Bulletin of the Transilvania University of Bragov e Vol 8(57), No. 1 - 2015
Series I1I: Mathematics, Informatics, Physics, 57-78

GAUSS-WEINGARTEN AND FRENET EQUATIONS IN THE
THEORY OF THE HOMOGENEOUS LIFT TO THE 2-OSCULATOR
BUNDLE OF A FINSLER METRIC

Alexandru OANA !

Communicated to:
Finsler Extensions of Relativity Theory, August 18-23, 2014, Bragsov, Romania

Abstract

In this article we present a study of the subspaces of the manifold Osc?M, the
total space of the 2-osculator bundle of a real manifold M. We obtain the induced
connections of the canonical N-linear metric connection determined by the homo-
geneous prolongation of a Finsler metric to the manifold Osc?M. We present the
Gauss-Weingarten equations of the associated 2-osculator submanifold. We construct
a Frenet frame and we determine the Frenet equations of a curve from the manifold
Osc? M.
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1 Indroduction

P

The Sasaki N-prolongation G to the 2-osculator bundle without the null section Osc? M
= 0sc?M\ {0} of a Finslerian metric g, on the real manifold M given by

G = gap (w y(l)) dz® @ dz® + gap (:r y(l)) sy @ 5y Wb 4 g, (z y(l)) dy2e @ 5y (*)

is a Riemannian structure on Osc?M, which depends only on the metric ggup.

P

The tensor G is not invariant with respect to the homothetis on the fibres of Osc2M,
because G is not homogeneous with respect to the variable y(1e.

In this paper, we use a new kind of prolongation G to Osc2M, ([7]), which depends only
on the metric gqp. Thus, G determines on the manifold Osc2M a Riemannian structure
which is 0-homogeneous on the fibres of Osc?M.

Some geometrical properties of G are studied: the canonical N-linear metric connec-
tion, the induced linear connections , Gauss-Weingarten and Frenet equations.
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2 Preliminaries

As far we know the general theory of submanifolds (in particular the Finsler submani-
folds or the complex Finsler submanifolds) is far from being settled ([9], [3], [10], [11]). In
[8] and [9] R.Miron and M. Anastasiei give the theory of subspaces in generalized Lagrange
spaces. Also, in [6] and [5] R. Miron presented the theory of subspaces in higher order
Finsler and Lagrange spaces respectively.

If M is an immersed manifold in manifold M, a nonlinear connection on Osc>M induce
a nonlinear connection N on Osc?M.

The d-tensor G from (*) is not homogeneous with respect to the variable 3()®. This
in an incovenient from the point of view of analytical mechanics. Moreover, the physical
dimensions of the terms of G are not the same. This disavantaj was corected by Gh.

Atanasiu. He taked a new kind of prolongation G to Osc2M of the fundamental tensor
of a Finsler space, [1], which depends only on the metric gq;. Thus, G determines on the

manifold Osc2M a Riemannian structure which is 0-homogeneous on the fibres of Osc? M
and p is a positive constant required by applications in order that the physical dimensions
of the terms of G be the same. He proved that there exist metrical N-linear connections
with respect to the metric tensor G.

We take this canonical N-linear metric connection D on the manifold Osc?M and
obtain the induced tangent and normal connections and the relative covariant derivation
in the algebra of d-tensor fields .

In this paper we get the Gauss-Weingarten formulae of submanifold Osc?M for the
homogeneos lift G and we construct a Frenet frame and we determine the Frenet equations
of a curve from the manifold Osc?M.

Let us consider the Finsler space F™ = (M, F) (]9]) with the fundamental function

F:TM = OscM — R and the fundamental tensor g (3:, y(l)) on 0?;54, given by

1 0*F?
my_L1_oF
g (:9") = 2 9yMagy Dy’ (2.1)

where g4 (m, y(l)) is positively defined on 6;21\/4 .
The canonical 2-spray of F™ is given by

d?z® a dz
W +2G (ac, dt) =0

where
1

a_ ~.a (1) (1)b,,(1)c
G* = Sk (w‘y )y y (2.2)

where v}, (1:, y(l)) are the Christoffels symbols of the metric tensor g (m, y(l)) . The canon-
ical nonlinear connection N of the space F" has the dual coefficients [5]

a

_ 95 u
W " oy ()

a
p= =

0G* 1
2

TM%y, + M®, M } 9.3
OO0 (2:3)
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where I' = y(l)a aga + 2y(2)aﬁ91>a-

We have the next decomposition

TwOsc2M = Ny (w) & Ny (w) & Va (w) ,Yw € Osc2M. (2.4)

The adapted basis to (2.4) is given by {5;%17 5yfl)a, MLM} , (a=1,..,n) and its dual
basis is (da:a, syMe, 63/(2)”) , where

gfa&—%%j%—g%ﬁ%
(2.5)
and
Sy — dy(Me 4 N[y de?
v (2.6)

6y(2)a _ dy(2)a + M%éyb + Mabéy@)b
(1) (2)

We use the next notations:

0 d : 0

5azﬁ’51a:5y(71)a aQaZW-

Proposition 2.1. The Lie brakets of the vector fields {5%1, (Sy%a’ Taz)a} are given by

0,6] = Ribu + Biom,
[0p,01c] = (ﬁ)gc51a + (g)gﬁm,
{51), 3.24 = (g)gc51a + (g)gﬁza, (2.7)
(01, 01c] = (g)?ﬁéa,

[5117, 5’20] = (%31’ )§052a,
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where

R7 = 5(:1}7“1) - 5b]¥am

ch = (5Nb—(5bN —I-Naf(R)bc,

B, = 81N, B =61cN% — &N+ N B, ,
Bbe 1, B = 01" =0y + 7 B e (2.8)

By, = 32#}7“17,( )bc —32CN b+Naf(B)bc7

R gc = 6lc]¥ab - 51b]¥ac

P

The fundamental tensor g,, determines on the manifold Osc2M the homogeneous

0
tensor field G, [1],

0
G = ga (2, y(l)) dz® @ dz’ + g o (2, y(l)) sy(Me @ syby
(1)

+ g (7,yD) 5y P @ 5y2P,
)

where

goo(® W)= mn?g‘“’ (2:9),

g (20 ) = s (2:90)

V) = gapyMay .

This is homogeneous tensor field with respect to y(l)“, y(2)a and p is a positive constant

required by applications in order that the physical dimensions of the terms of G be the
same.

Let M be a real, m-dimensional manifold, immersed in M through the immersion
i: M — M. Localy, i can be given in the form

a

x® =2 (ul,...,um), mnkHauQH =

The indices a, b, ¢,....run over the set {1,...,n} and «, 3,7, ... run on the set {1,...,m}.
We assume 1 < m < n. We take the immersed submanifold Osc2M  of the manifold
Osc*M, by the immersion Osc?i : Osc>M — Osc?M. The parametric equations of the
submanifold Osc2M are
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o () ok | 5 =

y(Da = 922, (1)a (2.10)

b (1)a gyLa
2y(2)a _ gu (1)a+23y(1)a (2)01’

where
ozt 8y(1)a . ay(Z)a
ou® T gy T gy2)a

gyMa  gya
ou® — gyDa-

—_—

The restriction of the fundamental function F to the submanifold OscM is

F (u,v(1)> =F (g; (u),y (u v (2)>)

and we call F™ = (M,F) the induced Finsler subspaces of F” and F the induced
fundamental function.
Let B%(u) = 222 and g,4 the induced fundamental tensor,

— Ou™
9o (u,v(l)) = Yab (ac (u),y (u, v(l))) Bng. (2.11)

We obtain a system of d-vectors {BS, Ba} wich determines a moving frame

R ={(u,vW,v®) ;B2 (u), BE (u,v™,v@)} in Osc2M along to the submanifold Osc?M

Its dual frame will be denoted by R* {B"‘ (u v )) B¢ ( v U(Q))} This is
also defined on an open set 7~ (U) C Osc®?M, U being a domain of a local chart on the
submanifold M.

The conditions of duality are given by:

BYBS =03, BB =0, BIBi=0, BIBS=063

BiB + BEBY = 4.

The restriction of the of the nonlinear connection N to Osc2M uniquely determines an

—_——

induced nonlinear connection N on Osc2M with the dual coeficients ([2],[13])

]\;4&/3 = Bg (Bgﬁ + ]\14—(1ng> )
(2.12)

. 0B¢
15 = B (320000 1 By,ul® 4 Aoy Bl + M7y BY)

where ]\14 e, ]\24 @, are the dual coeficients of the N
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The cobasis (dxi,5y(1)a,5y(2)“) restricted to Osc?>M is uniquely represented in the
moving frame R in the following form ([2], [12]):

da® = Bydu®
sytMe = BagvMe 4 Bg(fl()gduﬁ (2.13)
Sye = Bagy@e 4 Bg(fl()éév“)a + ng?}dua
(
where
i =2 (5 4573)
I3 = B2 (500 + Bl Bl By -

o f f b d d
S CICEEICART)

are mixed d-tensor fields.

A linear connection D on the manifold Osc?M is called metrical N-linear con-
nection with respect to G, if DG =0 and D preserves by parallelism the distributions
No, N1 and V,. The coefficients of the N-linear connections DI' (V) will be denoted with

(5. Brfs) =0
bes Cpes Cp ], (2=0,1,2).
(i) (11)°¢ (i2)"

—_—

Theorem 2.2. ([1]) There exist metrical N-linear connections DT’ (N) on Osc?M , with
respect to the homogeneous prolongation @, wich depend only on the metric gup (m, y(l)) .
One of these connections has

the “horizontal” coefficients

H
L& =169 (84904 + degba — Sagve
(00t 59" (0v9cd + 0cgbd — 0agne)
Lo —1god(s Sc g ba — 0
be =29 b9 cd+ Ocdbd— 0dYbe (2.15)
(10) 6 1) ) (1)

N —

Vo
Li =359 <5b9cd+5cgbd—5dgbc>
(2) (2) (2) (2)
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the ”1-vertical” coefficients

H

B b+

‘é’gc:%g d 016 9 ed + 01¢ 9 bd — 01d 9 be (216)
(11) (1) (1) (1) @

Va
C8 =299 01pgecatSicgbd—01a90ne
(21) (2) (2) (2) (2)

and the ”2-vertical” coefficients
Cp=0Cp.=Cp =0. (2.17)

It is called the canonical N-linear metric connection.
This linear connection will be used throughout this paper

For this N-linear connection, we have the operators D ,(1=0,1,2;Vp = H) which are
given by the following relations

v Vi —
DX = dX® + X VX € F <0302M> : (2.18)
where
ga — g a doc + C a 5y(1)c + C a 5y(2)c
b o0y (o)’ (02)"

bo Dodee s Oosye 0oy 2.19
Wy = O)bcx +(11)bcy +(12)bcy ( )

“_L dx® C’ sy(De Z%aa(?)c
wy = x© + + .
b= (00 (31)be Y (32 Y
We call these operators the horizontal, 1- and 2-vertical covariant differentials. The

Vi Ve
1-forms gb,wb,wb will be called the horizontal, 1- and 2-vertical 1-form. From (2.17)

we get that the horizontal, 1- and 2- vertical 1-form are

ga — Il{ a dot + gf a 5y(1)c + gf a 5y(2)c
b (OO)bC (Ol)bc (02)bc

= Ladee s Cogye g Cogy®

wg = L ¢ dx¢+ + ¢
P aor ™ Tt T e

V?z ‘fadc ‘gfa(s(l)c ‘gfa(s(2)c
“o = g0y + S1ype’Y + (Saype®?
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3 The relative covariant derivatives

Let DI (N), the canonical N-linear metric connection of the manifold Osc?M. A
classical method to determine the laws of derivation on a Finsler submanifold is the type
of the coupling([5],[6],[8],9])-

Definition 3.1. We call a coupling of the canonical N-linear metric connection D to the
Vi
induced mnonlinear connection N along Osc>M  the operators D,(i=0,1,2;

Vi
Vo = H) defined by the operators D,(i = 0,1,2;Vy = H) (2.18) with the property

Vi v;
DX%= DX (i =0,1,2; Vo = H) (modulo 2.13) (3.1)
Here
v
DX = dX® + HoX?, VX € F (Osc2M) (3.2)

The 1-forms E,D)g ,(i=0,1,2) are the connection 1-forms of the coupling D.
(2

Theorem 3.2. The coupling of the N-linear connection D to the induced nonlinear connec-

tion N along Osc2M is locally given by the set of coefficients DT’ (]\7) = (( )bav (C)b5, (C)b(;)
i0

(i=0,1,2;Vy = H) where

Ca =0,(:=0,1,2;Vp =
(12)b6 (Z s Ly 0 )

Proof. From (3.1), (3.2), (2.18), and (2.13) we obtain

Vi
o= Le,Bi+ C’“BdK +C’ BIKS
NG N G T O N I O

g a E’, a Bd Ef a BdK6
bd — (il)bd 6 (2)bd (1)

Vi Vi
C o= C’) @BY (i=0,1,2Vp = H).
12

and from (2.17) we get (3.3). O
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Definition 3.3. We call the induced tangent connection on Osc2M by the canonical

Vi
N-linear metric connection D, the couple of the operators DT | (i=0,1,2;Vy = H) which
are defined by

Vi Vi
D'X*=BpDX" for X* = B2X" (3.4)
where
Vz'-r v
D'X* =dX* + XPdg (3.5)

and wg , (i=0,1,2;Vy = H) are called the tangent connection 1-forms.
We have
Theorem 3.4. The tangent connections 1-forms are as follows:

V.

i 1)
Wwg = 0

‘l/fo‘du‘s—i- gadv + g’adv(% (3.6)
(i0)%0 @)% (12)%0 ’ '
where

Vv

Vi
[ — B& Bd Bf L d
(i) d ( 85 T ,B(io)fé) ;

. iy (3.7)
C% =BYB, C*4%, :
(i1 478 1) f0

Vi

G =0.(=0.1,2:% = H).

Proof. From (3.2),(3.5) and (3.4) we have
Vi

Vi
[ & — B« Bd 4 Bf L d 7
(i0)66 d ( B6 ﬁ(w)fzs

4 Vi
é« a Ban CY d ’
@0 AT fe

g Vi
(g)g5 = Bng(g)%, (i=0,1,2;Vp = H).

and from (2.17) we get (3.7). O

—_——

Definition 3.5. We call the induced normal connection on Osc2M by the canonical

Vi
N-linear metric connection D, the couple of the operators D+ | (i=0,1,2;Vy = H) which
are defined by

Vi Vi _
D+X®=ByDX" for X* = BiX7 (3.8)
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where ”
DX = dX™ + XPug (3.9)
and Vlg (i=0,1,2;Vy = H) are called the normal connection 1-forms.
We have
Theorem 3.6. The normal connections 1-forms are as follows:
Vig _ W5 Vi - @5
W ({a)ﬂ‘sdu + (611)555 (g)mév (3.10)
where
Vi 5BY Vi
a _ pa| B ]_c d
e =7 (5“5 Py 5)
Vi 0B
ca = B! C (3.11)
(i d( Rt lotY )
v ,
(%B‘S =0,(:=0,1,2;V, = H)
Proof. From (3.2),(3.8),(3.9) and (2.13) we obtain
5Bd Vi
a _ pa| B J_c d
<zLo>ﬂ‘5 b (5“6 P 5)
Vi a a 6Bd f ‘{Z d
(%55 = Bd (5 ms T Bg(g)fé
Vi a a [ 9B§ B!
s = i (Wﬁ ! 5<€>f 5)
. dBj oBj
(6=0,1,2;Vp = H) and from (3.3) and 5 m = 8U<2) = 0 we have (3.11). O]

Vi
Now, we can define the relative (or mixed) covariant derivatives V, (i =0, 1,2;
Vo = H).

Theorem 3.7. The relative covariant (mized) derivatives in the algebra of mized d-tensor

Vi
fields are the operators V, (i = 0,1,2; Vo = H) for which the following properties hold:
Vi .
Vf=df, Vfe .7:(0862M)

VX DX“ VX*=D'X* VX*=DIX% (i=0,1,2;V, = H)
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LI are called the connection 1-forms of V,(i=0,1,2;Vy = H).

4 The Gauss-Weingarten formulae

In the theory of the submanifolds we are interesed in finding the moving equations of
the moving frame R along Osc?M.

These equations, called also Gauss-Weingarten formulae, are obtained when the rel-
ative covariant derivatives of the vector fields from R are expressed again in the frame
R.

Thus we have

Theorem 4.1. The following Gauss-Weingarten formulae hold:

VB = B, (4.1)
VB¢ = —BATiS, (4.2)
where
(4.3)
II§ = g%7 05,117,
and the d-tensors
Vi . - s Vi
d _ nd d T d
(l;])a s =B Bls+ Ba(g)fﬁ
Y 5 _ Binl (4.4)
H,3=DBSB.,C4 .
W P T AT e

are the fundamental d-tensors of the second order of manifold 5;/02M, (1=0,1,2,
Vo=H).
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Proof. From (2.15),(2.16) and (2.17) we have
g a a B8 a @ (1)s a @ (2)
_ [ éBa i a Rb a 5 B
= | 5.6+ LpsBa— L 0 3B§ | duP+

6Bg b 5 na (1B
+ + Co B, — C° B¢ ) ov\P+
< WE ) b8 (p1 op 5)

)

BY — C B¢ ov?P
B Gy 5) ’

H H H
— Bo.du® + B | I o.duP va soMB L Ca 5,28 )
apdu” + By, <(00)b5 u —i—(OCl')bB v +(02)b,3 v

~ B¢

H
$ d ffd B frd B
BS (BQB+BQ(£)fﬁ> du® + B}B, (C) IOLES

+ B5Bf(C)d Sv2)8 ] .

Using (4.3) we get the relation (4.1) for Vj = H
H
Now, by applying V to the both sides of the equations gangBg— = 0 one get

B5 b )
Jav B§1e B + gangHBB =0.
Multiplying these relation with BJ we obtain
a b and a b « H_
gdeBB — BSBdgabVBB = _Bd 66'71_'[34

. H
But BnggabVB% = 0. Consequently, we obtain the relations (4.2) for V) = H

Vv
Analogously, for the operators V, (i = 1,2) one gets the other relations. O

5 Curves in the manifold Osc?M

In this section we construct a Frenet frame and determine the Frenet equations for a
curve in the manifold Osc? M.

The start point of these researchs is the Bejancu and Farran results in case of vertical
bundle of TM ([3]). We construct a Frenet frame and derive all the Frenet equations for a
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curve in the manifold Osc2M. This enables us to state a fundamental theorem for curves
in manifold Osc?M.

Let ¢ : t — (2%(t)) a smooth curve in M, t a real parameter and s(t) a parameter
change. On the manifold Osc?M with the local coordinates (x“,y(l)“,y@)“), the curve ¢
induce a curve C with the property

(#0050 0) = 357 2 (1) = )

If we change the parameter on C we have

y(l)a(s) _ %d;: _ U(l)%’
a fod 28 frvad 2 2xa
y@o(s) = 1RO = L(Lpdt 4 () 4z (5.1)

where we noted

Thus, on C, we may consider the parameters (s, v@, U(2)), and from the above calcul we
get the parametric equations in s:

2y(De — (@) dzt 4 (,(1)? Lzt

. a 2 .a .
We use notation z/¢ = dd% and 7/% = ddsxz , thus the above equations become:

2y = (@) ga 4 (,U(l))Qx//a'
The tangent vectors along C are {%, 81}6(1) , %}, and their connection with the tan-

gent vectors {8%&7 ayéil)a’ W%)“} is obtained by using the Jacobi matrix of these transfor-

mations

0 _ ta_0 1) a0, (1)2,.111a (2) .11a o)
5 = T 57 + U( )x 8y(1)“ —+ (’U xr + v i ) ay(z)a,
d _ . ta_0 (1) 110 __0
G0 — ¥ ay(Da + v JyDa>
o _ ,ta__ 0
@ — L gy@a-
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1 9%F?
2 8y(1>‘18y(1)b

s(t) = fg F (x(t), y(l)(t)) dt the arc length parameter on C. We have % = F (x(t), y(l)(t))

Let (M, F) a Finsler space and ggp(z, y(V) = the fundamental tensor and

along of curve C. A a consequence of homogeneity of F it fallows that v() = % =
F(:U(t),y(l)(t)) = F($(s),v(1)y(1)(s)) = oWF (x(s),y(l)(s)). We deduce that

F (2(s),yM(s)) = 1, which is true on C restrictioned to the manifold Osc*M = TM.

——

Let G the Sasaki prolongation of the fundamental tensor g, to the manifold Osc2M,

(),
G = gap (z,y1) dz® @ dab + gap (z,yV) yMe @ syLo+
+gab (z,yY) yPe @ 5y2P

and DI" (N), the canonical N-linear metric connection on the manifold Osc®> M, with the
coefficients

Lg =3%g* <5bgcd + dcgvd — 5dgbc>

Cp =39" (51b9cd + 01c9bd — 51d9bc> (i=0,1,2) (5.2)

and X, (1 =0,1,2) the covariant derivatives operators.
(]

Let
a 1 ad agbd
g ¢ = 59 8y(1)c (53)
and BT (V) , the N-linear connection of Berwald type with the coefficients
b a lb; a ij a b a b a Cb‘i a 81 a g‘f a é’ a 5 4
((om”‘” 10" @0 o1 (1) @) 02" (12)* (22)“) 54
where
E a L¢ E a B¢ L¢
(OO)bC - (OO)bC (IO)bC - (ll)Cb (20)bc (22)cb’
G = Co— ca (g 5.5
(Ol)bc - (11)bc (11)bc7 (21)bc ’ ( )
5 ¢ =0 c% =0 é’ @ c? =0
(02)bc - (12)bc - (22)bc - (22)bc -
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a a
where L7, C ¢, 2C2'

00 (e 7 @ and B¢, , B9 are given by the formulas (5.2) and (2.8),

) (1™ (22)

B¢ = 6N, B% = 0cN% — 0pN% + N¢ Bf,
be el by (Gybe = O1eiyTb = ObdfTe AT b
R¢ = 01.N% —6pN%.

J e 1 = 01p ]\

Then, we have

© (81?(2) ’ aﬁm) = gab (2 (8) 2 (1)) d;: izx:' (5.6)

If we take the paramater s, it fallows that
© <av8(2> ’ af(?)) = gapa'*a" = F*(a(s),y'(s)) = 1. (5.7)
We study geometric objects along curve C in points

(27 (s) ,yMe (s),y@a (s)) where vM) £ 0.
H
An other consequence of homogeneity of F is that gqp, ¢*° and (L v (2.15) (or L ¢, (i=
00 i0
0,1,2) from (5.2)) are positive homogeneous of degree zero, while G*, G} and gp°., (5.3),

are positive homogeneous of degrees 2,1 and —1. The functions G* (2.2) are

Ge (x,y(1)> _ igab <a:,y(1)) <8y€?12>€gxcy(l)c _ 5;1;) (x,y(l)) )

We deduce:

g% (2 (s), 002’ (5)) = Jygpe ( (s),2' (5)).

Remark 5.1. Here and in the sequel we use the vector notations x (s) and z'(s) to
represent the vectors (zV(s),...,a™ (s)) and (2" (s),...,a"™ (s)), respectively. Also, the
components of a geometric object Tflg‘}'.'.'. at the point (z (s),2’ (s)) we denote them by

T (s).-
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We say that a vector field X € X (O ) along Osc?C is projectable on C if locally

——

at any point (z (s),vMa’ (s),y??(s)) € Osc2C we have
0
1) (2)a — x0a gy 7 (D) (2)a
X (2 (s),00a/ ()52 (5)) = X0 (5) == (2(s) .02 ()97 (5))  (5.12)

_0
(Sy(l)a

0

+X W (5) i (w (), 00! (), 5@ (5) ) + XD (s) e (2 (s),002 (5), 57 (5))

or, equivalently, the local components of X at any point of C depend only on the arc
length parameter s of C. The above name is justified because X given by (5) on Osc?C
defines a vector field X* on C by the formula

X* (2 (5)) = X0 (5) 0 a(s)).

Thus X*(z(s)) can be considered as the projection of the vector field
X (2(s),vMa’(s),y4(s)) on the tangent space TM at x (s) € C. As an example, ay%a
is a projectable vector field. Also we shall see later that a Frenet frame for a curve on the

manifold Osc2M contains only projectable vector fields.
Let DI' (N), the canonical N-linear metric connection (5.2) and BI' (N), the N-liniar

c b

connection on Berwald type from (5.4), and X ) X, (1 =0,1,2) are the covarant derivatives
(] 1

of these N-linear connections.

Proposition 5. 2 The covariant derivatives of any projectable vector field X in the direc-

tion of - (1) or 5 2) with respect to DI (N) and BI' (N) vanish identically on 5;/02C, that
is we have

<V o X> (:1: (s),vMa (s),y?e (s)) = 0,Vs € (—¢,¢),

where V are V or V (1=0,1,2).
(@) @ )

Proof. We have
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where

X@a(s) |, =X (s) w/C(C)ic =0,
ij

(=

since for the above N-linear connections we have either

C% =g or CL =0,
e 9 i)

where i € {0,1,2},j € {1,2}, 3% = 5.5 O

Hence, in particular, we have

0 0
= ()7 ;; —_— = O,
(i) o ay@)“ (i)__o 8y(2>a

sv(1) ov(2)a

wich enables us to state that the "vertical” covariant derivatives along C with respect to
the canonical N-linear metric connection and of the Berwald type (5.4) do not provide any
Frenet frame for C. Hence we have to proceed with the horizontal covariant derivatives
along C.

From (2.5), we get

a 2,.a
9 = da” 0 + o {daz +2G*° (8):|

(2)
0s ds oz ds? v

[d%a +2Ga (s,v(l)>] 9 (513)

5y(1)a ds2 8y(2)a’

where G* (s,v(l)) = 21)1(2) %]\24? + dj;;" G¢ (s) v + d;fg,a (v(l))2

The canonical N-linear metric connection is the best choice for studying the geometry
of curves in the manifold Osc2M. First, by direct calculation we get

0 d?z® a 0
x 0@ < 752 +2G (s)> 9@ (5.14)

9
ds

On the other hand, using (5.7) and taking into account that DI" (V) is a metric N-linear

connection we obtain
0 0 .

As a consequence of (5.15) we may set

o
Y, 3o = Rl (5.16)
?s
where N1 € V,T (OSCQC)L , and
ki = xa % , (5.17)
?s
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for i =0,1,2 and | X|| = G (X, X), VX € X (5;/02M> . By (5.14) we infer that

k1 = {gab (s) (27 4+ 2G (s)) (27" + 2G® (s)) }1/2 (5.18)

and it call the geodesic curvature (first curvature) function of C. If k; (s) # 0,Vs €
(—e,e) we call

“ a 0 0
(.%'” —+ 2G (8)) m = Nl <3> m, (519)

" ki (s)

the principal (first) normal of C. Clearly, V; is a projectable vector field along C. Actu-
ally, this is a consequence of the following general result.

Proposition 5.3. The covariant derivatives of a projectable vector field X along C with
respect to the canonical N-linear metric connection in the direction of % s a projectable
vector field too, given by

(0)a o
VX = [4X2° + XOP5g ()] 5ot

0
Js

(1)a
I [dde + x(Wbge (S)} 6yg)a+ (5.20)

(2)a .
T[22 4 x@rsp ()] 5l (1= 0,1,2)

where
Sy (8) =Gy (s) + (277 +2G(5)) gp"c (s) - (5.21)

Proof. The assertion fallows by direct calculation using (5.13), (5.9) and (5.11). O

Next, suppose that n+1 > 2. Since DI" (N) is the canonical N-linear metric connection,
from G (N1,N1) =1and G (%,]\h) = 0 using (5.16) we deduce that

d
G|V N,N|=0,G(V Nj,—=|=—k,(i=0,1,2).
((na : 1) ’ ((aa 1%%(2)) b (0=0,1,2)

Js Js

Hence we may set

0
V Ny =-k——=+ N, 5.22
0ot T Mg (5.22)
where N € Vo0sc2Ct.
Thus we may define the next function

k‘g = ]{31 (8)7
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Then by straightforward calculation using (5.19) and (5.20) we infer that

1/2
B2 = {gas (5) (Rra® + N{* + N;Sg) (kaa + NP+ Ni'sg) } (5.23)

The function ks is called the second curvature function of C.
If ko (s) # 0,V (—¢,¢) we define the vector field

1 B,
Ny=-——|ki(s)=—=+V Ni|.
2 k2<s)<1(8)6v<2>+<i>a 1)

ds

Hence, (5.22) becomes

V Ni=-k
()

ENE) + ko (s)Na(s),(i=0,1,2).

Il
Js
We suppose inductively that there exist orthonormal projectable vector fields
Ny = %,Nl, .., Nj ¢ and nowhere zero curvature functions {ki, ko, ..,k;}, 1 < j < n,
such that the following equations hold

(F1) (V No = k1 Ny,

(F») (V N1 = —ki1No + kaNo,
z (5.24)

(Fj) V Nj_1=—kj_1Nj_2+ k;Nj, (Z =0, 1,2).
(@2
Then by using the Proposition 5.3 and following a proof similar to that of the Finsler
case (cf. Bejancu, Farran [3], p.156), for any j < n we obtain
(Fjt1) Y Ni= —kjiNj—1+ kj+1Nj1,

55
where
Byr = {gan () (ks Nj_y + Nj* + N7Se) (NI, + N;? + N7S) }1/ " (5.25)

Moreover, the system of vector fields {No, N1, .., N;} is an orthonormal set of projectable
vector fields along C.

If j = n, then {Noy, N1, .., N;} is an orthonormal basis of XVoT (Osc2C)J‘. As 8 N,
1) 0

Os
is orthogonal to Ny, the equation (Fj;1) becomes

(Fott) : Y No= koo, (i=0,1,2).

Q)‘Q;

s
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We call the system of vector fields {Ng, Ni,..,N,} and the equations
{(F1),...,; (Frt1)} the Frenet frame and the Frenet equations along C respectively.
If kj =0 on (—¢,¢), for some j < n, then we can not define N;. Thus the equation (Fj)
becomes

(Fy) - x Njo1 = —kjaNja, (i=0,1,2).
ds

Thus, in the case in wich there exist nowhere zero curvature functions {k1, k2, .., k;j—1}
on (—¢,¢) and k; is everywhere zero on (—¢,¢) , then we have constructed the Frenet frame
{No, N1,.., Nj_1} satisfying the Frenet equations {(F}), ..., (Fj_1),(F};)'} . We obtain the

following fundamental theorem for curves in the manifold 5;/02M .

Theorem 5.4. Let (xo,y(()l),y((]m) = (J:S,y(()l)a,y(()z)a) be a fized point of the manifold
5;/02]\4, {Vo,Vi,..,Vou}  an  orthonormal  basis  of  VoT (OsczM) and

ki,ko,...kn : (—e,6) — R be everywhere positive smooth functions. Then ezists
a unique curve C on given by equations z = z° (s), y(Ne = y(Ma (5), ¢y = y)a (5) s ¢
(—e,e), where s is the arc length  parameter of C, such  that

(:U“ (0),yMe (), y2e (0)) = (:Ug,y(()l)a,y((f)a) and ki, ko, ...k, are the curvature func-

tions of C with respect to the Frenet frame {Ny, N1, .., Nn} wich satisfies Ny (0) = Vp,
h € {0,...,n}.

Proof. We can use the Theorem 2.1,[3], p.158 O

0
Remark 5.5. 1. If we consider the homogenneous lift G, (2.9), we obtain

0/ 0 d \ 4
& (amzw 8v<2)> =?
and (5.15) becomes

0 0
(V455 ) =

2. The curvature geodesic functions become

1/2
0 , ’
ki1 = {é’)ab (s) (ij;_l + N+ stg) (ijf_l + NP+ N;lsg) }

= kaj-i-l,? (.7 =0,1,..,n— 1)
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