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ESSENTIAL COMMUTATIVITY OF COMPOSITION AND
DIFFERENTIATION OPERATOR

Elke WOLF!

Abstract

Let ¢ be an analytic self-map of the open unit disk in the complex plane.
We study under which conditions on the symbol ¢ and the involved weights
the composition operator Cy and the differentiation operator D acting be-
tween weighted Bloch type spaces and weighted Banach spaces are essentially
commutative.
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1 Introduction

Let D denote the open unit disk in the complex plane C and H (D) the collec-
tion of all analytic functions on D. For an analytic self-map ¢ of D the composition
operator Cy is defined by

Cy: HD) — H(D), f— foo.

Composition operators have been studied widely in the literature. One of several
reasons is that they link classical results in complex analysis with basic operator
theoretical questions. For further exploration we refer the reader to the excellent
monographs [8] by Cowen and MacCluer and [13] by Shapiro. On the other
hand this kind of operator appears naturally in a variety of problems in several
mathematical fields.

We are interested in the following setting: Let v and w be strictly positive
continuous and bounded functions (weights) on D. We study operators DCy—CyD
acting between weighted Bloch type spaces

B, :={f € HD), || fl5, :=supv(2)|f'(2)| < oo}

zeD
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endowed with the seminorm |.||p, (provided we identify functions that differ by
a constant, ||.|| g, becomes a norm and B, a Banach space) and weighted Banach
spaces of holomorphic functions

Hy = A{f € HD), |[fllw = ilel]gw(Z)!f(Z)l < oo}

endowed with the weighted sup-norm ||.||,.

Weighted Banach spaces of holomorphic functions arise quite naturally in various
mathematical fields such as functional analysis, complex analysis, partial differen-
tial equations and convolution equations as well as distribution theory. For more
information we refer the reader to [3] and [2].

Next, let us consider the classical differentiation operator

D:H(D)— HD), f+ f.

In [9] Harutyunyan and Lusky analyzed the diffferentiation operator D : HJ° —
H?®. They gave a necessary as well as a sufficient condition on the involved
weights when the operator is bounded resp. compact.

In this article we are interested in the question how these two classical operators
are linked. More precisely we investigate the question when Cy and D are essen-
tially commutative, i.e. when DCy — CyD : By° — HpZ° is a compact operator.
Moreover we obtain conditions when this operator is bounded resp. an isometry.

2 Basics

2.1 Weights

A strictly positive continuous and bounded function v : D — (0, 00) is called
a weight. Especially interesting are weights which satisfy v(z) = v(|z|) for every
z € D. We say that weights of this type are radial. Every radial weight which
is non-increasing with respect to |z| and such that lim,,;_v(z) = 0 is called
a typical weight. In [11] Lusky studied weights satisfying the condition (L1)
(renamed after the author)

1) 12D

neN v(l—27") > 0.

Examples of radial weights satisfying (L1) are among others the standard weights
v(z) = (1 —|2]?)P, p > 0, for every z € D, and the logarithmic weights v(z) =
(1 —log(1 — |2|%))%, ¢ < 0, for every z € D. In this work weights which satisfy
(L1) will play a great role. When dealing with weighted spaces often the so-called
associated weights v are required. For a weight v the associated weight v is defined
by

0(z) = ! z €

T sw{f G feHE, Al < 1)
The concept of associated weights was implicitly introduced by Anderson and
Duncan in [1], while Bierstedt, Bonet and Taskinen studied them in [2]. They
showed that the associated weight © has the following properties:

D.
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1.vo>v>0.
2. 7 is continuous.

3. For every z € D there is f, € H®, ||f2||v < 1, such that |f.(2)| = ﬁ(lz).

Since it is quite difficult to really compute the associated weights we are very
interested in simple conditions on the weights which ensure that v and v are
equivalent weights, i.e. that there exists a constant C' > 0 with

v(z) < 9(z) < Cu(z) for every z € D.

If v and 0 are equivalent weights we say that v is an essential weight. By [4]
we know that condition (L1) implies the essentiality of v. Moreover, v = v if
v(z) = |f(2)| for every z € D and some f € H(D) whose Taylor series (at 0) has
non-negative coefficients (see [2] Corollary 1.6).

2.2 Composition Operators

For general information on composition operators we refer the reader to the
nicely written monographs [8] and [13]. In this section we collect the results we
need on composition operators. In [4] Bonet, Domanski, Lindstréom and Taskinen
studied composition operators acting on weighted Banach spaces of holomorphic
functions. Among other things they proved that in case w is an arbitrary weight
and H;° is generated by a typical weight v the following assertions are true

1. Cy : H* — HZ' is a bounded operator if and only if sup,.p % < 00.
w(z)

2. Cyp s H® — Hp? is a compact operator if and only if im sup|4(.y 1 @) =
0.

Contreras and Hernandez-Diaz [7] and independently Montes [12] followed this
branch of research by investigating weighted composition operators. We will not
go into detail at this point. Moreover, Bonet, Lindstrém and Wolf studied dif-
ferences of (weighted) composition operators, see [5] and [10]. The investigation
of differences of (weighted) composition operators requires the pseudohyperbolic
metric p(z,w) for z,w € D, where p(z,w) is defined as follows:

p(z,w) = |p,(w)| with the Mébius transformation ¢, (w) =

Furthermore, we will use the following well-known inequality

(1 —a?)(1 - |2*)
|1 —az '

1—|pa(2)]* =

In the sequel we need the following lemma which was given in [10].
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Lemma 1 (Lindstrom, Wolf, [10]). Let v be a radial weight satisfying (L1) such
that v is continuously differentiable w.r.t. |z|. There is a constant M < oo such
that if f € HX°, then

lw(p)f(q) —v(p)f(p)| < Ml fllvp(p;q)
for all p,q € D.

Moreover we need the following proposition which can be easily deduced from
Proposition 3.11 in [8].

Proposition 2. Let v and w be arbitrary weights. Then the operator DCy—CyD :
B, — HZ° is compact if and only if for every bounded sequence (fn)n in B, such
that fn, — 0 uniformly on the compact subsets of D, then [DCy — CyD](fy) — 0

3 Essential Commutativity

We start this section by analyzing when the operator DCy — CyD : B, — Hp?
is bounded. The methods are the same used by Bonet, Domanski, Lindstrom and
Taskinen in [4].

Proposition 3. Let v and w be arbitrary weights. Then the operator DCy—CyD :
B, — H>} is bounded if and only if
w(z

SUP Sia(a) @ ) U < o

w(

Proof. First we assume that sup,cp ’U(Té))|¢/ (2) —1] < co. Then, for every f € B,
we have

I(DCs = CoD) fllw = supw(z)|¢(2)f(4(2)) — f'(6(2))]

zeD
- o w(Z) v z ! z /z —
= sup S HO)I (@) () - 1
wz®)
< sup =519/ () = 11,

since H;° and HZ° are isometrically isomorphic. Hence the operator DCy —CyD :
B, — H’ is bounded.
Conversely, we assume to the contrary that there is a sequence (z,), C D with
|¢(zn)| — 1 such that
w(zn)
0((zn))
For every n € N there is a function f, € B, with ||f|lp, < 1 and |f](¢(zn))| =

|¢(2,) — 1| > n for every n € N.

m. Then, by the boundedness of the operator DCy —CyD : B, — H;° there
is ¢ > 0 such that

w(zy
¢ 2 [(DCs — CyD) fulluw = w(zn) |7/ (6(20))8 (20) = F((za))] = @)(()))

for every n € N, which is a contradiction. ]
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We continue with studying when D and Cy are essentially commutative in the
given context.

Proposition 4. Let v and w be arbitrary weights. Then the operator DCy—CyD :
B, — H> is compact if and only if

w(z)

1 17((;)(2)) |¢/(2) = 1] =0

Proof. We suppose that lim|g;) -1 5 )|d>’( z)—1] = 0. This means that for every
€ > 0 there is 0 < rg < 1 such that

w(z)
v((2))

Now let (f,)n C B, be an arbitrary sequence with the following properties

'(2) — 1| < g for every z € D with [¢p(2)| > ro.

1. | fnllB, <1 for every n € N.
2. fn — 0 uniformly on the compact subsets of .

By Proposition 2 we have to show that ([DCy — CyD] fy,)n converges to 0 in H:y,
that is,

IIDCs = DCyl fullw = iggw(z)W(Z)fé(cﬁ(Z)) = fn(8(2))| = 0.

Since f,, — 0 uniformly on the compact subsets of D, for every € > 0 and every
0 < r < 1 there is ng € N such that, if [¢p(z)| < r, then

3

£ < o
where C' 1= sup|4(.) <, w(2)|¢'(2) — 1|. Now, we obtain
I[DCs — CyDlfullw = supw(z)|¢'(2)f,(4(2)) — fu(e(2))|

zeD
< Wars w(2)|¢'(2)fn(6(2)) — fr((2))]
+ up w(2)|¢'(2)fn(6(2)) — fr((2))]
< sup w(2)|¢(2) — 1| £ ((2))]
lp(2)|<ro
+  sup w(2)[¢'(2) — 1| fullB,
lp(2)1>70
< 4055

for every n > nyg.
Conversely, we assume to the contrary that there are ¢ > 0 and a sequence (zy, ), C
D with |¢(zp)| — 1 such that
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for every n € N. Since |¢(z,)] — 1 there exist natural numbers «(n) with
lim,, oo (n) = oo such that |@(z,)[*™ > 3 for every n € N. Now, we con-
sider functions g, given by

gn(z) = za(”)fn(z) for every z € D and every n € N,

where sup,cp v(2)|fn(2)] < 1 and |fr(é(2n))] = m for every n € N. Hence
obviously we have that ||gn||s, < 1 for every n € N. Moreover the sequence
(gn)n converges pointwise to 0 because of the factor 2" Now, supposing that
the operator DCy — CyD : B, — H;’ is compact, Proposition 2 implies that
|(DCy — CyD)gn|lw — 0 as n — oo. On the other hand, we have for every n € N:

(DCs = CoD)gnllw = w(zn)lgn(¢(2n))@"(2n) = gn(d(2n))]

0En) ) 1)) >

> > L
— 0((zn)) 2°

which is a contradiction.
Thus the claim follows. O

Corollary 5. Let v and w be arbz’tmry weights Then Cy and D are essentially
commutative if and only if hm|¢(z)|_,1 U(¢ |(;5’( )—1]=0.

We close this section by investigating when DCy — CyD : B, — Hy is an
isometry. We use the methods given in [6].

Proposition 6. Let w be an arbitrary weight.
(a) Let v be a radial weight with (L1) such that v is continuously differentiable
wrt. |2]. If sup.ep 552516/ (2) — 1] < 1 and
(My.p ) VaeD 3 (z,), CD  such that

( )

then the operator DCy — CyD : B, — Hg,o s an 1sometry.

p(¢(zn),a) = 0 and ~

(2)

(b) Let v be a radial weight such that u(z) = (ﬁw is a weight on D for some
0<p<ooandu=u If DCy— CyD : B, — HZ is an isometry, then
condition (Mg p) is satisfied and supzem%]gb’(z) -1 < 1.

Proof. We start with proving assertion (a). For every f € B, we have that
I(DCy = CoD)fllw < Supw( )" (2)f'(6(2)) — f(6(2))]

w(z)
S ()

'(2) = 1llflls, < 1 flls,

In order to prove the reverse inequality let f € B,. Then || f|l, = limpm—oc v(am)|f(a

for some sequence (an,)n C D. Now, let m be fixed. Hence by condition (Mg p)
there is a sequence (z'), C D such that

w(zp')

p(O(1); am) = 0 and o2 ons

@' () = 1] = 1

m)]
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when n — co. By Lemma 1, for all m and n

[0(am) f'(am) = v(¢(z) f (G(zp)] < M| B, plam, ¢(27"))-

Hence
(DCy = CyD) fllw = sup EU(( )))!<Z>( ) = (o)1 f ((2))]
w(zp) s
> hgfipv&b( ))!¢( n) =1
x(v(am)|f'(am)] = M| fll,p(d(2"), am))
= v(am)|f(am)|-

Since this is true for all m we arrive at

I(DCy = CoD)fllw = | f1|5,-

(b) Choose p > 0 such that u(z) = %
Then by [6] we also have v = 9. Now, by assumption [|[(DCy —CyD) fllw = || fllB,
for every f € B,. Hence

is a weight on D such that @ = w.

IDC, - CoDl| =sup s 1o/() 1] <1

Let a € D. Then there exists g, € By, ||gal|B, = 1 such that ¢/,(a)v(a) = 1. Put

1—|af”

fi(2) == gh(2) ((1 _az)2>p for every z € D.

It follows that || fulls, = 1 since f!(a) = ﬁ(la). Thus we can pick a sequence
(2n)n C D such that

w(zn)| 9 (2n) fo(d(zn)) — fo(d(2n))] = 1 when n — oco.

Hence
1> e 1 s 2 ) () () — 1]
= Gy ) T2 Sy e wDIe (zn
= ()| (D)) (o) — F (D))
So, we obtain lim,_, e (( )) |/ (z) — 1] = 1.

Furthermore

—la — |d(zn)|?
1 > (1= |pa(d(zn)) )P = < ’,‘1 )_(1(2 LTz(pn” :

| fa(@(zn))|v($(2n)) (1 — [d(20)|*)"
196(6(2n))|0(d(2n)) > |fa(d(zn))0(¢(2n))

Sicne | f!(#(zn))|v(é(2r)) — 1 when n — oo we conclude, as v = ¥ that
limy, 00 (1 — |@a(d(22))2)P = 1 and p(é(2,),a) — 0 when n — co. O
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