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Abstract

In this paper we give some results related to a K-functional defined for
some seminormed subspaces of the Banach spaces of continuous functions.
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1 Introduction

Let (X, d) be a compact metric space and let C(X) denote the Banach space
of all real-valued continuous functions on X equipped with the supremum norm
‖f‖ = ‖f‖X = sup

x∈X
|f(x)|, f ∈ C(X).

For f ∈ C(X) and t > 0, the modulus of continuity is defined by [6], [7]

ωd(f, t) = sup {|f(x)− f(y)| |x, y ∈ X, d(x, y) ≤ t} . (1)

The Lipschitz space Lipd(X) (the space of all real-valued Lipschitz functions on
X) is a seminormed subspace dense in C(X) with the seminorm

|f |Lipd(X) = sup
d(x,y)>0

|f(x)− f(y)|
d(x, y)

, f ∈ Lipd(X). (2)

For a seminormed subspace (Y, |·|Y ) dense in C(X), the Peetre’s K-functional is
defined by

K (f, t;C(X), Y ) = inf
g∈Y
{‖f − g‖X + t |g|Y } , f ∈ C(X), t > 0. (3)
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The Brudny̆ı’s representation [13], [10], [5] is well known:

K

(
f,
t

2
;C(X), Lipd(X)

)
=

1

2
ωd(f, t), 0 < t ≤ δ(X), (4)

where ωd(f, ·) is the least concave majorant of ωd(f, ·) given by

ωd(f, t) =


sup

0≤x≤t≤y≤δ(X)
x6=y

(t− x)ωd(f, y) + (y − t)ωd(f, x)

y − x
, 0 ≤ t ≤ δ(X),

ωd(f, δ(X)) , t > δ(X),

δ(X) being the diameter of the compact space X.
For X = [a, b] ⊂ R endowed with the euclidian distance d(x, y) = |x− y| we

denote simply by ω the modulus of continuity and by Lip[a, b] the Lipschitz space.
In this case the following equality

K (f, t;C[a, b], Lip[a, b]) = K
(
f, t;C[a, b], C1[a, b]

)
, (5)

holds [13], [5], [2], [12], where C1[a, b] is the space of all continuously differentiable
functions on [a, b] with the seminorm |g|C1[a,b] = ‖g′‖[a,b], g ∈ C1[a, b].

In [3] (see also [4]), is given a generalized Shisha-Mond type inequality in terms
of the ϕ-pseudomodulus of continuity

ωϕ(f, t) = sup {|f(x)− f(y)| |x, y ∈ Q, |ϕ(x)− ϕ(y)| ≤ t} , f ∈ C(Q), t > 0,

where Q is a connected compact Hausdorff space and ϕ ∈ C(Q) fixed, C(Q) being
the space of real-valued continuous functions on Q.

In the following we consider ϕ : [a, b] −→ [c, d] a strictly increasing and con-
tinuous one-to-one map. In this case the weighted modulus ωϕ is a particular case
of the modulus ωd with the distance d(x, y) = |ϕ(x)− ϕ(y)| and the following
equality

ωϕ(f, t) = ω
(
f ◦ ϕ−1, t

)
, f ∈ C[a, b], t > 0, (6)

holds [9]. For the K-functional K (f, t;C[a, b], Lipd[a, b]), f ∈ C[a, b], t > 0 ,
in Section 2 we establish an equality of type (5) by considering a generalized
derivatives. In Section 3 general estimates of the degree of approximation by pos-
itive linear operator in terms of this K-functional are established. The constants
appearing in these estimates are optimal in the sense of [11].

2 The weighted K-functional

Let ϕ : [a, b] −→ [c, d] be a strictly increasing and continuous one-to-one map. We
denote by Lipϕ[a, b] the Lipschitz space Lipd[a, b] for d(x, y) = |ϕ(x)− ϕ(y)| ie

Lipϕ[a, b] =

{
f ∈ C[a, b]| |f |Lipϕ[a,b] = sup

x 6=y

|f(x)− f(y)|
|ϕ(x)− ϕ(y)|

<∞

}
.
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Lemma 1. We have

f ∈ Lipϕ[a, b]⇐⇒ f ◦ ϕ−1 ∈ Lip[c, d];

furthermore |f |Lipϕ[a,b] =
∣∣f ◦ ϕ−1∣∣

Lip[c,d]
.

Proof. We suppose that f ∈ Lipϕ[a, b]. For u, v ∈ [c, d], u 6= v, we have∣∣(f ◦ ϕ−1) (u)−
(
f ◦ ϕ−1

)
(v)
∣∣

|u− v|
=

∣∣f (ϕ−1(u)
)
− f

(
ϕ−1(v)

)∣∣
|ϕ (ϕ−1(u))− ϕ (ϕ−1(v))|

≤ |f |Lipϕ[a,b] .

Thus f ◦ ϕ−1 ∈ Lip[c, d] and
∣∣f ◦ ϕ−1∣∣

Lip[c,d]
≤ |f |Lipϕ[a,b].

Conversely, if f ◦ ϕ−1 ∈ Lip[c, d], then for x, y ∈ [a, b], x 6= y, we have

|f(x)− f(y)|
|ϕ(x)− ϕ(y)|

=

∣∣(f ◦ ϕ−1) (ϕ(x))−
(
f ◦ ϕ−1

)
(ϕ(y))

∣∣
|ϕ(x)− ϕ(y)|

≤
∣∣f ◦ ϕ−1∣∣

Lip[c,d]
.

Therefore f ∈ Lipϕ[a, b] and |f |Lipϕ[a,b] ≤
∣∣f ◦ ϕ−1∣∣

Lip[c,d]
.

Proposition 1. The following equality

K (f, t;C[a, b], Lipϕ[a, b]) = K
(
f ◦ ϕ−1, t;C[c, d], Lip[c, d]

)
(7)

holds.

Proof. Let g ∈ Lip[c, d]. Then g ◦ ϕ ∈ Lipϕ[a, b] and

K (f, t;C[a, b], Lipϕ[a, b]) ≤ ‖f − g ◦ ϕ‖[a,b] + t |g ◦ ϕ|Lipϕ[a,b]
=

∥∥f ◦ ϕ−1 − g∥∥
[c,d]

+ t |g|Lip[c,d]

Since g is arbitrary it involves

K (f, t;C[a, b], Lipϕ[a, b]) ≤ K
(
f ◦ ϕ−1, t;C[c, d], Lip[c, d]

)
.

For the reverse inequality, for g ∈ Lipϕ[a, b], we have g ◦ ϕ−1 ∈ Lip[c, d] and

K
(
f ◦ ϕ−1, t;C[c, d], Lip[c, d]

)
≤

∥∥f ◦ ϕ−1 − g ◦ ϕ−1∥∥
[c,d]

+ t
∣∣g ◦ ϕ−1∣∣

Lip[c,d]

= ‖f − g‖[a,b] + t |g|Lipϕ[a,b]

Since g is arbitrary it involves

K
(
f ◦ ϕ−1, t;C[c, d], Lip[c, d]

)
≤ K (f, t;C[a, b], Lipϕ[a, b]) .

By following the paper [1] we consider the following generalization of differen-
tiation:
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Definition 1. The function f : [a, b] −→ R is ϕ-differentiable in x ∈ (a, b) if

f ′ϕ(x) = lim
h→0

f(x+ h)− f(x)

ϕ(x+ h)− ϕ(x)
(8)

exists and it is finite.

We say a function f is ϕ-differentiable on [a, b] if f is ϕ-differentiable at each
x ∈ (a, b) and exists (in R)

f ′ϕ(a) = lim
h↓0

f(a+ h)− f(a)

ϕ(a+ h)− ϕ(a)
, (9)

f ′ϕ(b) = lim
h↓0

f(b)− f(b− h)

ϕ(b)− ϕ(b− h)
; (10)

in this case we denote by f ′ϕ : [a, b] −→ R the ϕ-derivative of f .

We denote by

C1
ϕ[a, b] =

{
f : [a, b] −→ R|f is ϕ-differentiable on [a, b] and f ′ϕ ∈ C[a, b]

}
Lemma 2. We have

f ∈ C1
ϕ[a, b]⇐⇒ f ◦ ϕ−1 ∈ C1[c, d];

furthermore
∥∥f ′ϕ∥∥[a,b] =

∥∥∥(f ◦ ϕ−1)′∥∥∥
[c,d]

.

Proof. If f ∈ C1
ϕ[a, b], then for y ∈ [c, d] we have

lim
h→0

(
f ◦ ϕ−1

)
(y + h)−

(
f ◦ ϕ−1

)
(y)

h
= lim

h→0

f
(
ϕ−1(y + h)

)
− f

(
ϕ−1(y)

)
ϕ (ϕ−1(y + h))− ϕ (ϕ−1(y))

= f ′ϕ
(
ϕ−1(y)

)
Thus (f ◦ ϕ−1)′ = f ′ϕ ◦ ϕ−1.
Conversely, if f ◦ ϕ−1 ∈ C1[c, d], then for x ∈ [a, b] we have

lim
h→0

f(x+ h)− f(x)

ϕ(x+ h)− ϕ(x)
= lim

h→0

(
f ◦ ϕ−1

)
(ϕ(x+ h))−

(
f ◦ ϕ−1

)
(ϕ(x))

ϕ(x+ h)− ϕ(x)

=
(
f ◦ ϕ−1

)′
(ϕ(x))

Thus f ′ϕ =
(
f ◦ ϕ−1

)′ ◦ ϕ.

Proposition 2. The following equality

K
(
f, t;C[a, b], C1

ϕ[a, b]
)

= K
(
f ◦ ϕ−1, t;C[c, d], C1[c, d]

)
(11)

holds.
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Proof. Let g ∈ C1[c, d]. Then g ◦ ϕ ∈ C1
ϕ[a, b] and

K
(
f, t;C[a, b], C1

ϕ[a, b]
)
≤ ‖f − g ◦ ϕ‖[a,b] + t

∥∥∥(g ◦ ϕ)′ϕ

∥∥∥
[a,b]

=
∥∥f ◦ ϕ−1 − g∥∥

[c,d]
+ t
∥∥g′∥∥

[c,d]
.

Since g is arbitrary this implies

K
(
f, t;C[a, b], C1

ϕ[a, b]
)
≤ K

(
f ◦ ϕ−1, t;C[c, d], C1[c, d]

)
.

For the reverse inequality, for g ∈ C1
ϕ[a, b], we have g ◦ ϕ−1 ∈ C1[c, d] and

K
(
f ◦ ϕ−1, t;C[c, d], C1[c, d]

)
≤

∥∥f ◦ ϕ−1 − g ◦ ϕ−1∥∥
[c,d]

+ t
∥∥∥(g ◦ ϕ−1)′∥∥∥

[c,d]

= ‖f − g‖[a,b] + t
∥∥g′ϕ∥∥[a,b] .

Since g is arbitrary this implies

K
(
f ◦ ϕ−1, t;C[c, d], C1[c, d]

)
≤ K

(
f, t;C[a, b], C1

ϕ[a, b]
)
.

From (7) and (11) we obtain

Proposition 3. For any f ∈ C[a, b] and any t > 0 we have

K
(
f, t;C[a, b], C1

ϕ[a, b]
)

= K (f, t;C[a, b], Lipϕ[a, b]) . (12)

3 Estimates

We agree to denote by Kϕ(f, t) = K
(
f, t;C[a, b], C1

ϕ[a, b]
)
, f ∈ C[a, b], t > 0. We

use the notation ek for the function ek(x) = xk, k = 0, 1.

Theorem 1. Let L : C[a, b] −→ C[a, b] a positive linear operator and f ∈ C[a, b].
Then (∀)x ∈ [a, b], (∀)t > 0 we have

|L(f, x)− f(x)| ≤ |f(x)| · |L (e0, x)− 1| (13)

+ max

{
2L (e0, x) ,

L (|ϕ− ϕ(x)e0| , x)

t

}
Kϕ(f, t).

Conversely, if (∃)A, B, C ≥ 0 such that

|L(f, x)− f(x)| ≤ A · |f(x)| · |L (e0, x)− 1| (14)

+ max

{
B · L (e0, x) , C · L (|ϕ− ϕ(x)e0| , x)

t

}
Kϕ(f, t)

holds for all positive linear operator, any f ∈ C[a, b], any x ∈ [a, b] and any t > 0,
then A ≥ 1, C ≥ 1 and B ≥ 2.
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Proof. Let g ∈ C1
ϕ[a, b]. Then g ◦ ϕ−1 ∈ C1[c, d] and

|g(y)− g(x)| =
∣∣(g ◦ ϕ−1) (ϕ(y))−

(
g ◦ ϕ−1

)
(ϕ(x))

∣∣
=

∣∣∣(g ◦ ϕ−1)′ (ϕ(ξ))
∣∣∣ · |ϕ(y)− ϕ(x)|

≤
∥∥∥(g ◦ ϕ−1)′∥∥∥ · |ϕ(y)− ϕ(x)|

=
∥∥g′ϕ∥∥ · |ϕ(y)− ϕ(x)| ,

where ξ is between x and y.
We have

|L(f, x)− f(x)| ≤ |f(x)| · |L (e0, x)− 1|+ L (|f − f(x)e0| , x)

≤ |f(x)| · |L (e0, x)− 1|+ L
(
2 ‖f − g‖ e0 +

∥∥g′ϕ∥∥ · |ϕ− ϕ(x)e0| , x
)

≤ |f(x)| · |L (e0, x)− 1|

+ max

{
2L (e0, x) ,

L (|ϕ− ϕ(x)e0| , x)

t

}
·
{
‖f − g‖+ t

∥∥g′ϕ∥∥} .
Since g is arbitrary this implies (13).

If we choose L(h, x) = 0 and f = e0 and replace in (14) we obtain A ≥ 1.
If we choose [a, b] = [0, 1], L(h, x) = h(1), f = ϕ, x = 0 and replace in (14) we

obtain ϕ(1)−ϕ(0) ≤ max {Bt,C (ϕ(1)− ϕ(0))} ≤ Bt+C (ϕ(1)− ϕ(0)) , (∀)t > 0
(we use Kϕ(f, t) = K(f ◦ ϕ−1, t) = K (e1, t) ≤ t). Passing to the limit t → 0 we
obtain C ≥ 1.

To show that B ≥ 2 we choose [a, b] = [0, 1], L(h, x) =
(
h ◦ ψ−1

)
(1), f =

2ψ−e0, x = 0, where ψ = ϕ−ϕ(0)e0
ϕ(1)−ϕ(0) . We have L(f, 0) = 1, f(0) = 2ψ(0)−1 = −1,

L (e0, 0) = 1, L (|ϕ− ϕ(0)| , 0) = L ((ϕ(1)− ϕ(0))ψ, 0) = ϕ(1)− ϕ(0) and

Kϕ(f, t) ≤ ‖f‖ = ‖2ψ − e0‖ = 1.

Replace in (14) and we obtain 2 ≤ B +
C(ϕ(1)− ϕ(0))

t
, (∀)t > 0. Passing to

the limit t→∞ we obtain B ≥ 2.

Theorem 2. Let L : C[a, b] −→ C[a, b] a positive linear operator and f ∈ C1
ϕ[a, b].

Then (∀)x ∈ [a, b], (∀)t > 0 we have

|L(f, x)− f(x)| ≤ |f(x)| · |L (e0, x)− 1|
+
∣∣f ′ϕ(x)

∣∣ · |L (ϕ− ϕ(x)e0, x)| (15)

+ max

2L (|ϕ− ϕ(x)e0| , x) ,
L
(

(ϕ− ϕ(x)e0)
2 , x

)
2t

 ·Kϕ

(
f ′ϕ, t

)
Conversely, if (∃)A0, A1, B, C ≥ 0 such that

|L(f, x)− f(x)| ≤ A0 · |f(x)| · |L (e0, x)− 1|
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+A1 ·
∣∣f ′ϕ(x)

∣∣ · |L (ϕ− ϕ(x)e0, x)| (16)

+ max

B · L (|ϕ− ϕ(x)e0| , x) , C ·
L
(

(ϕ− ϕ(x)e0)
2 , x

)
t

 ·Kϕ

(
f ′ϕ, t

)
holds for all positive linear operator L : C[a, b] −→ C[a, b], any f ∈ C1

ϕ[a, b], any

x ∈ [a, b] and any t > 0 then A0, A1 ≥ 1, B ≥ 2 and C ≥ 1

2
.

Proof. Let g ∈ C[a, b] such that g ◦ ϕ−1 ∈ C2[c, d]. Then g′ϕ ∈ C1
ϕ[a, b] and(

g′ϕ
)′
ϕ

=
(
g ◦ ϕ−1

)′′ ◦ ϕ. Following the method from [8] we obtain∣∣f(y)− f(x)− f ′ϕ(x) (ϕ(y)− ϕ(x))
∣∣

≤
∣∣(f − g)(y)− (f − g)(x)− (f − g)′ϕ(x) (ϕ(y)− ϕ(x))

∣∣
+
∣∣g(y)− g(x)− g′ϕ(x) (ϕ(y)− ϕ(x))

∣∣
=
∣∣(f − g)′ϕ (η)− (f − g)′ϕ(x)

∣∣ · |ϕ(y)− ϕ(x)|

+
∣∣∣(g ◦ ϕ−1) (ϕ(y))−

(
g ◦ ϕ−1

)
(ϕ(x))−

(
g ◦ ϕ−1

)′
(ϕ(x)) (ϕ(y)− ϕ(x))

∣∣∣
≤ 2

∥∥f ′ϕ − g′ϕ∥∥ · |ϕ(y)− ϕ(x)|+

∣∣∣(g ◦ ϕ−1)′′ (ϕ(µ))
∣∣∣

2
(ϕ(y)− ϕ(x))2

= 2
∥∥f ′ϕ − g′ϕ∥∥ · |ϕ(y)− ϕ(x)|+

∣∣∣(g′ϕ)′ϕ (µ)
∣∣∣

2
(ϕ(y)− ϕ(x))2

≤ 2
∥∥f ′ϕ − g′ϕ∥∥ |ϕ(y)− ϕ(x)|+

∥∥∥(g′ϕ)′ϕ∥∥∥
2

(ϕ(y)− ϕ(x))2

where η and µ are between x and y. Then

L
(∣∣f(y)− f(x)− f ′ϕ(x) (ϕ(y)− ϕ(x))

∣∣ , x)
≤ 2

∥∥f ′ϕ − g′ϕ∥∥L (|ϕ− ϕ(x)e0| , x) +

∥∥∥(g′ϕ)′ϕ∥∥∥
2

L
(

(ϕ− ϕ(x)e0)
2 , x

)
≤ max

2L (|ϕ− ϕ(x)e0| , x) ,
L
(

(ϕ− ϕ(x)e0)
2 , x

)
2t

×
×
{∥∥f ′ϕ − g′ϕ∥∥+ t

∥∥∥(g′ϕ)′ϕ∥∥∥}
from where

L
(∣∣f(y)− f(x)− f ′ϕ(x) (ϕ(y)− ϕ(x))

∣∣ , x)
≤ max

2L (|ϕ− ϕ(x)e0| , x) ,
L
(

(ϕ− ϕ(x)e0)
2 , x

)
2t

 ·Kϕ

(
f ′ϕ, t

)
.
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So

|L(f, x)− f(x)| ≤ |f(x)| · |L (e0, x)− 1|+
∣∣f ′ϕ(x)

∣∣ · |L ((ϕ− ϕ(x)e0) , x)|
+L

(∣∣f − f(x)e0 − f ′ϕ(x) (ϕ− ϕ(x)e0)
∣∣ , x)

≤ |f(x)| · |L (e0, x)− 1|+
∣∣f ′ϕ(x)

∣∣ · |L ((ϕ− ϕ(x)e0) , x)|

+ max

2L (|ϕ− ϕ(x)e0| , x) ,
L
(

(ϕ− ϕ(x)e0)
2 , x

)
2t

 ·Kϕ

(
f ′ϕ, t

)
.

If we choose L(h, x) = 0 and f = e0 and replace in (16) we obtain A0 ≥ 1.

If we choose [a, b] = [0, 1], L(h, x) = h(1), f = ϕ, x = 0 and replace in (16) we
obtain A1 ≥ 1.

To show that C ≥ 1

2
we choose [a, b] = [0, 1], L(h, x) = h(1), f = ψ2 and x = 0,

where ψ = ϕ − ϕ(0)e0. We have L(f, 0) = (ϕ(1)− ϕ(0))2, f(0) = ψ(0)2 = 0,
f ′ϕ = f ′ψ = (f ◦ ψ−1)′ ◦ ψ = 2ψ and

Kϕ

(
f ′ϕ, t

)
= Kψ

(
f ′ψ, t

)
= K

(
f ′ψ ◦ ψ−1, t

)
= K (2e1, t) ≤ 2t.

From (16) we obtain (ϕ(1)− ϕ(0))2 ≤ 2Bt (ϕ(1)− ϕ(0))+2C (ϕ(1)− ϕ(0))2 (∀)t >
0. Passing to the limit t→ 0 we obtain C ≥ 1

2
.

To show that B ≥ 2 we choose [a, b] = [0, 1], L(h, x) = h(1), f(x) = 2ψ(x)α+1

with α > 0 and x = 0, where ψ = ϕ−ϕ(0)e0
ϕ(1)−ϕ(0) . We have L(f, 0) = 2ψ(1)α+1 = 2,

f(0) = 2ψ(0)α+1 = 0, f ′ϕ = (f ◦ ϕ−1)′ ◦ ϕ = 2(α+1)ψα

ϕ(1)−ϕ(0) and

Kϕ

(
f ′ϕ, t

)
≤
∥∥∥∥ 2(α+ 1)ψα

ϕ(1)− ϕ(0)
− (α+ 1)e0
ϕ(1)− ϕ(0)

∥∥∥∥ =
α+ 1

ϕ(1)− ϕ(0)
.

From (16) we obtain

2 ≤
[
B (ϕ(1)− ϕ(0)) +

C

t
(ϕ(1)− ϕ(0))2

]
α+ 1

ϕ(1)− ϕ(0)
, (∀)t > 0.

Passing to the limit t→∞ and α→ 0 we obtain B ≥ 2.

Remark 1. In particular, for ϕ = e1 we obtain the results given in [14].
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