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DISTORTION BOUNDS FOR A NEW SUBCLASS OF
ANALYTIC FUNCTIONS AND THEIR PARTIAL SUMS

Ibrahim AKTAS' and Halit ORHAN?

Abstract

In the present paper, we introduce a new subclass of functions which
are analytic in the open unit disk. Also, we obtain coefficient inequalities
for functions belonging to this class. Futhermore, we give some results as-
sociated with distortions bounds. In addition to that, we investigate lower
bounds for partial sums of functions belonging to this class.
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1 Introduction

Let A, denote the class of functions f(z) in the form

o
f(2) =22+ apypa P (1)
k=1
which are analytic and p — valent in the open unit disk A = {z: 2z € C,|2| < 1}

and p € N = {1,2,3,...}. Further, by A and S*(«), we denote the following
classes:

A= {f(z) =z+ ZakszH : f is analytic in A}
k=1

and

S*(a) = {feA:%e<z;;i§)> >a,0§a<1,zEA}
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respectively. We know that, S*(a) is a familiar subclass of A consisting of func-
tions which are starlike of order o in A. For the function classes S*(«) was
given coefficient inequality by Silverman [6] in 1975. In 1991, Altintas [1] gave
coefficient inequality for a subclass of certain starlike functions with negative co-
efficients. Owa, Ochiai and Srivastava [4] introduced the subclass M («) of the
class A and they proved some theorems relations with coeficient inequality for
this class in 2006. Kamali [7] defined a new subclass M (a, A, ) of the class A
and he investigated some properties for this subclass in 2013.

For the functions f(z) belonging to the class A,, we define the operator D as
follows:

z

Lf(z = ) =2F(2) = 2P w@a Panrd
D) = DUE) = 1) +k§_j( - ) e

2(f(z = LoF(2))) = 2P 3 wza Paard
DX(f(z)) = D(D'(f(=))) +k1< p) -

. } )
DS = DO =+ 3 (FE) iyt

k=1

We note that, for p = 1 we obtain Salagean dif ferential operator which was
defined by Salagean [5].

In this work, we introduce a new subclass M, (a, A, ) of the class A, consisting
of functions f(z) such that

(L= ND2(f(2)) + ADM(f(2)  p+A

P+ A
(1= NZ(D(f(=)) + A(D(f(2)))  2a |~

5 (2)

ze€A0<a<1,0<A<1,2eNy={0,1,2,3,...} ,pe N ={1,2,3,...}.

2 The Coefficient Inequality for the class M, (a, A, Q)

Theorem 1. Let 0 < a < 1,0 < A < 1,2 € Ny = {0,1,2,3,...} andp € N =
{1,2,3,...}. If f(2) € A, satisfies the following coefficient inequality:

£ v (2o (20}

k=1
k
x (1 At <;>> P
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200

S(p—i_/\)_‘204_(104_/\)’:{2(])—1—)\—&) ;p";‘<a<p+)\ ®)

then f(z) € M, (o, A\, Q).

Proof. In view of condition (2), we should show that

2\ (1= NDOU(f() +ADU(F()
‘(wA)( “NEDPGE)) R0y T W

We can see that

() _GoaDe Doye)

px) T=NED ) + A (D™ (F())
- A+B .
) P+ 22+ 3 (p+ ) (“p)ﬂﬂ [1—/\4-)\(@)}0% otn|

= D +p

where

A:=2a—(p+ )]

S ) [ Y P

Then

T <

|20 — (p + M| +kool <k+p) ‘204 —(p+A) (Hp)‘ [1 — A+ A <k#)} |ak4p| \z\k

0= £ 00 (42)" [1=24 (52)] low 12

o=+ N+ 5 (52) o= o+ (52)] [1=2+ A (52)] faws
(2= = 0+ (552 fowcs

<

()

With coefficient inequality (3), we can obtain

£ pe o () ()]

k=1 p
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SN0 0=+ (p;"">ml[1—A+A(p;k>]|ap+k.
()

By using the inequality (6) in (5), we get

< 2a > 1-MD (f(Z))JrADQ“( )
(1= (D% ?

p+A f(2))) + AZ(DHL(f(2)))
C—-D
< _ — =1,
0+ 2) = 2 0 (52) [t a2 (52) ]l
where
= 20— (p+A)|+ P+ A) — 20— (p+A)|
_\ kp\" E+e\] 1,
D'_;(]HA)( p ) [1 A+A< P >]|k+p|’
(L=ND(f(2)) +AD™(f(2))  p+A| _p+A
(1=N2(DN(f(2)) + AZ(DHH(f(2))) 2a 200
that is f(z) € M, (o, A, ). O

Theorem 2. If f(z) € My (o, A\, Q) , then

o (1= NE(DUf(2)) + A2(DH(f(2))) .«
(1= N)DR(f(2)) + ADTL(f(2)) p+A
Proof. Let f(z) € M, (a,\,Q), H(z) = %()) and F(z) = (1 — \)D2(f(2)) +
ADSFL(f(2)). In this case, we can write that

L p+A p+A
H(z) 20 200
After some calculations, we get
CpEA_ptA ] 1 _p+>\2< p+ A\
H(z) 2 20 H(z) 2 2

2 2
2a_2(§§<2)>H(z) < (p;aA) = 20— (p+ N H(2)* < (p+ 1) |H(z)*

= (20— (p+ ) H(2)) 2a— (p+ A H(2)) < (p+ M) H(2)(H(2))




Distortion bounds for a new subclass of analytic functions 5

— 40 —2a(p+ A) H(z) — 2a (p+ \) H(z) + (p+ N\)? H(2)(H(2))
<(p+ M\ H(2)(H(z))

— 402 <2a(p+ ) {H(z) + H(z)} . (7)
We know that for each z € C,
z 4z = 2Rez. (8)
If we consider equality (8) in inequality (7), then we obtain
20 < (p+ A)2ReH (z2) = ReH(z) > pi)\'
This is desired. O

Remark 1. Let p=1. If f(2) € My (o, A\, Q), then F(z) € S*(135)-

3 Some Results Associated with Distortion Bounds

In recent years, S. Owa, K. Ochiai and H. M. Srivastava [4] have introduced
the integro-differential operator for an analytic function f(z) which is denoted in
the form of I f(z) and defined as shown below:

I1f(2) = f(2), Iof(z) = f(2)
and

Lf(2) = /0 ()t

forse N ={1,2,3,...}.

Let us denote by Mj(a, A, €2) the subclass of the class M), (a, A, Q) which
satisfies the coefficient inequality (3) for some « and which consists of the f(z) €
M, (o, A, Q) .

By definition in (1), we can write

[e.e]

p! s+ (p+k)! s+p+k
I, _ P P
0= G 2 )

Now, by integro-differential operator, we can obtain the following results about
the distortion bounds for the functions belonging to the subclass M (a, A, Q).

Theorem 3. If f(z) € M;(a, A\, Q), then we have the following inequality:

p!
o

(54‘1)!{(294‘)\)—’2“—(?4‘)\)‘} |2 [P
(&) () o0 () o ()
< |Lsf(2)]
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p!
<Sea

+

P+ DHP+A) — 20— (p+ N[} et
(s+p+1)! (%)Q (1+ %) {’2a— (p+A) (”P#)‘ +(p+A) (m)}

p

forz€e A,se NU{-1,0},0<a<1,0<A<1and Qe Ny=NU{0}.

Proof. After taking the absolute value in both sides of equality (9) and applying
the triangle inequality, we can denote that

oo
p' s+p (p + k)' s+p+k
D

I =

(10)

k=1

IN

oo
P! P+ k) _
‘Z‘s-ﬁ-p + |z’s+p+1 § : ( ( ) ’ak‘+p| Zk 1
k=1

(s+p)! — (s+p+k)!

! = +k)!
< p ‘Z|s+p + |Z|s+p+1 Z ( (p )
k=1

a .
(s +p)! s+p—|—k)!| el

Besides, we can write

(5

ek

o0 (22 o0 (20} () e
+1

e p (e (2}
X (1—)\—1-)\(]?)) |aktpl

<(@P+A)—Ra—(p+A)]

or

i (p+k)!

(R

k=1
P+ DHP+A) —2a = (p+ M)}

p
oot (5" (10 2) (o 0o (5 0o (5
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Using the last step of inequality in (10), we obtain

|
I f(2)] < —2—|2**P

~ (s+p)!
n (£+ DH{(p+A) —2a—(+ N[} P
(s+p+ 1)) (142) {‘2&—(1)4—)\ ) (2 )‘ (p+n ()}
(11)
As similar implementations above, we can write
S+p
1@ 2 s I
- (o4 DH(p + ) — 20 = (p+ M} =" 12)

e (50)" (1 3) {2 0 (50) - 0 (57))

By joining (11) and (12), we obtain

p! s+p
(s+p)! 12l B
(p+DHp+A) = 2a— (p+ N}z

(s+;r)+1)!(f’ﬂ#>Q (1+%) {‘2a—(p+A) (”;#)’Jr(erA) (PTfl)}

< [ f(2)]
p! s+p
: (s +p)! 21
+ (p+ D+ — 20— (p+ N} |z)7PH

e () (002) (o e ()] o (5]

O]

Remark 2. If we choose A =Q =0 and p =1 in Theorem 3, then we have the
same results given by Owa, Ochiai and Srivastava [4).

Setting s = —1,0,1 in Theorem 3, we get the following Corollary.1.

Corollary 1. If f(z) € M, (a, A\, Q), then the following inequalities are obtained.

(p+1D{lp+A)—[2a—(p+ N}

(52) (14 3) {00 (22) [+ 040 (5)}

plzfPt -

P < |£(2)

P+ D{p+A) —2a - (p+ M}

(52)" (14 3) {00 (22) [+ 040 (332)}

|

<plzPt+
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for s = —1,
Bl {p+ ) —2a—(p+ M|} |z|p+1 <12
() () - oen () rwen (5
< 2P + {(p+N) —2a—(p+ M|} ]z\pﬂ

(52)" (14 3) {0 (22) [+ 0+ 0 (5)}

for s =0 and
Elas {(p+ ) — 20 — (p+ N[} |2

p+1l (p+2) (%)Q (1+%> {)2a—(p+/\) (p%l)‘ﬂp““\) (1%1)}
< [Lif(2)

BT _Ap ) — 2o (p 4 V|2
P e () (1) {0 (5[0 (5)

for s = 1.

I

Remark 3. Putting p =1 in Corollary 1, we get the same result given by Kamali

[7].

4 Partial Sums for the Class M, (o, A\, Q)

In this section following the earlier works by Silverman [8], Deniz and Orhan
9], N. C. Cho. at al. [10] and others (see also [11], [12]) on partial sums of
analytic functions, we study the ratio of real parts of functions involving (1) and
their sequence of partial sums defined by

fulz) = 2P in=k+p—1 (13)

fulz) = 2P+ ap 2P n=k+pk+p+1,..
k=1
and determine sharp lower bounds for
f(z) } {fn(Z)}
Re { , e .
fn(2) f(z)

Theorem 4. Let f(z) € M, (a, A\, Q) and fp(z) be given by (1) and (13), respec-
tively. Suppose also that

Z(Zsk(]% )\,OZ,Q) ‘ak—&-p’ S 1)
k=1
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where

¢k - (bk(p’ )\,Oé,Q)

(Tl o)
X [IT—=A+A ke
p

and 8 = 8(p, ), @) = (p+ X) — [2a — (p+ V)] .
Then, we have

f(2) } Gp1—0
Re > 14
{jﬁ(z) - ¢n+1 ( )
" Fu)) o
n\% n-+1
Re > . 15
{f(z)}_¢n+1—|—5 (15)
This results are sharp for every n with the extremal functions given by
f(z) =2+ Lz”‘”"""l. (16)
n+1

Proof. In order to prove (14), it suffices to show that

Pt [ f(2)  ony1 =0 1+z
0 {fn(z) Pn+1 } ST (z€4). (17)

We can write

o0
P+ > apgp2ttP

Pn+1 { f(z)  eni1 — 5} _ Pn+l k=1 g1 —0
) fn(2) Pn+1 2P+ 55 ak+p2k+p Pn+1
k=1

(oo} n
L 255 57 apy 2 + 3 app2?
k=nt1 k=1 14 w(z)

- — .
]. + Z (1k+p2k 1 ’LU(Z)
k=1

Then
= k
> Ak+pZ
k=n+1

Pn+1
)

w(z) = - = .
2 -+ 2 Z ak+pzk + % Z ak+p2k
k=1 k=n+1

Obviously w(0) = 0 and

[e.°]

%3“ Z ‘ak+p|
k=n+1

[w(2)] <

ooy EETTEES '
2o laktpl = =5 X |akpl
k=1 k=n-+1
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Now |w(z)| <1 if and only if

o0 n
$n+1
7:5 Z |arsp| + Z |aip| <1 (18)
k=n+1 k=1

It is suffices to show that the left hand side of (18) is bounded above by » M
k=1
which is equivalent to

n oo
D (k=) lanipl + D (or = nt1) larsy| = 0.
k=1 k=n+1

To see that the function f given by (16) gives the sharp result, we obseve for

z=|z| et that

o xi \n+1 -9
f(Z) =1+ ZTL+1:1_|_ (|z|en+l)n %M
fn(2) Pnt1 Ont1 Pn+1
We thus complete the proof of inequality (14). O

The proof of inequality (15) can be made similar to that of (14), here we
choose to omit the analogous details.
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