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PARAMETER ESTIMATION IN THE ARCH MODEL WITH
WEIGHTED LIQUIDITY
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Abstract

We analyze a variant of the ARCH(1) model which captures the variation
of the intra-day price. We study the asymptotic behavior of the least squares
estimator for the parameters of the model.
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1 Introduction

Starting with the seminal paper by Engle [4], a vast literature on ARCH and
related models has been developed. There are various extensions of this model,
as the GARCH model introduced by Bollerslev in [2] or the EGARCH model of
Nelson [10]. The purpose of this note is to study a new variant of the ARCH model
that takes into account the fluctuation of the intra-day price and the liquidity
existent in the market. This new model is motivated by our empirical studies, as
noticed in [12]. Moreover, from the theoretical point of view, the new model that
includes liquidity keeps the main properties of the standard ARCH model, that is,
the estimators for the parameters of the model are consistent and asymptotically
normal. We will discuss these theoretical aspects in Section 2.

In order to capture the fluctuation of the intra-day price in financial markets,
we include in our model the price range for a financial asset in a given trading day,
that is the difference between the maximum price (denoted h; or the highest price
at lag t or trading day ¢) and the minimum (lowest) price or l; during the same
trading day t. As a proxy for the liquidity we employ the number of shares traded
during trading day t or the trading volume, denoted L;. Therefore, our model
weighs the impact of past shocks with their corresponding liquidity. In other
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words, if the past volatility was accompanied by high liquidity, then its impact on
the future volatility will be larger. The model therefore does not allow the ”false
shocks” to have a high explanatory power, considering that the lack of liquidity
creates a distorted picture of reality, and shocks that occur under such conditions
must be corrected for their low liquidity. To better illustrate this, let us consider
a certain asset A and let us imagine the hypothetical situation where during a
certain trading day t only two transactions with asset A took place at large time
intervals and with low trading volume, but with a large value for |h; — I;], that is
the two transactions took place at two significantly different prices. Consider also
that in another trading session ¢ + ¢, the asset A has also traded in the range of
prices [hiyi,li+i] (where hyy; = hy and l;4; = [;), but this time the transactions
were numerous and the trading volume was high. Obviously, the trading day
t 4+ i was more ”turbulent” than the day ¢. But if in both cases only |h; — I4| is
considered as a measure of volatility without including the corresponding liquidity,
then the shocks produced at time ¢ and ¢ + ¢ will have an identical impact on the
future volatility, which would be clearly erroneous, as the shock from ¢+ ¢ is much
stronger than the shock from t¢.

The paper is structured as follows. In Section 2 we introduce and we analyze
the
properties of the extended ARCH model: the existence of the stationary solution,
the computation of the first moments and the behavior of the auto-correlation
function. In Section 3 we study the least squares estimator for the parameters of
the model.

2 The ARCH model with weighted liquidity

We will consider the following model: for every ¢t € Z
Xt = O¢&¢ (1)

with
0,52 =g + O¢1Xt271 + 01 Li—q. (2)

We assume that (g4);c7 is a sequence of i.i.d. random variables such that Eeg = 0
and Es% = 1. The sequence (g¢)s ez is referred to as the driving noise sequence.
The parameters ag, 1,1 are strictly positive. The sequence (L;)icz is also a
sequence of i.i.d. positive random variables but in addition we will assume that it
is independent of the sequence (g¢)icz. Actually L, is interpreted as an indicator
of the liquidity and it represents the volume of transactions at time t. It is again
reasonable to assume that it is positive (L; = 0 only when the market is closed).

The case ¢; = 0 corresponds to the classical ARCH(1) model introduced in
[4].
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2.1 Strictly stationarity and ergodicity of the model

From (1) and (2) we can immediately write, for every ¢t € Z
o = ap+aoger ol 0L . (3)
We introduce the following notation:
TTRES 0t2+1, A = alsf, By =oag+ 0Ly, teZ. (4)
With the notation (4), relation (3) becomes
yt = Ayt + By, teLZ (5)
Let us iterate the above relation (5). We get

vy = A1+ By
AtAr—1yi—2 + AiBi1 + By

k k i—1
= (H At—z’) Yt—k—1 + Z H Ai—j | Bii-
i=0

i=0 \j=0

—~
(=)
N—

Let us check the existence of a stationary solution to problem (1)-(2).

Proposition 1. Assume that Ly has a density f that satisfies
/(log 2)? f(x)dz < co. (7)
R

Also suppose that e®1°841) < 1. Then the system (1)-(2) has a unique strictly
stationary solution which can be written as X; = owey with

] i—1
2 2 :
0 = H Atfj Btfi
=0 \j=0

and A, B given by (4). Moreover the strictly stationary solution is ergodic and X,
is independent of (€;);>1+1 for every t € Z.

Proof:
For every k > 1, let us denote by
k i—1
h(k) =Y [ ] A | Be
i=0 \j=0

Since hy(k) > 0 for every k,t, the limit

ht = lim ht(k)

k—o00
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exists in [0, co]. Moreover, hi(k) satisfies the recursive relation
ht(k) = Atflhtfl(k — 1) + Bt, teZ.

If h; is finite for every t € 7Z, taking the limit as £ — oo in the above we get that hy
is a solution (clearly stationary) to (1)-(2). Notice that A and B are non-negative.

Therefore, we need to check that h; is finite. To this end, it suffices to check
that the series

00 i—1 i—1 o) i—1
Z H At | Bi—i= o Z H A | +4 Z H Aij | Ly
i=0 \j=0 i=0 \j=0 i=0 \j=0

is convergent. The convergence of the first sum follows as in standard ARCH(1)
model. To check the convergence of the series Z?io (H;;B At_j> Li_;:= Zfio U;
1

we will use the Cauchy criterion, that is, we prove that limsup,, u4# < 1 almost
surely. We have

1 1 -1 o1
ul =en 2250 log At—j Ly,

n—1
and by the law of large numbers en Zj=0 log Ai—j oo €PU0841) < 1 The

1
conclusion will then follow if we prove that L;*, —, o 1 almost surely. For
some v > 0, we can write,

2
1 1
yor (|Lt”n —1| > n7> < Y n"E (Lt”n - 1)
n n
2 1
= S (i, -2t +1)
n

and

E <Lt’3n - QLin + 1) = /R(a:i — 2z + 1) f(x)dz < Cn™2 /R(log z)? f(x)da

by analyzing the asymptotic behavior of the function T — 2w + 1. By condition

(7),
1
Yp (|Lt"n —1| > n—7> <0y ¥
n n
1

and the series converges for v > 0 small enough. It follows that L], converges
almost surely to 1 by Borel-Cantelli and the conclusion follows.
The ergodicity follows from Theorem 1.3 in [3]. O

Remark 1. The condition (7) is satisfied if Lo follows the normal or the Gamma
distribution. But the class of examples is clearly bigger.

The assumption e?1°8€1) < 0 appears also in the standard ARCH(1) model
(see e.g. [5]) and it is verified by a wider class of random variables.
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Remark 2. Supppose P(By = 0) < 1,P(Ayg = 0) =0, that [, A—; converges
almost surely to zero as n — oo and that

> loggq
_°8q4 p J 8
/1 Ta(logq) lao+01Lo| (d) < 00 ()

where P, 14,1, denotes the distribution of the random variable |ag + ¢1Lo| and
Ta(y) == [§ P (|Ao| < e ®)dx for every y > 0. Then the series

00 i—1
Z H A | Bi—;
i=0 \j=0

converges almost surely absolutely for every t € Z.This follows from Theorem 2.1
in [6] since (Ay, By)iez is a i.i.d. sequence of random variables in R?. See also
Proposition 1 in [9]. Therefore, condition (8) could be used instead of (7).

As a consequence, we compute the mean of the squared volatility.

Lemma 1. Assume that aq < 1 and E(Ly) < oco. Then for every t € Z, the
squared volatility associated to the stationary solution is integrable and

ag + 1 E(Lo)

E(o}) = 1w (9)

Proof: It suffices to take the expectation in (3) and then to iterate the
relation. Denoting by e; = FE(0?), we have

et = oo+ are—1 + 1 E (L)
= ao+ar(ag+ arei—o + (1 E(Lg))
= ap(l+a1+ad) +LE(Lo)(1+ a1 + ) + ate3

(o) +€1E(L0)
1-— (65}

= (a0 +0E(L)) > of =

k>0

where the equality at the beginning of the last line above is obtained by a trivial
limit. O
Let us now calculate the fourth moment of the extended ARCH process.

Proposition 2. For everyt € Z and for oy < %, we have

A
E(ohH) = ——— 10
(o) =302 (10)

with
1
1—&1

04(2)041 + CtgglE(Lo)
1— a1

A= 01(2]—|—3€%+2 —l—20{1£1(0&0E(L0)+1€1(E(L0))2) . (11)
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Proof: First, fix s,t € Z and notice that

00 i—1
E(ofL) = > E(A;_j) | E(Bi_iLs)
i=0 \j=0
= (aE(Lo) + 1(E(Lo))*) > af
i=0
1
= (aE(Lg) + ¢1(E(Ly))?) T (12)
where we used
E(B;_;L,) = E(ag + 01Ls_;)Ls = agE(Lg) + £1(E(Lg))?
since Ly is a i.i.d. sequence of random variables.
From relation (3), we get for every t € Z
E(c}) = af+3a3E(0} ) + 301 + 20001 E(07_1) + 20001 + 20101 E(07_Lt—1)

043041 + aog]_E(LQ)
1—oy

= o2 +3aiE(o} ) +303+2 +2a101E(0? Li_1)

and by relation (12),
E(o}) =3B(o} 1) + A
with A given by (11). But iterating the above identity, we get (10). O

Remark 3. The condition a; < % also appears in the standard ARCH (1)

model. Actually, from (10) one can recover the standard ARCH case by taking
Iy =Ly =0.

Let us now compute the correlation function of the squared volatility and
analyze its asymptotic behavior.

Proposition 3. Assume a1 < % For every t € Z and for every k > 1,

E(yyi—x) = aa’f +b

where

4 (1_1041)2 [ao(ao + 1) + liawE(Lo) + 63 (E(Lo))? (13)

and
b= aoli(1 — E(Lo)). (14)
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Proof: Formula (6) reads, for every k > 1,

k1 k=1 [i-1
Yt = (H Ati) vk + > | ] A | B
i=0

=0 \7=0

and this implies

k—1 i—1
E(yiy—r) = (HE (A z) ytfk)"i_z HE(At—j) E(y1—Bi—i)
1

i=0 \j=0
k‘f
= E(O’O) +ZO{1E(yt k:Bt 1)
i=0
k—1
i ag+ /¢
= E(og)+ )Y of [ao 0_ ozl + 0 E(yp— Le— Z)}
=0
and by (12) we can write
k—1
ag + /£ aoE(Ly) + 1 (E(Lp))?
E(yyi—r) = Effo +Zoé { 0 1-1—51 0B 0)1 1(E(Lo)) ]
0 Qg —Qq
2 1— k
_ E(Jé) n |:a0040 + 4 s OzoE(Lo) + l1(E(L0)) :| oy
1-— a1 1— (05} 1-— a1
1—ak
= ajE(0y) (1= 1)2 [ao(a0 + 1) + hao E(Lo) + 15 (E(Lg))?]
and thus
Cov(y, ye—r) = Ewys—r) — E(e) E(ys—r)
1—ak
= a’fE(aé) + m [CVO(QO + ll) + llaOE(LO) + l%(E(LO))Q]
(a0 + L E(L))?
(1 — a1)2
= acrlf +b
with
_ a4y 1 2 2
a = E(op) T ar? [ao(ao + 1) + lhawE(Lo) + 11 (E(Lo))?]
1
b = TP [ao (a0 + 1) + hhaoE(Lo) + B (E(Lo))? — (ap + L E(Lo)?)]

e Ozoll(l — E(Lo)).

The conclusion of Proposition 3 is thus obtained. 0

When the expectation of the noise satisfies F(Lg) = 1 (which is a natural
assumption), we have the following behavior of the correlation function of the
ARCH process.
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Corollary 1. Assume E(Lg) =1. Then

al_kcov(ytvyt—k) k—oo @
where a is defined by (13).

Proof: Is is an immediate consequence of Proposition 3 since b = 0 (b is given
by (14)). O

Remark 4. The ARCH process with liquidity has short memory when E(Lg) = 1
in the sense that

Z |Cov(ye, yr—1)| < oo.
k>0

That is, it keeps the properties of the standard ARCH (1) model. If E(Lg) # 0,
then clearly the above series is not convergent and the model has long memory.

3 Least squares estimator

We will use an idea from [1] in order to construct the Least Squares Estimator
(LSE). Adding and subtracting X? to both sides of relation (2), we obtain

Xl=ap+ a1 X2+ 1Ly + X —o?

and since from (1), X? = 02¢?, we can write

Xt2 = g+ ale,l + L1+ 0'?(5? — 1)
= ao+ar X g +hLi1+n

where we denoted by
n = op(e; —1). (15)

The family (7;)¢ez is a family of i.i.d. random variables, and for each ¢, the random
variable €2 — 1 follows a chi-square distribution x?(1). Let us denote for every
teZ

Y =X, a=(ag,a1,l), Zi=(1,Yi1,Li1). (16)

Then, with the notation (16), we have the vectorial expression
Y, = Zl o+ (17)

where Z]" denotes the transpose of the vector Z;.

The purpose is to estimate the parameters a based on the observations 71, ..., Zn.
We will use a least squares method. The Least Squares Estimator is usually con-
structed by minimizing the quadratic error (here the error is interpreted as ;)

N N

) Yi—ag—onYi1 — L1\ 2
Yo=Y . -
t=1 Ot

t=1
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By differentiating in the above relation with respect to aand solving the equation
4 SN n? = 0 we obtain the estimator

N

ZiYy
g = 2z 2l (18)

Zt:l ZZ,

and replacing in (18) Y; by the right hand side of (17] we get
N

VA

d—a= M (19)
Zt:l ZZ,

Proposition 4. Assume that the sequence (Ly)iez in (2) is strongly mizing. Sup-
pose (8) holds. Then the estimator ay is strongly consistent, i.e. as N — oo

ay — «a almost surely.
Moreover, Ay is asymptotically normal, that is, as N — oo,
N~2(ay — a) =% N(0,U,U7)

where —® stands for the convergence in distribution, U; := Zy; for every t € Z
and N (0, UoUg) is the Gaussian law with mean zero and variance UOU(;‘F.

Proof: Under (8), it follows from Proposition 1 that (X;);ez is strictly sta-
tionary and ergodic. Since (L¢)tez in (2) is strongly mixing and for every t € Z,
the random variable L, is independent by X; (from Proposition 1), we obtain that
the vector (Xy, Lt)sez is also stationary and ergodic (see [7]). Then Zyn; and Z, Z]
are also stationary and ergodic. It follows from the pointwise ergodic theorem for
stationary sequences (see [11]) that almost surely

N
1
N D i = Noe E(Zomo) = 0
t=1
(from (15)) and
N
1
v N ZZ] 5N oo E(ZoZ]) # 0.
t=1

This and (19) gives the strong consistency of the estimator. Let us regard the
asymptotic distribution of the estimator (18). Denote U; = Z;n, for every t € Z.
We first notice that (U;)iez is a martingale difference sequence. Indeed, let con-
sider S",g the sigma algebra generated by the random variables Uj,j < ¢ and
G; the sigma algebra generated by the random variables ((X;);<¢, (Lj)j<i+1)-
From Proposition 1 and our assumptions, e; is independent of §; 1 and thus
E (Uy|G4-1) = 0 for every t. Since FY C G; we obtain E (U;|FY ;) = 0 for every ¢
and therefore (Uy);ecz is a martingale difference sequence. From the central limit
theorem for stationary ergodic martingale differences (see e.g. [8]) we obtain that

N
\/1N S U = N(0, E(UoU)
t=1

and this concludes the proof. O
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