rm

(
Srh − grhS′

2 (n− 1)

)}
, (4.15)

where: Kmj = Km
i
ji,K = gmjKmj , P

(α)
mj = Pm

(α)

i
ji, P

(α)
= gmj P

(α)
mj, (α = 1, k − 1)

S
(αβ)

mj = Sm
(αβ)

i
ji, S

(αβ)
= gmj S

(αβ)
mj , (α ≤ β, α, β = 1, k − 1), Sij = Sm

ijm, S =

gijS
ij .
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In order to find other invariants of group
ms
T N , let us consider the transfor-

mation formulas of the torsion d−tensor fields by a transformation t(σ, τ
(α)

, v) :

DΓ(N) −→ D̄Γ(N),
(α = 1, ..., k − 1), of metrical semisymmetric N−linear connections of the space
H(k)n corresponding to the same nonlinear connection N, given by (4.1) .

Proposition 4.1. By a transformation (4.1) of metrical semisymmetric N− lin-
ear connections, corresponding to the same nonlinear connection N :
t(σ, τ

(α)
, v) : DΓ(N) −→ D̄Γ(N), (α = 1, ..., k − 1), the torsion tensor fields:

r
(01)

i
jh, B

(αβ)

i
jh, B

(α)
ijh, B

(0)

h
ij, B

(αβ)
ijh, Bi

jh

(α)
, R

(0α)

i
jh, T i

jh, R
(0)

ijh, S
(α)

i
jh, Si

jh,
(γ)

C
(αβ)

i
jh,

C
(α1)

i
jh,..., C

(α,k−1)
i
jh, (α ≤ β, α, β, γ = 1, ..., k − 1) are transformed as follows:



r̄
(0α)

i
jh = r

(0α)

i
jh, B̄

(αβ)

i
jh = B

(αβ)

i
jh, B̄h

ij
(0)

= Bh
ij

(0)

, B̄
(α)

ijh = B
(α)

ijh

B̄
(αβ)

ijh = B
(αβ)

ijh, B̄i
jh

(α)
= Bi

jh

(α)
, (α ≤ β, α, β = 1, ..., k − 1),

R̄
(0α)

i
jh = R

(0α)

i
jh, (α = 1, ..., k − 1), R̄ijh = Rijh,

¯(γ)

C
(αβ)

i
jh =

(γ)

C
(αβ)

i
jh, (α ≤ β, α, β = 1, ..., k − 1),

C̄
(α1)

i
jh = C

(α1)
i
jh, ..., C̄

(α,k−1)
i
jh = C

(α,k−1)
i
jh, (α = 1, ..., k − 1),

T̄ i
jh = T i

jh + 1
2Ajh

{
σjδ

i
h

}
,

S̄
(α)

i
jh = S

(α)

i
jh + 1

2Ajh

{
τ

(α)
iδ

i
h

}
,

S̄i
jh = Si

jh + 1
2Ajh

{
vjδh

i

}

(4.16)

We denote with:

t
(αβ)

i
jh = Ajh

{
δ N
(α)

i
j

δy(β)h

}
, (α, β = 1, ..., k − 1),

tijh = Ajh

{
δNjh

δpi

}
, tj

ih

(α)

= Ajh

{
δ N
(α)

i
j

δph

}
, (α = 1, ..., k − 1),

(4.17)
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

t
(αβ)

∗
ijh = Σijh

{
gim t

(αβ)

m
jh

}
, t
(α)

∗h
ij = Σijh

{
gim t

(α)
j
mh

}
,

t∗ijh = Σijh

{
gimtmjh

}
, (α ≤ β, α, β = 1, ..., k − 1),

r
(0α)

∗
ijh = Σijh

{
gim r

(0α)

m
jh

}
, (α = 1, ..., k − 1),

T ∗
ijh = Σijh

{
gimTm

jh

}
,

R
(0α)

∗
ijh = Σijh

{
gim R

(0α)

m
jh

}
, (α = 1, ..., k − 1), R∗i

jh = Σijh

{
gimRmjh

}
,

(γ)

C
(αβ)

∗
ijh = Σijh

{
gim

(γ)

C
(αβ)

m
jh

}
, (α ≤ β, α, β = 1, ..., k − 1),

(4.18)



C
(α1)

∗ h
ij = Σijh

{
gimCj

mh

(α1)

}
, ..., C

(α,k−1)

∗ h
ij = Σijh

{
gim Cj

mh

(α,k−1)

}
, (α = 1, k − 1),

B
(αβ)

∗
ijh = Σijh

{
gim B

(αβ)

m
jh

}
, (α ≤ β, α, β = 1, k − 1),

(1)

B
(α)

∗ i
jh = Σijh

{
gim B

(α)
mjh

}
, (α = 1, k − 1),

B
(0)

∗
ijh = Σijh

{
gimB

(0)

m
jh

}
, B
(αβ)

∗ i
jh = Σijh

{
gim B

(αβ)
mjh

}
(α ≤ β, α, β = 1, k − 1),

(2)

B
(α)

∗ h
ij = Σijh

{
gimBj

mh

(α)

}
, (α = 1, ..., k − 1),

S
(α)

∗
ijh = Σijh

{
gim S

(α)

m
jh

}
, (α = 1, k − 1), S∗ijh = Σijh

{
gimSm

jh
}

,

H∗
ijh = Σijh

{
Ajh

{
gjmHm

jh

}}
,

C
(α)

∗
ijh = Σijh

{
Ajh

{
gjm C

(α)

m
ih

}}
, (α = 1, k − 1),

C∗ijh = Σijh

{
Ajh

{
gjmCm

ih
}}

,

where Σijh{...} denotes the cyclic summation, and with:
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

(1)

K ijh = gimTm
jh −Ajh

{
ghmHm

ij

}
,

(2)

K
(α)

ijh = gim S
(α)

m
jh −Ajh

{
ghm C

(α)

m
ij

}
, (α = 1, ..., k − 1),

(2)

(γ)

K
(αβ)

ijh = Ajh

{
ghm

(γ)

C
(αβ)

m
ij

}
,

(3)

(γ)

K
(αβ)

ijh = gmj

(γ)

C
(αβ)

m
ih + gim

(γ)

C
(αβ)

m
jh, (α ≤ β, α, β, γ = 1, ..., k − 1),

(3)

K ijh = gimS jh
m −Ajh

{
ghmCij

m

}
,

(1)

S
(αβ)

ijh = Aij

{
gim B

(αβ)

m
jh

}
,

(2)

S
(αβ)

ijh = Ajh

{
gmjAih

{
B

(αβ)

m
ih

}}
, (α ≤ β, α, β, γ = 1, ..., k − 1).

(4.19)

Remark 4.2. It is noted that t
(αβ)

∗
ijh, t

(α)

∗
ij

h, t∗ijh, r
(0α)

∗
ijh, T ∗

ijh, R∗i
jh, S

(α)

∗
ijh, S∗ijh

are alternate
(1)

K ijh,
(2)

K
(α)

ijh,

(2)

(γ)

K
(αβ)

ijh,
(3)

K ijh,
(2)

S
(αβ)

ijh,H∗
ijh, C

(α)

∗
ijh, C∗ijh are alternate with

respect to: j, h, and
(1)

S
(αβ)

ijh are alternate with respect to i, j.

Theorem 4.4. The tensor fields: r
(0α)

i
jh, B

(αβ)

i
jh, B

(α)
ijh, B

(0)

h
ij, B

(αβ)
ijh, Bi

jh

(α)
,

R
(0α)

i
jh, Rijh,

(γ)

C
(αβ)

i
jh, C

(α1)
i
jh,..., C

(α,k−1)
i
jh, t

(αβ)

i
jh, tijh, t

(α)

ih
j , t

(αβ)

∗
ijh, t

(α)

∗h
ij , t

∗
ijh,

r
(0α)

∗
ijh, T ∗

ijh, R
(0α)

∗
ijh,

(γ)

C
(αβ)

∗
ijh, R∗i

jh, C
(α1)

∗ h
ij , , ..., C

(α,k−1)

∗ h
ij , B

(αβ)

∗
ijh,

(1)

B
(α)

∗ i
jh, B

(0)

∗
ijh,

B
(αβ)

∗ i
jh,

(2)

B
(α)

∗ h
ij , S

(α)

∗
ijh, S∗ijh,

(1)

K ijh,
(2)

K
(α)

ijh,

(2)

(γ)

K
(αβ)

ijh,

(3)

(γ)

K
(αβ)

ijh,
(3)

K ijh,
(1)

S
(αβ)

ijh,
(2)

S
(αβ)

ijh are in-

variants of the group
ms
T N .

Proof. By means of transformations of the torsion given in (4.16) and using the
notations: (4.17), (4.18) and (4.19), from (4.1) we obtain the results by direct
calculation.
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Theorem 4.5. Between the invariants in Theorem 4.4 there exist the following
relations:

Σijh

{
(1)

K ijh

}
= T ∗

ijh + H∗
ijh = 0, Σijh

{
(2)

K
(α)

ijh

}
= S

(α)

∗
ijh + C

(α)

∗
ijh = 0,

Σijh

(2)

(γ)

K
(αβ)

ijh =
(γ)

C
(αβ)

∗
ijh −

(γ)

C
(αβ)

∗
ihj , (α ≤ β, α, β, γ = 1, ..., k − 1),

Σijh

{
(3)

K ijh

}
= S∗ijh + C∗ijh = 0,Σijh

(3)

(γ)

K
(αβ)

ijh =
(γ)

C
(αβ)

∗
ijh +

(γ)

C
(αβ)

∗
ihj ,

(α ≤ β, α, β, γ = 1, ..., k − 1),

Σijh

{
(1)

S
(αβ)

ijh

}
= B

(αβ)

∗
ijh − B

(αβ)

∗
jih, (α ≤ β, α, β, γ = 1, ..., k − 1),

Σijh

{
(2)

S
(αβ)

ijh

}
= Aih

{
B

(αβ)

∗
jih

}
−Aij

{
B

(αβ)

∗
hij

}
, (α ≤ β, α, β = 1, ..., k − 1),

Σij


(3)

(γ)

K
(αβ)

 = 0, (α ≤ β, α, β, γ = 1, ..., k − 1).

(4.20)

Proof. Using notations (4.18) , (4.19), relations (4.1) and the definitions of the
torsion d−tensor fields given in [5] - p.161, we obtain the results.
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