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SUFFICIENT CONDITIONS FOR UNIVALENCE OF A NEW
INTEGRAL OPERATOR

Constantin Lucian ALDEA' and Virgil PESCAR?

Abstract

In this paper we introduce a new integral operator K, g, for analytic func-
tions f and g defined in the open unit disk U, a and 8 complex numbers,
and we derive sufficient conditions for the univalence of this integral operator.
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1 Introduction

Let A be the class of analytic functions f in the unit disk U = {z € C: |z| < 1},
normalized by f(0) = f’(0) —1 = 0 and 8 be the subclass of univalent functions
in the class A.

We denote by P the class of functions p which are analytic in U, and satisfy
p(0) =1 and Re p(z) > 0, for all z € U.

We define an integral operator

Kosle) = [ (f(“’) (') du, 1)

u

for a, B € C and the functions f, g € A.
For 8 = 0, a a complex number and f € A, from (1) we have the integral
operator Kim-Merkes [2],

Galz) = /0 ) <f(:)>adu. (2)

From (1), for « = 0, § a complex number and g € A, we obtain the integral
operator Pfaltzgraff [4],

Hy(z) = /0 ()" du. (3)
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2 Preliminary results

To discuss our problems for univalence of integral operator K, g, we need the
following lemmas.

Lemma 1. ([1]). If the function f is analytic in U and

2f"()
f'(2)

for all z € U, then the function f is univalent in U.

(1 —12P) <1 (4)

Lemma 2. (generalized Schwarz lemma, [3]). Let f be the function regular in
the disk

Ur = {z € C:|z| < R} with |f(z)| < M, M fized. If z =0 is a zero of order at
least m for f, then

£ S 2l (= € U). o)

Moreover, the equality occurs in (5) for z # 0 if and only if

0 M
f(z) = ewﬁzm»

where 6 is constant.

3 Main results

Theorem 1. Let «, B be complexr numbers, M, L positive real numbers and the
functions f € A, g € A.

If
Z;;S’) - 1‘ <M, (zel), (6)
Zj(g) <L, (zeW (7)
and
la[M +[B|L < 3? (8)

then the integral operator K, g is in the class §.

Proof. The function K, g(z) is analytic in U and satisfies K, 5(0) = K, 5(0) — 1.
We have
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K" (2 / "
la,ﬁ( ) ., <zf (2) _1> e (). o)
K 5(2) f(2) 9'(2)
for all z € U.
From (9) we obtain
2K 5(2) z2f(z) 24" (2)
1—|z|? 0‘7’5§1—22 [a —1’—1—6 J ], 10
for all z € U. By Lemma 2, from (6) and (7) we get
2f'(2) ‘
-1 < M|z, (z€elU), 11
e o, (e (1)
29" ()
< Llzl, (zelU 12
CN <L e (12)
and by (10), we obtain
2K 4(2)
1—[2?) S22 < (1— |2 M + |B|L 1
(0 )| T | < (0= 40l Gl 151, (13)
for all z € U. Since
2
max [(1 = |z]?) |z|] = —_—,
o (1~ ) 2] = 2
hence, and from (8), (13), we have
2K" ,(2)
1—|2]?) |22 < : 14
(1= )| | <1 e (14)
a’IB
From (14) and Lemma 1, we obtain that the integral operator K, g defined
by (1) is in the class 8. O]

Theorem 2. Let o, B be complex numbers, L positive real number and the func-
tions f €8, g € A.

If
zg"(2) B
70 <L, (z€l), (15)
and
12v/3]al + 2|6|L < 3V/3, (16)

then the integral operator K, g is in the class 8.
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Proof. From (9) we have

"
(1- 12 | e <
Ka,ﬁ(z)
/ !
< (1 18) [l (22 1) 1 22 -
(1=1:P) 1ol (|55 81|25 (17)
for all z € U. Using [6], for f € 8§ we get
2f'(z)| _ 1+ 7]
< , (zel). 18
o | ST B 1)
By (15) and Lemma 2 we obtain
29" (2)
< Llz|, (z€lU). 19
CN <L, e (19)
From (18), (19) and (17) we get
2K 5(2)
1—|22) |52 < (1 — |22 1— |22 L 2
(1) |y | = O B s glel + (= BP) B 0
for all z € U. Because
2
max [(1 —|z|?) |2|]] < —=,
e (1 127 4] < ;22
hence, and from (20), we have
2K" 5(2) 2
1— |22) | 2222 < glaf + |2 L, (zelU
(1-12P) K;ﬂ(z)‘_ ol + 5o=lelIBIE. (€
and by (16), we obtain
2 ZKZ,B(Z)
_ A .
(1—1z]%) K0 | < 1, (zel) (21)
From (21) and Lemma 1, it follows that the integral operator K, g belongs to
the class 8. 0

Theorem 3. Let o, [ be complex numbers, M positive real number and the
functions f € A, g€ A and g € P.

If
() .
) 1'§M, (zelU) (22)
and
2|a|M +6v/3|8| < 3V3, (23)

then the integral operator K, g is in the class 8.
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Proof. By (22) and Lemma 2 we obtain

2f'(2)
) —1‘ < M|z|, (z€elU). (24)
Using [7], for ¢’ € P, we have
z9"(2) 2|z|
7o) | ST (zelU). (25)

From (24), (25) and (10) we obtain

2K (2
(1= 12P) | 5225 < (1= o) bl + 2809, (<10
and because 5
max [ (1 — |z]?) |2 = —,
(1= o)l = 525
we get
2K (2) 2
1— |22 WP < alM +2|8], (zel). 26
(L BP)| ™y | < ol + 28 (e 20
From (23) and (26), we get
2K 5(2)
1— 122 T\ <1
(=P iy | <1 G ew

and hence, by Lemma 1 we obtain that the integral operator K, g is in the class
S. O

Theorem 4. Let o, 5 be complex numbers and the functions f € S, g € A and
g eP.
If

1
2ol +16] < 5, (27)

then the integral operator K, g is in the class 8.

Proof. Using [6], for f € 8, we have

2f'(2)| _ 1417
f) | ST BEY )
and using [7], for ¢’ € P, we have
29" () 2|2|
) | SToRp (zelU). (29)
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From (17), (28) and (29) we obtain

2 ZKgB(Z)
_ B P
(1 ]z\) K .(2) <Ala|+2|8], (z€lU)
a76
and by (27) we get

2K (2)

1—|22) | =222 < :

(1) |y S 1 G (30)

From (30) and Lemma 1 it follows that the integral operator K, s is in the class
8. O

4 Corollaries

Corollary 1. Let a be a complex number, M positive real number and the function

feA.

If
() .
78 1‘ <M, (zel), (31)
and
la| < 3;}\/5, (32)

then the integral operator G, defined by (2), is in the class S.

Proof. Follows by taking 5 = 0 in Theorem 1. O

Corollary 2. Let B be a complex number, L positive real number and the function
g e A

If

<L, (zel), (33)

and

< 73\/3

81< S,

then the integral operator Hg, defined by (3), belongs to the class 8.

Proof. Follows from Theorem 1 by taking o = 0. O
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Corollary 3. Let o be a complex number and the function f € 8.

If

1
<= 35
o] < (3)
then the integral operator G4 € 8.
Proof. Follows by taking 8 = 0 in Theorem 2. O
Corollary 4. Let 3 be a complex number and the function g € A, ¢ € P.
If
1
8< 5. (36)
then the integral operator Hg € 8.
Proof. Follows from Theorem 3 by taking o = 0. 0

References

[1] Becker, J., Lownersche differentialgleichung und quasikonform
fortsetzbare schlichte Funktionen, J. Reine Angew. Math., 255 (1972), 23-43.

[2] Kim, Y. J.and Merkes, E. P.,; On an integral of powers of a spirallike function,
Kyungpook Math. J., 12 (1972), 249-253.

[3] Mayer, O., The functions theory of one complex variable, (Romanian), Bu-
curesti, 1981.

[4] Pfaltzgraff, J., Univalence of the integral of (f'(z))*, Bull. London Math. Soc.
7 (1975), 254-256.

[5] Pescar, V. and Breaz, V. D., The univalence of integral operators, Academic
Publishing House, Sofia, 2008.

[6] Bieberbach, L., Uber die Koeffizienten derjenigen Potenzreihen, welche
eine schlichte Abbildung des Finheitskreises vermitteln, Preuss. Akad. Wiss.
Sitzungsb., (1916), 940-955.

[7] Goluzin, G.M., Zur Theorie der schlichten konformen Abbildungen, Mat.
Sbornik N.S., 42 (1935), 169-190.

[8] Mocanu, P.T., Bulboaca, T. and Salagean, G.St., Teoria geometrica a
functiilor univalente, Casa Cartii de Stiinta, Cluj, 1999.



20

Constantin Lucian Aldea and Virgil Pescar



