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SOME DE RHAM COHOMOLOGY GROUPS ASSOCIATED
TO A SUBFOLIATION

Adelina MANEA1

Abstract

In this paper we consider a (q1, q2)-codimensional subfoliation (F1, F2)
on a Riemannian manifold M . We give a decomposition of the exterior
derivative with respect to this subfoliation. We identify two new de Rham
cohomology groups associated to (F1, F2). These groups are topological in-
variants of manifold (M,F1, F2).
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1 Preliminares

Foliations arise as integral manifolds of systems of differential equations. They
are closed related to the dynamical systems theory and could play an important
role in other science fields, like physics and biology. In the last decades the study of
geometrical and toplological aspects of foliations was an interest point of research.
The case of subfoliations comes naturally and it is studied by L.A. Cordero, [2].
The cohomologies of foliated manifolds are studied by I. Vaisman, [7], [8], A. El
Kacimi-Alaoui, [3], X. Masa, [4] and many others.

In this paper we consider a subfoliation (F1, F2) on a paracompact manifold
M and we study in a classical way cohomologies related to it. We follow some
ideas from [8] and obtain for the exterior derivative a decomposition with respect
to subfoliation. One component is satisfying Poincaré type lemma in two cer-
tain situations, and we find two cohomology groups associated to (F1, F2). For
these groups we prove de Rham theorems, so they are topological invariants of
(M,F1, F2) (Theorems 4.1, 4.2).

2 Subfoliations

For a manifold M we denote by Ω0(M) the ring of differentiable functions on
M and by Ωp(M) the module of p-forms. For a bundle E, Γ(E) is the set of
sections of F .
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In this section, following [2], we briefly recall the notion of a (q1, q2)-codimensional
subfoliation on a manifold.

DEFINITION 2.1. Let M be a n-dimensional manifold and TM its tangent
bundle. A (q1, q2)-codimensional subfoliation on M is a couple (F1, F2) of inte-
grable subbundles Fk of TM of dimension n − qk, k = 1, 2, and F2 being at the
same time a subbundle of F1.

EXAMPLE 2.1. The tangent manifold of a Finsler manifold admits a (n, 2n−
1)-subfoliation, where F1 is the vertical bundle and F2 is generated by the Liouville
vector field, [1].

Such a subfoliation determines two foliations on M: F1 a (n− q1)-dimensional
foliation with structural bundle F1 and F2, a (n− q2)-dimensional foliation with
structural bundle F2. Moreover, every leaf of F1 has a d = q2 − q1-codimensional
foliated structure determined by F2.

We denote by QFk = TM/Fk the transversal bundle of foliation Fk. For a
Riemannian manifold (M, g), QFk is isomorphic with the normal bundle of Fk.
We have the following decompositions:

TM = F1 ⊕QF1, TM = F2 ⊕QF2, F1 = F2 ⊕QF21, (2.1)

where QF21 is the quotient bundle F1/F2. We also have the isomorphism QF2
∼=

QF21 ⊕QF1.
So, some exact sequences of vector bundles

0 −→ F2
i−→ F1

π−→ QF21 −→ 0, (2.2)

0 −→ F1
i1−→ TM

π1−→ QF1 −→ 0, (2.3)

0 −→ F2
i2−→ TM

π2−→ QF2 −→ 0, (2.4)

appear in a canonical way.

3 A decomposition of the exterior derivative

Let (M, g) be a Riemannian n-dimensional manifold, and (F1, F2) a (q1, q2)-
codimensional subfoliation on it. From the classical theory of foliated manifolds,
there is an atlas {(U,ϕ)} adapted to (F1, F2), with local adapted coordinates

(xi, xa, xu)1≤i≤q1<a≤q2<u≤n,

such that in every domain U , leaves of F1 are defined by fixing the first q1 coor-
dinates and the leaves of F2 are defined by xiα = const. and xaα = const. For two
adapted local charts (U, (xi, xa, xu)), (Ū , (x̄i1 , x̄a1 , x̄u1) which domains overlap, in
U ∩ Ū , there are the following relations:

∂xi

∂x̄a1
=

∂xi

∂x̄u1
=

∂xa

∂x̄u1
= 0.
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The local expression of the metric g is (gij) (gia) (giu)
(gbj) (gba) (gbu)
(gvj) (gva) (gvu)


1≤i≤j≤q1<a≤b≤q2<u≤v≤n

,

and matrices (gvu)u,v,

(
(gba) (gbu)
(gva) (gvu)

)
a,b,u,v

are non-degenerated.

For an adapted chart (U, (xi, xa, xu)), the local coordinates on the plaque
U ∩F2 are (xu), so the bundle F2 is locally spanned by (∂u = ∂

∂xu )q2<u≤n. Let us
denote

δa = π2(
∂

∂xa
),

the projection of vector field ∂
∂xa on the normal bundle QF2, for every a =

q1 + 1, q2. Since δa − ∂
∂xa belongs to F2, there are the local differential functions

tua ∈ Ω0(U), given by gau − tuaguv = 0, such that

δa =
∂

∂xa
− tua

∂

∂xu
, (3.1)

where we use the Einstein convention for summation.
Local coordinates on the plaque U ∩F1 are (xa, xu), so the bundle F1 is locally

spanned by ( ∂
∂xa ,

∂
∂xu )q1<a≤q2<u≤n. Let us denote

δi = π1(
∂

∂xi
),

the projection of ∂
∂xi

on the normal bundle QF1, for every i = 1, q1.

Since δi − ∂
∂xi

belongs to F1, there are the local differential functions tai , t
u
i ∈

Ω0(U) such that

δi =
∂

∂xi
− tai

∂

∂xa
− tui

∂

∂xu
. (3.2)

The functions tai , t
u
i are satisfying the orthogonality conditions g(δi,

∂
∂xk

) = 0,
∀q1 < k ≤ n:

gia − tbigba − tui gua = 0, giu − tbigbu − tvi gvu = 0.

On the intersections of adapted charts (U, (xi, xa, xu)), (Ū , (x̄i1 , x̄a1 , x̄u1)) the
functions tua, t

a
i , t

u
i change in the following way:

t̄u1a1
∂xu

∂x̄u1
=

∂xu

∂x̄a1
+ tua

∂xa

∂x̄a1
, (3.3)

t̄a1i1
∂xa

∂x̄a1
=
∂xa

∂x̄i1
+ tai

∂xi

∂x̄i1
, (3.4)

t̄a1i1
∂xu

∂x̄a1
+ t̄u1i1

∂xu

∂x̄u1
=
∂xu

∂x̄i1
+ tui

∂xi

∂x̄i1
, (3.5)



28 Adelina Manea

since we have

δ̄a1 =
∂xa

∂x̄a1
δa, δ̄i1 =

∂xi

∂x̄i1
δi.

We obtained in this way the local basis

{δi, δa, ∂u}, (3.6)

of TM , adapted to (F1, F2), where the vector fields {δi}i spanned a complementary
distribution to the structural distribution of F1 in TM , and {δi, δa}i,a spanned a
complementary distribution to the structural distribution of F2 in TM .

Let {dxi, ωa, θu} be the adapted cobasis, dual of (3.6). By a straightforward
computation, we obtain:

ωa = dxa + tai dx
i, (3.7)

θu = dxu + tuadx
a + (tui + tai t

u
a)dxi,

or, equivalent,

θu = dxu + tuaω
a + tui dx

i. (3.8)

The relations (3.3), (3.4), (3.5) show that on the intersections of adapted charts
(U, (xi, xa, xu)), (Ū , (x̄i1 , x̄a1 , x̄u1),

ω̄a1 =
∂x̄a1

∂xa
ωa; θ̄u1 =

∂x̄u1

∂xu
θu.

Ones can see that now, locally, we have

F1 : dxi = 0,
F2 : dxi = 0, ωa = 0.

We also obtain the relations:

dωa = δjt
a
i dx

j ∧ dxi + δbt
a
i ω

b ∧ dxi + ∂ut
a
i θ
u ∧ dxi, (3.9)

dθu = δjt
u
i dx

j ∧ dxi + (δbt
u
i − δitub )ωb ∧ dxi + δbt

u
aω

b ∧ ωa + ∂vt
u
j θ
v ∧ dxj+

+∂vt
u
aθ
v ∧ ωa + tuadω

a,

dθu = (δit
u
j − tuaδjtai )dxi ∧ dxj + (δit

u
a − δatui − tub δatbi)dxi ∧ ωa−

−(∂vt
u
i + tua∂vt

a
i )dx

i ∧ θv + δbt
u
aω

b ∧ ωa − ∂vtuaωa ∧ θv.
(3.10)

On the foliated manifold (M,F1), [7], a (p, s)-form is a (p + s)-form ω on M
such that ω(X1, ...Xp+s) could be non-zero only if exactly p arguments are sections
of QF1 and s arguments are vector fields from Γ(F1). We denote by Ωp,s

F1
(M) the

module of (p, s)-forms on (M,F1).
On the foliated manifold (M,F2), [7], a (t, r)-form is a (t + r)-form ω on M

such that ω(X1, ...Xt+r) could be non-zero only if exactly t arguments are sections
of QF2 and r arguments are vector fields from Γ(F2). We denote by Ωt,r

F2
(M) the

module of (t, r)-forms on (M,F2).
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DEFINITION 3.1. We call a (p, q, r)-form of (M,F1,F2) a (p + q + r)-form
ω on M such that could be non-zero only if exaclty p of its arguments are from
Γ(QF1), q of its arguments are from Γ(QF21) and r arguments are from Γ(F2).

We denote by Ωp,q,r(M) the module of (p, q, r)-form of the manifold (M,F1, F2).

REMARK 3.1. A (p, q, r)-form belongs also to Ωp,q+r
F1

(M) and to Ωp+q,r
F2

(M), at
the same time. Moreover, we have

Ωp,s
F1

(M) = ⊕q+r=sΩp,q,r(M), Ωt,r
F2

(M) = ⊕p+q=tΩp,q,r(M).

General theory of foliated manifolds, [7], assures that the exterior derivative
d of M admits the following decompositions:

d = dF1
10 + dF1

2,−1 + dF1
01 , d = dF2

10 + dF2
2,−1 + dF2

01 , (3.11)

where

dF1
10 : Ωp,s

F1
(M)→ Ωp+1,s

F1
(M), dF1

2,−1 : Ωp,s
F1

(M)→ Ωp+2,s−1
F1

(M),

dF1
01 : Ωp,s

F1
(M)→ Ωp,s+1

F1
(M),

dF2
10 : Ωt,r

F2
(M)→ Ωt+1,r

F2
(M), dF2

2,−1 : Ωt,r
F2

(M)→ Ωt+2,r−1
F2

(M),

dF2
01 : Ωt,r

F2
(M)→ Ωt,r+1

F2
(M).

Now, let ω be a (p, q, r)-form of (M,F1,F2). Its local form with respect to local
cobasis (dxi, ωa, θu), in a local adapted chart with domain V is

ω = ωIAUdx
I ∧ ωA ∧ θU ,

where ωIAU ∈ Ω0(V ) and we denoted I = (i1, ..., ip), A = (a1, ..., aq), U =
(u1, ..., ur),

1 ≤ i1 < i2 < ... < ip ≤ q1 < a1 < ... < aq ≤ q2 < u1 < ... < ur ≤ n,

dxI = dxi1 ∧ ... ∧ dxip , ωA = ωa1 ∧ ... ∧ ωaq , θU = θu1 ∧ ... ∧ θur .

We compute

dω = δiωIAUdx
i ∧ dxI ∧ ωA ∧ θU + δaωIAUω

a ∧ dxI ∧ ωA ∧ θU+
+∂uωIAUθ

u ∧ dxI ∧ ωA ∧ θU+
+
∑q

k=1(−1)p+k−1ωIAUdx
I ∧ ωa1 ∧ ... ∧ dωak ∧ ... ∧ ωaq ∧ θU+

+
∑r

k=1(−1)p++qk−1ωIAUdx
I ∧ ωA ∧ θu1 ∧ ... ∧ dθuk ∧ ... ∧ θur .

(3.12)

Using in (3.12) relations (3.9), (3.10), we obtain the decomposition of the exterior
derivative d into eight operators:

d = d1,0,0 + d2,−1,0 + d1,−1,1 + d0,1,0 + d2,0,−1 + d1,1,−1 + d0,2,−1 + d0,0,1, (3.13)
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with

dα,β,γ : Ωp,q,r(M)→ Ωp+α,q+β,r+γ(M), α+ β + γ = 1, α, β, γ ∈ {±1, 0, 2}.

The local form of these operators could be determined by a straightforward com-
putation. For example,

d0,0,1ω =
1

(q − 1)!
(−1)p+qδuu1...urv1v2...vr+1

δuωIAUdx
I ∧ ωA ∧ θv1 ∧ ... ∧ θvr+1 ,

d1,0,0ω =
1

(p− 1)!
δ
ii1...ip
j1j2...jp+1

(δiωIAU −
1

q!

q∑
k=1

δ
a1...ak−1bak+1...aq
b1b2...bq

ωIAUδbt
ak
i −

− 1

r!

r∑
j=1

ωIAUδ
u1...uj−1vuj+1...ur
v1v2...vr (∂vt

uj
i + t

uj
a ∂vt

a
i ))dx

j1 ∧ ... ∧ dxjp+1 ∧ ωb1 ∧ ...ωbq∧

∧θv1 ∧ ... ∧ θvr ,

d1,−1,1ω =
(−1)p+q

(p+ 1)!(q − 1)!(r + 1)!
δ
ji1...ip
j1...jp+1

δuu1...urv1...vr+1ωIab1...bq−1U∂ut
a
j

dxj1 ∧ ... ∧ dxjp+1 ∧ ωb1 ∧ ... ∧ ωbq−1 ∧ θv1 ∧ ... ∧ θvr+1 .

Hence, the restrictions to Ωp,q,r(M) of operators from (3.11) are:

dF1
01 |Ωp,q,r(M) = d0,1,0 + d0,2,−1 + d0,0,1, (3.14)

dF1
10 |Ωp,q,r(M) = d1,0,0 + d1,−1,1 + d1,1,−1, dF1

2,−1|Ωp,q,r(M) = d2,−1,0 + d2,0,−1,

dF2
01 |Ωp,q,r(M) = d1,−1,1 + d0,0,1, (3.15)

dF2
10 |Ωp,q,r(M) = d1,0,0 + d0,1,0 + d2,−1,0, dF2

2,−1|Ωp,q,r(M) = d1,1,−1 + d0,2,−1 + d2,0,−1.

It is well-known, [7] that dF1
01 , dF2

01 are the exterior derivatives on the leaves of
(M,F1) and (M,F2), respectively. They are satisfying

(dF1
01 )2 = 0, (dF2

01 )2 = 0,

which give us

d2
0,0,1 = 0. (3.16)

Moreover, for every ω ∈ Ωp,q,r(M), we have

dF2
01ω ≡ d0,0,1ω(mod dx1, ..., dxq1), (3.17)

dF2
2,−1ω ≡ d0,2,−1ω(mod dx1, ..., dxq1), dF2

10ω ≡ d0,1,−1ω(mod dx1, ..., dxq1),

so in every leaf L of F1, relation (3.14) is exactly the decomposition of the exterior
derivative dF1

01 of foliated manifold (L,F2|L).
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4 Two de Rham Cohomology groups associated to
d0,0,1

The relation (3.16) gives the semiexact sequence of shaves

0→ Φp,q i→ Ωp,q,0 d0,0,1→ Ωp,q,1 d0,0,1→ ....
d0,0,1→ Ωp,q,n−q2 → 0, (4.1)

where Ωp,q,r is the sheaf of germs of (p, q, r)-forms, Φp,q is the sheaf of germs of
(p, q, 0)-forms ω which are satisfying d0,0,1ω = 0 and i is the canonical inclusion.

In this section we shall prove that operator d0,0,1 satisfies a Poincaré type
lemma, in the case p = 0 or q = 0, using the similar property of the leafwise
derivatives dF1

01 , dF2
01 .

PROPOSITION 4.1. For every ω ∈ Ω0,q,r(M) such that d0,0,1ω = 0 in a neigh-
borhood U , there is θ ∈ Ω0,q,r−1(U) with ω = d0,0,1θ in U .

Proof. Let ω be a (0, q, r) form with d0,0,1ω = 0 in U . Using Remark 3.1 we have
ω ∈ Ωq,r

F2
(M) and by (3.17) it results

dF2
01ω ≡ 0(mod dx1, ..., dxq1).

Since dF2
01 satisfies a Poincaré type lemma, [7], there is θ ∈ Ωq,r−1

F2
(U) with

ω ≡ dF2
01θ(mod dx1, ..., dxq1),

in U .
By Remark 3.1, there are s, t naturals such that s+ t = q and θ ∈ Ωs,t,r−1(U).

From relation (3.15) we have

ω ≡ d1,−1,1θ + d0,0,1θ(mod dx1, ..., dxq1). (4.2)

Taking into account that ω ∈ Ω0,q,r(M), d1,−1,1θ ∈ Ωs+1,t−1,r(U), d0,0,1θ ∈
Ωs,t,r(U), if we identify the (0, q, r)-form from the both members of (4.4), it results
s = 0 and, in U ,

ω = d0,0,1θ.

We denote by Z0,q,r(M) the space of forms ω ∈ Ω0,q,r(M), with d0,0,1ω = 0
and we call the de Rham (0, q, r)-cohomology group of M the quotient group

H0,q,r(M) =
Z0,q,r(M)

d0,0,1Ωo,q,r−1(M)
.

Proposition 4.1 says that the sequence

0→ Φ0,q i→ Ω0,q,0 d0,0,1→ Ω0,q,1 d0,0,1→ ....
d0,0,1→ Ω0,q,n−q2 → 0, (4.3)

is a fine resolution of the sheaf Φ0,q. Using now a well-known theorem of algebraic
topology, (see [5] Theorem 3.5, p205), we obtain:
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THEOREM 4.1. The de Rham (0, q, r)-cohomology group of M is isomorphic
with the r-dimensional Čech cohomology group of M , with coefficients in the sheaf
Φ0,q:

H0,q,r(M) ≈ Hr(M,Φ0,q).

REMARK 4.1. 1. By the above theorem, H0,q,r(M) is a topological invariant
of the manifold M .

2. Ones can see that the restriction of the sequence (4.3) to a leaf L of the
foliation F1 is a fine resolution of the sheaf of germs of basic q-forms in the foliated
manifold (L,F2).

In order to find another topological invariant of (M,F1,F2), let Φp,0 be the
sheaf of germs of (p, 0, 0)-forms ω with d0,0,1ω = 0.

PROPOSITION 4.2. For every ω ∈ Ωp,0,r(M) such that d0,0,1ω = 0 in a neigh-
borhood U , there is θ ∈ Ωp,0,r−1(U) with ω = d0,0,1θ in U .

Proof. Let ω be a (p, 0, r) form with d0,0,1ω = 0 in U . Every ω ∈ Ωp,0,r belongs
also to Ωp,r

F1
(M), (see Remark 3.1). By (3.14) we have

dF1
01ω = d0,1,0ω + d0,2,−1ω + d0,0,1ω,

so we can see
dF1

01ω ≡ 0(mod ωq1+1, ..., ωq2).

Since dF1
01 satisfies a Poincaré type lemma, [7], there is θ ∈ Ωp,r−1

F1
(U) with

ω ≡ dF1
01θ(mod ωq1+1, ..., ωq2),

in U .
By Remark 3.1, there are s, t naturals such that s+t = r−1 and θ ∈ Ωp,s,t(U).

From relation (3.14) we have

ω ≡ d0,1,0θ + d0,2,−1θ + d0,0,1θ(mod ωq1+1, ..., ωq2).

Taking into account that ω ∈ Ωp,0,r(M), d0,1,0θ ∈ Ωp,s+1,t(U), d0,2,−1θ ∈ Ωp,s+2,t−1(U)
and d0,0,1θ ∈ Ωp,s,t+1(U), if we identify the (p, 0, r)-components from the both
members, it results s = 0 and, in U ,

ω = d0,0,1θ(mod ωq1+1, ..., ωq2).

We obtain ω = d0,0,1θ +
∑q2

i=q1+1 βi ∧ ωi. Taking again into account that ω is a
(p, 0, r)-form and θ is a (p, 0, r − 1)-form, it results ω = d0,0,1θ in U .

We denote by Zp,0,r(M) the space of forms ω ∈ Ωp,0,r(M), with d0,0,1ω = 0
and we call the de Rham (p, 0, r)-cohomology group of M the quotient group

Hp,0,r(M) =
Zp,0,r(M)

d0,0,1Ωp,0,r−1(M)
.
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Proposition 4.2 says that the sequence

0→ Φp,0 i→ Ωp,0,0 d0,0,1→ Ωp,0,1 d0,0,1→ ....
d0,0,1→ Ωp,0,n−q2 → 0, (4.4)

is a fine resolution of the sheaf Φp,0. Using now the same well-known theorem of
algebraic topology, (see [5] Theorem 3.5, p205), we obtain:

THEOREM 4.2. The de Rham (p, 0, r)-cohomology group of M is isomorphic
with the r-dimensional Čech cohomology group of M , with coefficients in the sheaf
Φp,0:

Hp,0,r(M) ≈ Hr(M,Φp,0).

REMARK 4.2. Ones can see that Hp,0,r(M) is a subgroup of the de Rham (p,r)-
cohomology group of (M,F2), since Zp,0,r(M) ⊆ Zp,rF2

(M) and the inclusion map

ir : Ωp,0,r(M)→ Ωp,r
F2

(M) satisfies ir ◦ d0,0,1 = dF2
01 ◦ ir−1.

Indeed, for ω ∈ Zp,0,r(M), we have ω ∈ Zp,rF2
(M) and dF2

01ω = d0,0,1ω, since

d1,−1,1 is not defined on Ωp,0,r(M). For any θ ∈ Ωp,0,r−1(M),

ir(d0,0,1θ) = d0,0,1θ = dF2
01θ.

The map ir induces a group morphism

ir,∗ : Hp,0,r(M)→ Hp,r
F2

(M), ir,∗[ω] = [ir(ω)]F2 , ∀[ω] ∈ Hp,0,r(M).

This morphism is injective because for every [ω], [λ] ∈ Hp,0,r(M) such that ir(ω)−
ir(λ) = dF2

01θ for some θ ∈ Ωp,r−1(M), it reults

ω − λ = d0,0,1θ + d1,−1,1θ,

which gives θ ∈ Ωp,0,r−1(M) and ω − λ = d0,0,1θ.

REMARK 4.3. The cohomology group H0,q,r(M) is not included in Hq,r
F2

(M)

because for ω ∈ Z0,q,r(M), we have dF2
01ω = d1,−1,1ω, since d1,−1,1 is defined on

Ω0,q,r(M).

5 The case of Finsler manifolds

Let (M,F ) be a n-dimensional Finsler manifold and G be the Sasaki-Finsler
metric on its slit tangent manifold TM0. The vertical bundle V TM0 of TM0 is
the tangent (structural) bundle to vertical foliation FV determined by the fibers of
π : TM0 →M . If (xi, yi)i=1,n are local coordinates on TM0, then V TM0 is locally

spanned by { ∂
∂yi
}i. A canonical transversal (also called horizontal) distribution

is constructed, [1], using a nonlinear connection Gi, so there exists on TM0 a n
distribution HTM0 locally spanned by the vector fields

δ

δxi
=

∂

∂xi
−Gji

∂

∂yj
, (∀)i = 1, n. (5.5)
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The Riemannian metric G on TM0 is satisfying

G(
δ

δxi
,
δ

δxj
) = G(

∂

∂yi
,
∂

∂yj
) = gij , G(

δ

δxi
,
∂

∂yj
) = 0, (∀)i, j. (5.6)

The local basis { δ
δxi
, ∂
∂yi
}i is called adapted to vertical foliation FV and we have

the decomposition

TTM0 = HTM0 ⊕ V TM0. (5.7)

Now, let Z be the vertical Liouville vector field on TM0,

Z = yi
∂

∂yi
, (5.8)

which is globally defined, and let L be the space of line fields spanned by Z. We
call this space the Liouville distribution on TM0. The complementary orthogonal
distributions to L in V TM0 and TTM0 are denoted by L′ and L⊥, respectively.
It is proved, [1], that the both distributions L′ and L⊥ are integrable and we also
have the decomposition

V TM0 = L′ ⊕ L. (5.9)

Hence we can identify the (n, 2n− 1) subfoliation (V TM0, L) of the Rieman-
nian manifold (TM0, G). Here, F1 = V TM0, QF1 = HTM0, F2 = L, QF2 = L⊥,
QF21 = L′.

As we already seen, the local basis in TTM0 is { δ
δxi
, ∂
∂yi
}i=1,n, where the

vertical bundle is locally spanned by { ∂
∂yi
}i=1,n. The dual cobasis is {dxi, δyi =

dyi +Gijdx
j}.

We consider the vertical vector fields Xi = ∂
∂yi
− tiZ, with G(Xi, Z) = 0,∀i =

1, n. Since G(Z,Z) = F 2, we have ti = 1
F
∂F
∂yi

. A local basis adapted to decompo-

sition (5.9) is {δa, Z}a=n+1,2n−1, where {δa, }a=n+1,2n−1 are (n − 1) independent

vector fields from {X1, X2, ..., Xn}. So, we obtained the local basis { δ
δxi
, δa, Z} in

TTM0, adapted to subfoliation (V TM0, L). The vertical global 1-form θ0 = tiδy
i

satisfies θ0(Z) = 1 and θ0(δa) = 0, so we have the dual cobasis {dxi, ωa, θ0}. The
exact sequence (4.3) becomes

0→ Φ0,q i→ Ω0,q,0 d0,0,1→ Ω0,q,1 d0,0,1→ 0, (5.10)

and Φ0,q is the sheaf of germs of (0, q, 0)-forms ω = fa1...aqω
a1 ∧ωa2 ∧ ...∧ωaq with

fa1...aq ∈ Ω0(TM0) such that Zfa1...aq = 0.
The sequence (4.4) becomes

0→ Φp,0 i→ Ωp,0,0 d0,0,1→ Ωp,0,1 d0,0,1→ 0, (5.11)

where Φp,0 is the sheaf of germs of (p, 0, 0)-forms ω = fi1i2...ipdx
i1 ∧dxi2 ∧ ...∧dxip

with fi1i2...ip ∈ Ω0(TM0) such that Zfi1i2...ip = 0.
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