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FROM THE NUMERICAL SOLUTION TO THE SYMBOLIC FORM
Ernest SCHEIBER/!

Abstract

We present the possibility to obtain the closed form of the solution of a differential
equation problem from the numerical solution using the Fureqa software. The proce-
dure succeeds when the closed form exits and it is relatively simple.
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1 Introduction

In this note we present the possibility to obtain the closed form of the solution of an
ordinary differential equation (ODE) problem and of a partial differential equation (PDE)
problem from the numerical solution, at least when this closed form exists and is relatively
stmple.

The tool that we shell use is a very exciting symbolic regression ([3]) software called
Eureqa from Nutonian, Inc., [7]. The license of the product is free for academic and an
accredited university. In [5] there is given a very good presentation of Eurega. There is
presented an example of simplifying a trigonometrical expression with Fureqa.

The cases when a differential equation problem has a closed form of the solution are
not very large. Usually the numerical solution satisfies the required practical needs.

The procedure followed by us consists in:

1. The numerical results are stored in a text file, as comma separated values. The
numerical solution is a table whose columns are the functions arguments and the
values of the functions, while each row is a data row. Each row will be a line in the
text file.

2. The file is imported to Fureqa, it is defined the search (a column is the unknown
function of some other columns) and it is launched the search of the closed form.
All these actions are manually operated. The Eureqga documentation details these
operations.

This approach is not an universal panacea. It works only when the expression of the
solution is relative simple. Several Computer Algebra Systems (CAS, [6]) offer alternatives
that are often more effective, but the approach of Fureqa is related to genetic programming.
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The following examples presents cases when FEureqa obtained the closed form. For
that the examples can be reproduced there are given the codes to generate the numerical
solution of the problems, but any other procedure or software may be used.

2 The case of ODE

To solve an ODE we use Scilab, a Matlab type software, freely distributed, [9]. Two
examples treats an initial value problem (IVP) and a boundary value problem (BVP),
respectively.

Exemple 2.1. The initial value problem

1
/
= - t
Y(2) = —— —y(@)tanz,

y(0) = 1.

The solution is y(z) = sinz + cosx. The Scilab script to solve the IVP is

deff(’dy=f(x,y)’, ’dy=1.0./cos(x)—y.xtan(x) ")

x=0:0.01:1;

x0=0;y0=1;

y=ode (y0,x0,x,f);

csvWrite ([x”,y’],’. . .\ode.csv’)

From Fureqa, the obtained results are given in Figure 1.

Progress & performance Progress over time
2.4e-8
CPU cores 0 2T
Performance g
=
Generations 1890 = 2.3e-8
Generations/sec 4096 =
Formula evaluations 3.2e7 g 2.25e-8
Evaluations/sec 6.80M S
Confidence 2 90e8
=
Stability 1.11% &
Maturity 1.46% = P
21e-8
05 1 15 2 2553 35
Time [seconds]
Project Log:
6:15:15AM= Mew solution: Fit: 0.092998 Size: 1 Solution: y= 1.362
6:15:15AM= MNew solution: Fit: 2.24326e-008 Size: 13 Solution: y = 1*cos(x) + 1*sin(x)
6:15:16AM= New solution: Fit: 4. 56311e-008 Size: 11 Solution: y = 1*cos(x) + sin(x)
6:15:18AM= New solution: Fit: 0.0419786 Size: 5 Solution:y=1.118 + 0.3882*x
6:15:18AM= New solution: Fit: 2.11296e-008 Size: 13 Solution: y = 1*cos(x) + 1*sin{x)
6:15:19AM= New solution: Fit: 0.0419619 Size: 5 Solution: y=1.122 + 0.3796*x
6:15:19AM= Search stopped

Figure 1: Fureqa results for Example 2.1.
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Exemple 2.2. The boundary value problem

y'(@) = 2-y(), we 7]
y(0) = 0,
y(g) = 1

The solution is y(z) = 2 — sinxz — 2 cos . The Scilab function bvode is used, [1]. The
Scilab script to solve the BVP is

exec(’. . .\bvp.sci’,—1)
[x,y]=bvp ();
csvWrite ([x7,y’],’. . .\bvp.csv’)

where bup.sci is the function

function [x,w]=bvp()
deff (’f=fsub(x,z)’, f=2—2z(1)");
deff (’df=dfsub(x,z)’ ,[’df(1)=—1","df(2)=0"]);
deff( 7g:gsub(i 7Z) ’ ) ’a:[z(l) 7Z(1)_1} ’ ) 7g:a(i)
deff(’dg=dgsub(i,z)’ ,[’a=[1,0;1,0]", dg=a(i,:
deff(’[z,dmval]=guess(x)’,[’z=0", dmval=0"]);
n=1;
m=2;
a=0;
b=%pi/2;
x=a:0.01:b;
fixpnt=0;
zeta=[0,%pi/2];
ipar=zeros (1,11);
ipar (3)=1;ipar(4)=2;ipar (5)=2000;ipar (6)=200;ipar (7)=1;
ltol =[1,2];
tol=[l.e—7,1l.e =T];
z=bvode(x,n,m,a,b,zeta ,ipar ,ltol ,tol ,fixpnt ,fsub ,dfsub ,gsub,6dgsub, guess);
w=z(1,:)
endfunction

From FEureqa, the obtained results are given in Figure 2.
This BVP may be reformulated as a Dirichlet problem and be solved for example, by the
finite element method, [4] p.46,

Au+tu = 2, in [O,g]x[o,l],
u(0,y) = 0, ye€l0,1],
i
U(§,y) = 17 ye [07 1]7
ou T
ou _ r 1.
8n(w,y) 0, w€[0,2],y€{0, }

3 The case of PDE

We shall use FreeFem++ to solve PDE with the finite element method (FEM), [8, 2].
The software defines a C++ idiom with an extension to handle the concepts of FEM. It
runs on Windows, Unix, Macs machines. For Windows a compiled version is provided.
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Progress & performance Progress aver time
Time
Search time 2m 355 0.007
CPU cores ] — 0.006
Performance =
=
Generations 53518 = 0.008
(=]
Generations/sec 364.8 5
Formula evaluations — 8.9e8 Lol
i °
Evaluations/sec 6.05 M 2 0.003
Confidence =
c
Stability 1.63% o 002
Maturity 35.1% =
0.001
0
1 10
Time [seconds]
Project Log:
8:5541PM= Mew solution: Fit. 3.86624e-010 Size: 19 Solution: y =2 + 2. 226e-19*x - 1*sin(x) - 2*cos(x)
8:55:42PM= New solution: Fit: 3.86622e-010 Size: 15 Solution: y =2 - 1*sin(x) - Z*cos(x)
8:5542PM= Mew solution: Fit: 3.86622e-010 Size: 15 Solution: y = 2 - 1*sin{x) - 2*cos(x)
8:55:42PM= New solution: Fit: 1.27317e-008 Size: 13 Solution: y = 2 - sin{x) - 2*cos(x)
8:5544PM= Mew solution: Fit: 1.19067e-009 Size: 13 Solution: y = 2 - sin(x) - 2*cos(x)
8:55:45PM= New solution: Fit: 4 06498e-010 Size: 13 Solution: y = 2 - sin(x) - 2*cos(x)
8:55:45PM= Search stopped

Figure 2: Fureqa results for Example 2.2.

This extension allows to easily translate the mathematical formula into FreeFem++ state-
ments. FreeFem++ scripts can solve problems in 2D and 3D. FreeFem++ is distributed
with a free software license, GNU Lesser General Public License (LGPL).

Exemple 3.1. The Dirichlet problem for the Laplace equation

Au

ulan

0 inQ={(z,y): 2>+ <1},
3x2+y2

The solution is u(z,y) = 2 + 22 — y2. Thel FreeFem++ script to solve is

border C(t=0,2%pi){x=cos(t);y=sin(t);}

mesh Th=buildmesh (C(50));

fespace Vh(Th,P1);

func s=24x"2—y " 2;

Vh u,v,ps=s;

solve prob(u,v)=int2d (Th)(dx(u)*dx(v)+dy(u)*dy(v))+on(C,u=3*x"2+y "2);
real error=sqrt(int2d (Th)((ps—u)~2));

cout<<” Error = "<<error<<endl;

plot (u, value=true);

savemesh (Th,”ex1” ,[x,y,u]);
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The function savemesh generates two files exi.points and exl.faces. In a simple Java
program, we extract from ex1.points the needed data and store them as a comma separated
values.

The displayed error is 0.00129556.

The results produced by FEureqa are given in Figure 3.

Progress & performance Progress over time
Time 02
Search time 7s
CPU cores 0
Perfarmance EE?J 015
Generations 1346 =
Generations/sec 1291 L%
Formula evaluations 2.6e7 % 01
Bvaluationsisec 259 M o
Confidence 2
Stability 0.147% § 0.05
Maturity 0.88% =
0
1 2 3
Time [seconds]
Project Log:
11:06:56AM= Mew solution: Fit: 0.196833 Size: 7 Solution: u =1.774 + 1.142%"2
11:06:56AM= New solution: Fit. 0.000619652 Size: 11 Solution: u= 2 + x42 - 1*y42
11:06:56AM= Mew solution: Fit: 0.000619516 Size: 15 Solution: u =2 +x"2 - 5.996e-5%y - 1*y"2
11:06:57AM= New solution: Fit: 0.195414 Size: 7 Solution: u=1.752 + 1.201%x2
11:06:57AM= New solution: Fit: 0.000618979 Size: 11 Solution: u =2 +x¥"2 - 1*y"2
11:06:57AM= Search stopped

Figure 3: Fureqa results for Example 3.1.

Exemple 3.2. The boundary value problem for a parabolic PDE

0

8—1: —a?Au = 2 4+y?—4d*, inQ=10,12 te0,7]
u(07 :'U’ y) = 0’ (x7 y) G Q?
ult,z,y) = ta?+y%), (z,y) €0 te(0,T).

with a =0.1,T = 1.
~ The solution is u(t, z,y) = t(x2+y?). The FreeFem++ script ([2]) to solve this problem
is

mesh Th=square (16,16);

fespace Vh(Th,P1);

real dt=0.1,a=0.1,T=3;

Vh u,v,uu,f,g;

problem eq(u,v)=int2d (Th) (usv+dt*a 2% (dx(u)*dx(v)+dy(u)*dy(v)))—
int2d (Th) (uusv+dt*f*v)4+on(1,2,3,4,u=g);

real t=0;

uu=0;
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savemesh (Th,”ex0” ,[x,y,uu]);
for (int i=0;i<T/dt;i++){
t=t+dt;
f=x"24y"2—4xa"2xt;
g=t*(x"2+y " 2);
eq;

real error=sqrt(int2d (Th)((u—g)~2));

uu=u;
cout << t="<<t <<”

savemesh (Th,” ex”+t ,[x,y,u]);

}

Error="<<error <<endl;

Ernest Scheiber

At each time level, the FreeFem++ generated results are saved. Again, a Java program
extracts from all these files the needed data and generates a single file for Eureqa.

From FEureqga we obtain the results given in Figure 4.

Progress & performance

8.58:29PM= Search stopped

Time :
Search time 7s
CPU cores 0

Performance
Generations 957
Generations/sec 138.2
Formula evaluations 3.1e7
Evaluations/sec 421 M

Confidence
Stability 1.78%
Maturity 0.853%

Project Log:

Progress over time
045

0.4

= =
P 2t
M W

Mean Absolute Error [MAE]
= [=
o 2 .2
f=] (%] I~ [&] o]

8:58:24PM= Mew solution: Fit: 0.172681 Size: 11 Solution: u = 0.8483% % + t*y"2

8:58:24PM= Mew solution: Fit: 2.3723e-015 Size: 21 Solution: u = 1*t*"2 + 1*1*%"2 - 1.569e-14*x*y
8:58:24PM= Mew solution: Fit: 0.137134 Size: 13 Solution: u= 08483y + t*x"3

8:58:24PM= Mew solution: Fit. 0.136842 Size: 15 Solution: u = 0.9009**y + 0.9578**"3
8:58:24PM= Mew solution: Fit. 0.275267 Size:7 Solution: u=2.05*" %"y
89:58:25PM= Mew solution: Fit: 7.73926e-017 Size: 11 Solution: u = "2 + ty"2

2
Time [seconds]

Figure 4: Fureqa results for Example 3.2.

Exemple 3.3. The boundary value problem for a hyperbolic PDE

Pu
@ —a Au =
u(0,z,y) =

ou

E(Oaxay) =

u(t,z,y) =

222y — 2a(t? + t)y,
(z,y) €,

0,

2
Y,

(t* + t)z%y,

(z,y) € Q,

(x,y) € 0Q,t € [0,T].

in Q=1[0,1]? te[0,T]
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with ¢ = 0.1,7 = 1.

The solution is u(t, z,y) = (t* +t)z?y. With a similar calculation scheme to that used

in the previous example, the FreeFem++ script is

mesh Th=square (16,16);
fespace Vh(Th,P1);
real dt=0.001,a=0.1,T=1;
Vh u,v,ul,u2,f,g,sol;
problem eq(u,v)=int2d (Th) (usv4+dt "2%a"2x
int2d (Th) (2+xulsv—u2*v+dt 2% f+v)4on (
real t=dt,error;
u2=0;
g=X"2xy;
ul=u2+dt*g(x,y);
error=sqrt (int2d (Th) ((ul—sol)"2));
ofstream e(”errors.txt”);
e<<t<<” 7<<error<<endl;
sol=(t"241t)*xx"2xy;
savemesh (Th,”ex0” |[x,y,u2]);
savemesh (Th,” ex”+t ,[x,y,ul]);
for (int i=1;i<T/dt;i++){
t=t4dt ;
f=2%x"2%xy—2%a " 2% (t "2+t )*y;
sol=(t"241t)*x"2xy;
eq;
error=sqrt (int2d (Th) ((u—sol)"2));
u2=ul;
ul=u;
e<<t<<” ”<<error<<endl;
savemesh (Th,” ex”+t ,[x,y,u]);

dx (

(dx(u)
1,2,3,

}

*
4w

dx (v)+dy (u)*dy(v))) -

=sol);

At each time level the error of the numerical solution is computed. The plot of the

evolution of the errors is given in Figure 5.
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Figure 5: The errors in Example 3.3.

The results of Eureqa are given in Figure 6

It may be observed that Fureqa computes a better approximation of the numerical

0.9
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Time
Search time
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Generations
Generationsi/sec
Formula evaluations
Evaluationsisec
Confidence
Stability
Maturity

Project Log:

3:38:46FM= New solution
338:51FPM= New solution
3:38:52PM= New solution
3:38:53FM= New solution
3:38:53FM= New solution
3:38:55PM= New solution

Progress & performance

28s

1208
26.38
1.1e8
258 M

4.13%
1.23%

Mean Abs olute Errar [MAE]

Progress over time

0.018
0.016
0.014
0.012

0.01

0.008
0.006
0.004
0.002

0

Fit: 0.0289668 Size: 3 Solution: u=0.04357%%

. Fit: 1.45904e-005 Size: 21 Solution: u = 0.9993* " 2%y + 1*"2*"2*y

Fit: 0.00131522 Size: 17 Solution: u = 1.337*""2%y - 0.0188 1%x"2%y

:Fit: 2.35683e-005 Size: 17 Solution: u = 2%y + th2*x" 2%y

cFit: 1.42574e-005 Size: 21 Solution: u = 0.9992*" " 2%y + 13" 2*x"2*y

:Fit: 1.36203e-005 Size: 21 Solution: u = 0.9994**x"2%y + 09994 2*x" 2%y

Time [seconds]

Figure 6: Fureqa results for Example 3.3.

solution than the exact solution. The reason is that the errors in the FreeFem++ compu-
tation are larger than the tolerance used by Eureqa.

4 Conclusions

The possibility to obtain the closed form of the solution of a differential equation
problem, at least when this closed form exists and is relatively simple, is exemplified. The

Eureqa software accomplishes this task.

In a real scenario the solution of the problem is unknown and the results given by
Eureqa require further verifications. It would be useful that Furega offers the possibility
to export the results and / or the possibility to attach a user defined callback method.

References

[1] Ascher U., Christiansen J., Russell R. D., Collocation software for boundary-value

ODFEs. ACM trans. math software, 7 (1981), no. 2, 209-222.

[2] Hecht, F., New development in FreeFem++. J. Numer. Math. 20 (2012), no. 3-4,

251-265.



From the numerical solution to the symbolic form 137

[3] Koza J. R., Example of a run of genetic programming, www.genetic-programming.
com/gpquadraticexample.html

[4] Langtangen H. P., A FEniCS Tutorial. http://fenicsproject.org/_static/
tutorial/fenics_tutorial_1.0.pdf, 2011.

[5] Stoutemeyer R. D., Can the Eureqga symbolic regression program, computer algebra
and numerical analysis help each other? Notices AMS, 60 (2013), no. 6, 713-724.

[6] * * * en.wikipedia.org/wiki/List_of_computer_algebra_systems
[7] * * * www.nutonian.com

[8] * * * www.freefem.org/ff++

[9] * * * www.scilab.org

[10] * * *  http://en.wikipedia.org/wiki/List_of_finite_element_software_
packages



