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Abstract

In this article we present a study of the subspaces of the manifold Osc2M , the
total space of the 2-osculator bundle of a real manifold M. We obtain the induced
connections of the canonical N-linear metric connection determined by the homo-
geneous prolongation of a Finsler metric to the manifold Osc2M . We present the
Gauss-Weingarten equations of the associated 2-osculator submanifold. We construct
a Frenet frame and we determine the Frenet equations of a curve from the manifold
Osc2M.
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1 Indroduction

The SasakiN -prolongation G to the 2-osculator bundle without the null section Õsc2M
= Osc2M\ {0} of a Finslerian metric gab on the real manifold M given by

G = gab

(
x, y(1)

)
dxa ⊗ dxb + gab

(
x, y(1)

)
δy(1)a ⊗ δy(1)b + gab

(
x, y(1)

)
δy(2)a ⊗ δy(2)b (*)

is a Riemannian structure on Õsc2M, which depends only on the metric gab.

The tensor G is not invariant with respect to the homothetis on the fibres of Õsc2M ,
because G is not homogeneous with respect to the variable y(1)a.

In this paper, we use a new kind of prolongation G̊ to Õsc2M , ([7]), which depends only

on the metric gab. Thus, G̊ determines on the manifold Õsc2M a Riemannian structure
which is 0-homogeneous on the fibres of Osc2M.

Some geometrical properties of G̊ are studied: the canonical N -linear metric connec-
tion, the induced linear connections , Gauss-Weingarten and Frenet equations.
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2 Preliminaries

As far we know the general theory of submanifolds (in particular the Finsler submani-
folds or the complex Finsler submanifolds) is far from being settled ([9], [3], [10], [11]). In
[8] and [9] R.Miron and M. Anastasiei give the theory of subspaces in generalized Lagrange
spaces. Also, in [6] and [5] R. Miron presented the theory of subspaces in higher order
Finsler and Lagrange spaces respectively.

If M̌ is an immersed manifold in manifold M , a nonlinear connection on Osc2M induce
a nonlinear connection Ň on Osc2M̌.

The d-tensor G from (*) is not homogeneous with respect to the variable y(1)a. This
in an incovenient from the point of view of analytical mechanics. Moreover, the physical
dimensions of the terms of G are not the same. This disavantaj was corected by Gh.

Atanasiu. He taked a new kind of prolongation G̊ to Õsc2M of the fundamental tensor
of a Finsler space, [1], which depends only on the metric gab. Thus, G̊ determines on the

manifold Õsc2M a Riemannian structure which is 0-homogeneous on the fibres of Osc2M
and p is a positive constant required by applications in order that the physical dimensions
of the terms of G̊ be the same. He proved that there exist metrical N-linear connections
with respect to the metric tensor G̊.

We take this canonical N -linear metric connection D on the manifold Osc2M and
obtain the induced tangent and normal connections and the relative covariant derivation
in the algebra of d-tensor fields .

In this paper we get the Gauss-Weingarten formulae of submanifold Osc2M̌ for the
homogeneos lift G̊ and we construct a Frenet frame and we determine the Frenet equations
of a curve from the manifold Osc2M.

Let us consider the Finsler space Fn = (M,F ) ([9]) with the fundamental function

F : TM = OscM → R and the fundamental tensor gab
(
x, y(1)

)
on ÕscM, given by

gab

(
x, y(1)

)
=

1

2

∂2F 2

∂y(1)a∂y(1)b
, (2.1)

where gab
(
x, y(1)

)
is positively defined on ÕscM.

The canonical 2-spray of Fn is given by

d2xa

dt2
+ 2Ga

(
x,
dx

dt

)
= 0

where

Ga =
1

2
γabc

(
x, y(1)

)
y(1)by(1)c (2.2)

where γabc
(
x, y(1)

)
are the Christoffels symbols of the metric tensor gab

(
x, y(1)

)
. The canon-

ical nonlinear connection N of the space Fn has the dual coefficients [5]

M
(1)

a
b =

∂Ga

∂y(1)b
, M

(2)

a
b =

1

2

{
ΓM

(1)

a
b +M

(1)

a
cM
(1)

c
b

}
, (2.3)
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where Γ = y(1)a ∂
∂xa + 2y(2)a ∂

∂y(1)a .

We have the next decomposition

TwOsc
2M = N0 (w)⊕N1 (w)⊕ V2 (w) ,∀w ∈ Osc2M. (2.4)

The adapted basis to (2.4) is given by
{

δ
δxa ,

δ
δy(1)a ,

∂
∂y(2)a

}
, (a = 1, .., n) and its dual

basis is
(
dxa, δy(1)a, δy(2)a

)
, where


δ
δxa = ∂

∂xa − N
(1)

b
a

δ
δy(1)b − N

(2)

b
a

∂
∂y(2)b

δ
δy(1)a = ∂

∂y(1)a − N
(1)

b
a

∂
∂y(2)b

(2.5)

and


δy(1)a = dy(1)a +M

(1)

a
bdx

b

δy(2)a = dy(2)a +M
(1)

a
bδy

b +M
(2)

a
bδy

(2)b

(2.6)

We use the next notations:

δa =
δ

δxa
, δ1a =

δ

δy(1)a
∂̇2a =

∂

∂y(2)a
.

Proposition 2.1. The Lie brakets of the vector fields
{

δ
δxa ,

δ
δy(1)a ,

∂
∂y(2)a

}
are given by

[δb, δc] = R
(01)

a
bcδ1a + R

(02)

a
bc∂̇2a,

[δb, δ1c] = B
(11)

a
bcδ1a + B

(12)

a
bc∂̇2a,

[
δb, ∂̇2c

]
= B

(21)

a
bcδ1a + B

(22)

a
bc∂̇2a,

[δ1b, δ1c] = R
(12)

a
bc∂̇2a,

[
δ1b, ∂̇2c

]
= B

(21)

a
bc∂̇2a,

(2.7)
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where
R

(01)

a
bc = δcN

1

a
b − δbN

1

a
c,

R
(02)

a
bc = δcN

2

a
b − δbN

2

a
c +N

1

a
f R

(01)

f
bc,

B
(11)

a
bc = δ1cN

1

a
b, B

(12)

a
bc = δ1cN

2

a
b − δbN

1

a
c +N

1

a
f B

(11)

f
bc,

B
(21)

a
bc = ∂̇2cN

1

a
b, B

(22)

a
bc = ∂̇2cN

2

a
b +N

1

a
f B

(21)

f
bc,

R
(12)

a
bc = δ1cN

1

a
b − δ1bN

1

a
c.

(2.8)

The fundamental tensor gab determines on the manifold Õsc2M the homogeneous

tensor field
0
G, [1],

0
G = gab

(
x, y(1)

)
dxa ⊗ dxb + g

(1)
ab

(
x, y(1)

)
δy(1)a ⊗ δy(1)b+

+ g
(2)
ab

(
x, y(1)

)
δy(2)a ⊗ δy(2)b,

(2.9)

where

g
(1)
ab

(
x, y(1)

)
= p2

‖y(1)‖2 gab
(
x, y(1)

)
,

g
(2)
ab

(
x, y(1)

)
= p4

‖y(1)‖4 gab
(
x, y(1)

)
,

∥∥y(1)
∥∥2

= gaby
(1)ay(1)b.

This is homogeneous tensor field with respect to y(1)a, y(2)a and p is a positive constant
required by applications in order that the physical dimensions of the terms of G̊ be the
same.

Let M̌ be a real, m-dimensional manifold, immersed in M through the immersion
i : M̌ →M . Localy, i can be given in the form

xa = xa
(
u1, ..., um

)
, rank

∥∥ ∂xa
∂uα

∥∥ = m.

The indices a, b, c,....run over the set {1, ..., n} and α, β, γ, ... run on the set {1, ...,m} .
We assume 1 ≤ m < n. We take the immersed submanifold Osc2M̌ of the manifold
Osc2M, by the immersion Osc2i : Osc2M̌ → Osc2M. The parametric equations of the
submanifold Osc2M̌ are
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

xa = xa
(
u1, ..., um

)
, rank

∥∥ ∂xa
∂uα

∥∥ = m

y(1)a = ∂xa

∂uα v
(1)α

2y(2)a = ∂y(1)a

∂uα v(1)α + 2 ∂y
(1)a

∂v(1)α v
(2)α,

(2.10)

where 
∂xa

∂uα = ∂y(1)a

∂v(1)α = ∂y(2)a

∂v(2)α

∂y(1)a

∂uα = ∂y(2)a

∂v(1)α .

The restriction of the fundamental function F to the submanifold ÕscM̌ is

F̌
(
u, v(1)

)
= F

(
x (u) , y

(
u, v(1), v(2)

))
and we call F̌m =

(
M̌, F̌

)
the induced Finsler subspaces of Fn and F̌ the induced

fundamental function.

Let Ba
α(u) = ∂xa

∂uα and gαβ the induced fundamental tensor,

gαβ

(
u, v(1)

)
= gab

(
x (u) , y

(
u, v(1)

))
Ba
αB

b
β. (2.11)

We obtain a system of d-vectors {Ba
α, B

a
ᾱ} wich determines a moving frame

R =
{(
u, v(1), v(2)

)
;Ba

α (u) , Ba
ᾱ

(
u, v(1), v(2)

)}
in Osc2M along to the submanifold Osc2M̌.

Its dual frame will be denoted by R∗=
{
Bα
a

(
u, v(1), v(2)

)
, Bᾱ

a

(
u, v(1), v(2)

)}
. This is

also defined on an open set π̌−1
(
Ǔ
)
⊂ Osc2M̌, Ǔ being a domain of a local chart on the

submanifold M̌.

The conditions of duality are given by:

Ba
βB

α
a = δαβ , Ba

βB
ᾱ
a = 0, Bα

aB
a
β̄ = 0, Bᾱ

aB
a
β̄ = δᾱβ̄

Ba
αB

α
b +Ba

ᾱB
ᾱ
b = δab .

The restriction of the of the nonlinear connection N to Õsc2M̌ uniquely determines an

induced nonlinear connection Ň on Õsc2M̌ with the dual coeficients ([2],[13])

M̌
1

α
β = Bα

a

(
Ba

0β +M
1

a
bB

b
β

)
,

M̌
2

α
β = Bα

a

(
1
2

∂Baδγ
∂uβ

v(1)δv(1)γ +Ba
δβv

(2)δ +M
1

a
bB

b
0β +M

2

a
bB

b
β

)
,

(2.12)

where M
1

a
b, M

2

a
b are the dual coeficients of the N.
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The cobasis
(
dxi, δy(1)a, δy(2)a

)
restricted to Osc2M̌ is uniquely represented in the

moving frame R in the following form ([2], [12]):



dxa = Ba
βdu

β

δy(1)a = Ba
αδv

(1)α +Ba
ᾱK

(1)

ᾱ
βdu

β

δy(2)a = Ba
αδv

(2)α +Ba
β̄
K
(1)

β̄
αδv(1)α +Ba

β̄
K
(2)

β̄
αduα

(2.13)

where

K
(1)

ᾱ
β = Bᾱ

a

(
Ba

0β +M
(1)

a
bB

b
β

)

K
(2)

ᾱ
β = Bᾱ

a

(
1
2

∂Baδγ
∂uβ

v(1)δv(1)γ +Bb
δβv

(2)δ +M
(1)

a
bB

b
0β +M

(2)

a
bB

b
β −

−Bᾱ
fB

γ
d

(
Bf
γ +M

(1)

f
bB

b
γ

)(
Bd

0β +M
(1)

d
gB

g
β

)
(2.14)

are mixed d-tensor fields.

A linear connection D on the manifold Osc2M is called metrical N-linear con-
nection with respect to G̊, if DG̊ =0 and D preserves by parallelism the distributions
N0, N1 and V2. The coefficients of the N-linear connections DΓ (N) will be denoted with(
Vi
L

(i0)

a
bc,

Vi
C

(i1)

a
bc,

Vi
C

(i2)

a
bc

)
, (i = 0, 1, 2) .

Theorem 2.2. ([1]) There exist metrical N -linear connections DΓ (N) on Õsc2M, with
respect to the homogeneous prolongation G̊, wich depend only on the metric gab

(
x, y(1)

)
.

One of these connections has
the ”horizontal” coefficients

H
L

(00)

a
bc = 1

2g
ad (δbgcd + δcgbd − δdgbc)

V1

L
(10)

a
bc = 1

2 g
(1)

ad

(
δb g

(1)
cd + δc g

(1)
bd − δd g

(1)
bc

)

V2

L
(20)

a
bc = 1

2 g
(2)

ad

(
δb g

(2)
cd + δc g

(2)
bd − δd g

(2)
bc

)
(2.15)
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the ”1-vertical” coefficients

H
C

(01)

a
bc = 1

2g
ad (δ1bgdc + δ1cgbd − δ1dgbc)

V1

C
(11)

a
bc = 1

2 g
(1)

ad

(
δ1b g

(1)
cd + δ1c g

(1)
bd − δ1d g

(1)
bc

)

V2

C
(21)

a
bc = 1

2 g
(2)

ad

(
δ1b g

(2)
cd + δ1c g

(2)
bd − δ1d g

(2)
bc

)
(2.16)

and the ”2-vertical” coefficients

H
C

(02)

a
bc =

V1

C
(12)

a
bc =

V2

C
(22)

a
bc = 0. (2.17)

It is called the canonical N-linear metric connection.

This linear connection will be used throughout this paper.

For this N-linear connection, we have the operators
Vi
D, (i = 0, 1, 2;V0 = H) which are

given by the following relations

Vi
DXa = dXa +

Vi
ωabX

b, ∀X ∈ F
(
Õsc2M

)
, (2.18)

where
H
ωab =

H
L

(00)

a
bcdx

c +
H
C

(01)

a
bcδy

(1)c +
H
C

(02)

a
bcδy

(2)c

V1

ωab =
V1

L
(10)

a
bcdx

c +
V1

C
(11)

a
bcδy

(1)c +
V1

C
(12)

a
bcδy

(2)c

V2

ωab =
V2

L
(20)

a
bcdx

c +
V2

C
(21)

a
bcδy

(1)c +
V2

C
(22)

a
bcδy

(2)c.

(2.19)

We call these operators the horizontal, 1- and 2-vertical covariant differentials. The

1-forms
H
ωab ,

V1

ωab ,
V2

ωab will be called the horizontal, 1- and 2-vertical 1-form. From (2.17)

we get that the horizontal, 1- and 2- vertical 1-form are

H
ωab =

H
L

(00)

a
bcdx

c +
H
C

(01)

a
bcδy

(1)c +
H
C

(02)

a
bcδy

(2)c

V1

ωab =
V1

L
(10)

a
bcdx

c +
V1

C
(11)

a
bcδy

(1)c +
V1

C
(12)

a
bcδy

(2)c

V2

ωab =
V2

L
(20)

a
bcdx

c +
V2

C
(21)

a
bcδy

(1)c +
V2

C
(22)

a
bcδy

(2)c.
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3 The relative covariant derivatives

Let DΓ (N), the canonical N-linear metric connection of the manifold Osc2M . A
classical method to determine the laws of derivation on a Finsler submanifold is the type
of the coupling([5],[6],[8],[9]).

Definition 3.1. We call a coupling of the canonical N-linear metric connection D to the

induced nonlinear connection Ň along Osc2M̌ the operators
Vi

Ď,(i = 0, 1, 2 ;

V0 = H) defined by the operators
Vi
D,(i = 0, 1, 2;V0 = H) (2.18) with the property

Vi

ĎXa =
Vi
DXa, (i = 0, 1, 2;V0 = H) (modulo 2.13) (3.1)

Here
Vi

ĎXa = dXa +
Vi
ω̌abX

b, ∀X ∈ F
(
Õsc2M

)
. (3.2)

The 1-forms ω̌
(i)

a
b ,(i = 0, 1, 2) are the connection 1-forms of the coupling Ď.

Theorem 3.2. The coupling of the N-linear connection D to the induced nonlinear connec-

tion Ň along Õsc2M̌ is locally given by the set of coefficients ĎΓ
(
Ň
)

=

(
Vi

Ľ
(i0)

a
bδ,

Vi

Č
(i1)

a
bδ,

Vi

Č
(i2)

a
bδ

)
,

(i = 0, 1, 2;V0 = H) where

Vi

Ľ
(i0)

a
bδ =

Vi
L

(i0)

a
bdB

d
δ +

Vi
C

(i1)

a
bdB

d
δ̄
K
(1)

δ̄
δ

Vi

Č
(i1)

a
bδ =

Vi
C

(i1)

a
bdB

d
δ

Vi

Č
(i2)

a
bδ = 0, (i = 0, 1, 2;V0 = H) .

(3.3)

Proof. From (3.1), (3.2), (2.18), and (2.13) we obtain

Vi

Ľ
(i0)

a
bδ =

Vi
L

(i0)

a
bdB

d
δ +

Vi
C

(i1)

a
bdB

d
δ̄
K
(1)

δ̄
δ +

Vi
C

(i2)

a
bδB

d
δ̄
K
(2)

δ̄
δ

Vi

Č
(i1)

a
bδ =

Vi
C

(i1)

a
bdB

d
δ +

Vi
C

(i2)

a
bdB

d
δ̄
K
(1)

δ̄
δ

Vi

Č
(i2)

a
bδ =

Vi
C

(i2)

a
bdB

d
δ , (i = 0, 1, 2;V0 = H) .

and from (2.17) we get (3.3).
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Definition 3.3. We call the induced tangent connection on Õsc2M̌ by the canonical

N-linear metric connection D, the couple of the operators
Vi
D> , (i = 0, 1, 2;V0 = H) which

are defined by
Vi
D>Xα = Bα

b

Vi

ĎXb, for Xa = Ba
γX

γ (3.4)

where
Vi
D>Xα = dXα +XβViωαβ (3.5)

and
Vi
ωαβ , (i = 0, 1, 2;V0 = H) are called the tangent connection 1-forms.

We have

Theorem 3.4. The tangent connections 1-forms are as follows:

Vi
ωαβ =

Vi
L

(i0)

α
βδdu

δ +
Vi
C

(i1)

α
βδδv

(1)δ +
Vi
C

(i2)

α
βδδv

(2)δ, (3.6)

where
Vi
L

(i0)

α
βδ = Bα

d

(
Bd
βδ +Bf

β

Vi

Ľ
(i0)

d
fδ

)
,

Vi
C

(i1)

α
βδ = Bα

dB
f
β

Vi

Č
(i1)

d
fδ,

Vi
C

(i2)

α
βδ = 0, (i = 0, 1, 2;V0 = H) .

(3.7)

Proof. From (3.2),(3.5) and (3.4) we have

Vi
L

(i0)

α
βδ = Bα

d

(
Bd
βδ +Bf

β

Vi

Ľ
(i0)

d
fδ

)
,

Vi
C

(i1)

α
βδ = Bα

dB
f
β

Vi

Č
(i1)

d
fδ,

Vi
C

(i2)

α
βδ = Bα

dB
f
β

Vi

Č
(i2)

d
fδ, (i = 0, 1, 2;V0 = H) .

and from (2.17) we get (3.7).

Definition 3.5. We call the induced normal connection on Õsc2M̌ by the canonical

N-linear metric connection D, the couple of the operators
Vi
D⊥ , (i = 0, 1, 2;V0 = H) which

are defined by
Vi
D⊥Xα = Bα

b

Vi

ĎXb for Xa = Ba
γ̄X

γ̄ (3.8)
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where
Vi
D⊥Xα = dXα +XβViωα

β
(3.9)

and
Vi
ωα
β

, (i = 0, 1, 2;V0 = H) are called the normal connection 1-forms.

We have

Theorem 3.6. The normal connections 1-forms are as follows:

Vi
ωα
β

=
Vi
L

(i0)

α
βδ
duδ +

Vi
C

(i1)

α
βδ
δv

(1)δ +
Vi
C

(i2)

α
βδ
δv

(2)δ (3.10)

where
Vi
L

(i0)

ᾱ
β̄δ

= Bᾱ
d

(
δBd

β̄

δuδ
+Bf

β̄

Vi

Ľ
(i0)

d
fδ

)

Vi
C

(i1)

ᾱ
β̄δ

= Bᾱ
d

(
∂Bdβ
∂uδ

+Bf

β̄

Vi

Č
(i1)

d
fδ

)

Vi
C

(i2)

ᾱ
β̄δ

= 0, (i = 0, 1, 2;V0 = H)

(3.11)

Proof. From (3.2),(3.8),(3.9) and (2.13) we obtain

Vi
L

(i0)

ᾱ
β̄δ

= Bᾱ
d

(
δBd

β̄

δuδ
+Bf

β̄

Vi

Ľ
(i0)

d
fδ

)

Vi
C

(i1)

ᾱ
β̄δ

= Bᾱ
d

(
δBdβ
δv(1)δ +Bf

β̄

Vi

Č
(i1)

d
fδ

)

Vi
C

(i2)

ᾱ
β̄δ

= Bᾱ
d

(
∂Bdβ
∂v(2)δ +Bf

β̄

Vi

Č
(i2)

d
fδ

)
,

(i = 0, 1, 2;V0 = H) and from (3.3) and
∂Bdβ
∂v(1)δ =

∂Bdβ
∂v(2)δ = 0 we have (3.11).

Now, we can define the relative (or mixed) covariant derivatives
Vi
∇, (i = 0, 1, 2;

V0 = H).

Theorem 3.7. The relative covariant (mixed) derivatives in the algebra of mixed d-tensor

fields are the operators
Vi
∇, (i = 0, 1, 2;V0 = H) for which the following properties hold:

Vi
∇f = df, ∀f ∈ F

(
Osc2M̌

)
Vi
∇Xa =

Vi

ĎXa,
Vi
∇Xα =

Vi
D>Xα,

Vi
∇X ᾱ =

Vi
D⊥X ᾱ, (i = 0, 1, 2;V0 = H)
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Vi
ω̌ab ,

Vi
ωαβ ,

Vi
ωα
β

are called the connection 1-forms of
Vi
∇, (i = 0, 1, 2;V0 = H) .

4 The Gauss-Weingarten formulae

In the theory of the submanifolds we are interesed in finding the moving equations of
the moving frame R along Osc2M̌.

These equations, called also Gauss-Weingarten formulae, are obtained when the rel-
ative covariant derivatives of the vector fields from R are expressed again in the frame
R.

Thus we have

Theorem 4.1. The following Gauss-Weingarten formulae hold:

Vi
∇Ba

α = Ba
δ̄

Vi
Πδ̄
α,

(4.1)

Vi
∇Ba

ᾱ = −Ba
δ

Vi
Πδ
ᾱ,

(4.2)

where

Vi
Πδ̄
α =

Vi
H
(0)
α
δ̄
βdu

β +
Vi
H
(1)
α
δ̄
βδv

(1)β +
Vi
H
(2)
α
δ̄
βδv

(2)β

Vi
Πα
δ̄

= gασδδ̄σ̄
Vi
Πσ̄
σ,

(4.3)

and the d-tensors

Vi
H
(0)
α
δ̄
β = Bδ̄

d

(
Bd
αβ +Bf

α

Vi

Ľ
(i0)

d
fβ

)

Vi
H
(1)
α
δ̄
β = Bδ̄

dB
f
α

Vi

Č
(i1)

d
fβ

Vi
H
(2)
α
δ̄
β = Bδ̄

dB
f
α

Vi

Č
(i2)

d
fβ

(4.4)

are the fundamental d-tensors of the second order of manifold Õsc2M , (i = 0, 1, 2,
V0 = H).
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Proof. From (2.15),(2.16) and (2.17) we have

H
∇Ba

α = Ba
α|0βdu

β +Ba
α

(1)

| 0β δv
(1)δ +Ba

α

(2)

| 0β δv
(2)δ

=

(
δBaα
δuβ

+
H

Ľ
(00)

a
bβB

b
α −

H
L

(00)

δ
αβB

a
δ

)
duβ+

+

(
δBaα
δv(1)β + Č

(p1)

a
bβB

b
α − C

(p1)

δ
αβB

a
δ

)
δv(1)β+

+

(
∂Baα
∂v(2)β + Č

(02)

a
bβB

b
α − C

(02)

δ
αβB

a
δ

)
δv(2)β

= Ba
αβdu

β +Bb
α

(
H

Ľ
(00)

a
bβdu

β +
H

Č
(01)

a
bβδv

(1)β +
H

Č
(02)

a
bβδv

(2)β

)
−

−Ba
δ

[[
Bδ
d

(
Bd
αβ +Bf

α

H

Ľ
(00)

d
fβ

)
duβ +Bδ

dB
f
α

H

Č
(01)

d
fβδv

(1)β+

]

+ Bδ
dB

f
α

H

Č
(02)

d
fβδv

(2)β

]
.

Using (4.3) we get the relation (4.1) for V0 = H.

Now, by applying
H
∇ to the both sides of the equations gabB

a
αB

b
β̄

= 0 one get

gabB
a
δ̄

H
Πδ̄
αB

b
β̄ + gabB

a
α

H
ΠBb

β̄ = 0.

Multiplying these relation with Bα
d we obtain

gbd
H
∇Bb

β̄ −B
a
δ̄B

δ̄
dgab

H
∇Bb

β̄ = −Bα
d δβ̄γ̄

H
Πγ̄
α.

But Ba
δ̄
Bδ̄
dgab

H
∇Bb

β̄
= 0. Consequently, we obtain the relations (4.2) for V0 = H.

Analogously, for the operators
Vi
∇, (i = 1, 2) one gets the other relations.

5 Curves in the manifold Osc2M

In this section we construct a Frenet frame and determine the Frenet equations for a
curve in the manifold Osc2M.

The start point of these researchs is the Bejancu and Farran results in case of vertical
bundle of TM ([3]). We construct a Frenet frame and derive all the Frenet equations for a
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curve in the manifold Õsc2M. This enables us to state a fundamental theorem for curves
in manifold Õsc2M.

Let c : t → (xa(t)) a smooth curve in M , t a real parameter and s(t) a parameter
change. On the manifold Osc2M with the local coordinates

(
xa, y(1)a, y(2)a

)
, the curve c

induce a curve C with the property(
xa(t), y(1)a(t) = dxa

dt ,y(2)a (t) = 1
2
d2xa

dt2

)
.

If we change the parameter on C we have

y(1)a(s) = ds
dt
dxa

ds = v(1) dxa

ds ,

y(2)a(s) = 1
2
d
dt(v

(1) dxa

ds ) = 1
2

(
d2s
dt2

dxa

ds +
(
v(1)
)2 d2xa

ds2

)
= 1

2

(
v(2) dxa

ds +
(
v(1)
)2 d2xa

ds2

)
,

(5.1)

where we noted

v(1) =
ds

dt
, v(2) =

d2s

dt2
.

Thus, on C, we may consider the parameters
(
s, v(1), v(2)

)
, and from the above calcul we

get the parametric equations in s:

xa = xa(s),

y(1)a = v(1) dxa

ds ,

2y(2)a = v(2) dxa

ds +
(
v(1)
)2 d2xa

ds2
.

We use notation x′a = dxa

ds and x′′a = d2xa

ds2
, thus the above equations become:

xa = xa(s),

y(1)a = v(1)x′a,

2y(2)a = v(2)x′a +
(
v(1)
)2
x′′a.

The tangent vectors along C are
{
∂
∂s ,

∂
∂v(1) ,

∂
∂v(2)

}
, and their connection with the tan-

gent vectors
{

∂
∂xa ,

∂
∂y(1)a ,

∂
∂y(2)a

}
is obtained by using the Jacobi matrix of these transfor-

mations
∂
∂s = x′a ∂

∂xa + v(1)x′′a ∂
∂y(1)a +

(
v(1)2x′′′a + v(2)x′′a

)
∂

∂y(2)a ,

∂
∂v(1) = x′a ∂

∂y(1)a + v(1)x′′a ∂
∂y(2)a ,

∂
∂v(2) = x′a ∂

∂y(2)a .
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Let (M,F ) a Finsler space and gab(x, y
(1)) = 1

2
∂2F 2

∂y(1)a∂y(1)b the fundamental tensor and

s (t) =
∫ t

0 F
(
x(t), y(1)(t)

)
dt the arc length parameter on C. We have ds

dt = F
(
x(t), y(1)(t)

)
along of curve C. A a consequence of homogeneity of F it fallows that v(1) = ds

dt =

F
(
x(t), y(1)(t)

)
= F

(
x(s), v(1)y(1)(s)

)
= v(1)F

(
x(s), y(1)(s)

)
. We deduce that

F
(
x(s), y(1)(s)

)
= 1, which is true on C restrictioned to the manifold Osc1M ≡ TM.

Let G the Sasaki prolongation of the fundamental tensor gab to the manifold Õsc2M ,
(*),

G = gab
(
x, y(1)

)
dxa ⊗ dxb + gab

(
x, y(1)

)
δy(1)a ⊗ δy(1)b+

+gab
(
x, y(1)

)
δy(2)a ⊗ δy(2)b

and DΓ (N), the canonical N-linear metric connection on the manifold Osc2M, with the
coefficients

L
(i0)

a
bc = 1

2g
ad

(
δbgcd + δcgbd − δdgbc

)

C
(i1)

a
bc = 1

2g
ad

(
δ1bgcd + δ1cgbd − δ1dgbc

)
C

(i2)

a
bc = 0,

(i = 0, 1, 2) (5.2)

and ∇
(i)
, (i = 0, 1, 2) the covariant derivatives operators.

Let

gb
a
c =

1

2
gad

∂gbd
∂y(1)c

(5.3)

and BΓ (N) , the N -linear connection of Berwald type with the coefficients

(
b
L

(00)

a
bc,

b
L

(10)

a
bc,

b
L

(20)

a
bc,

b
C

(01)

a
bc,

b
C

(11)

a
bc,

b
C

(21)

a
bc,

b
C

(02)

a
bc,

b
C

(12)

a
bc,

b
C

(22)

a
bc

)
(5.4)

where
b
L

(00)

a
bc = L

(00)

a
bc

b
L

(10)

a
bc = B

(11)

a
cb

b
L

(20)

a
bc = B

(22)

a
cb,

b
C

(01)

a
bc = 0

b
C

(11)

a
bc = C

(11)

a
bc,

b
C

(21)

a
bc = 0,

b
C

(02)

a
bc = 0,

b
C

(12)

a
bc = 0,

b
C

(22)

a
bc = C

(22)

a
bc = 0,

(5.5)
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where L
(00)

a
bc, C

(11)

a
bc , C

(22)

a
bc and B

(11)

a
bc , B

(22)

a
bc are given by the formulas (5.2) and (2.8),

B
(11)

a
bc = δ1cN

1

a
b, B

(12)

a
bc = δ1cN

2

a
b − δbN

1

a
c +N

1

a
f B

(11)

f
bc,

R
(12)

a
bc = δ1cN

1

a
b − δ1bN

1

a
c.

Then, we have

G
(

∂

∂v(2)
,

∂

∂v(2)

)
= gab (x (t) , ẋ (t))

dxa

dt

dxb

dt
. (5.6)

If we take the paramater s, it fallows that

G
(

∂

∂v(2)
,

∂

∂v(2)

)
= gabx

′ax′b = F 2(x(s), y(1)(s)) = 1. (5.7)

We study geometric objects along curve C in points(
xa (s) , y(1)a (s) , y(2)a (s)

)
where v(1) 6= 0.

An other consequence of homogeneity of F is that gab, g
ab and

H
L

(00)

a
bc (2.15) (or L

(i0)

a
bc, (i =

0, 1, 2) from (5.2)) are positive homogeneous of degree zero, while Ga, Gab and gb
a
c, (5.3),

are positive homogeneous of degrees 2, 1 and −1. The functions Ga (2.2) are

Ga
(
x, y(1)

)
=

1

4
gab
(
x, y(1)

)( ∂2F ∗

∂y(1)b∂xc
y(1)c − ∂F ∗

∂xb

)(
x, y(1)

)
, F ∗ = F 2.

We deduce:
gab
(
x (s) , v(1)x′ (s)

)
= gab (x (s) , x′ (s)) ,

gab
(
x (s) , v(1)x′ (s)

)
= gab (x (s) , x′ (s)) ,

(5.8)

x′b (s) L
(00)

a
bc

(
x (s) , v(1)x′ (s)

)
= x′b (s) L

(00)

a
bc

(
x (s) , x′ (s)

)
= Gac

(
x (s) , x′ (s)

)
, (5.9)

x′b (s)Gab

(
x (s) , v(1)x′ (s)

)
= v(1)x′b (s)Gab

(
x (s) , x′ (s)

)
= 2v(1)Ga

(
x (s) , x′ (s)

)
,

(5.10)
x′b (s) gb

a
c (x (s) , x′ (s)) = 0,

gb
a
c

(
x (s) , v(1)x′ (s)

)
= 1

v(1) gb
a
c (x (s) , x′ (s)) .

(5.11)

Remark 5.1. Here and in the sequel we use the vector notations x (s) and x′ (s) to
represent the vectors

(
x0 (s) , ..., xm (s)

)
and

(
x′0 (s) , ..., x′m (s)

)
, respectively. Also, the

components of a geometric object T abc...def... at the point (x (s) , x′ (s)) we denote them by

T abc...def... (s) .
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We say that a vector field X ∈ X
(
Õsc2M

)
along Osc2C is projectable on C if locally

at any point
(
x (s) , v(1)x′ (s) , y(2)a (s)

)
∈ Õsc2C we have

X
(
x (s) , v(1)x′ (s) , y(2)a (s)

)
= X(0)a (s)

δ

δxa

(
x (s) , v(1)x′ (s) , y(2)a (s)

)
(5.12)

+X(1)a (s)
δ

δy(1)a

(
x (s) , v(1)x′ (s) , y(2)a (s)

)
+X(2)a (s)

∂

∂y(2)a

(
x (s) , v(1)x′ (s) , y(2)a (s)

)
,

or, equivalently, the local components of X at any point of C depend only on the arc
length parameter s of C. The above name is justified because X given by (5) on Osc2C
defines a vector field X∗ on C by the formula

X∗ (x (s)) = X(2)a (s)
∂

∂xa
(x (s)) .

Thus X∗ (x (s)) can be considered as the projection of the vector field
X
(
x(s), v(1)x′(s), y(2)a(s)

)
on the tangent space TM at x (s) ∈ C. As an example, ∂

∂y(2)a

is a projectable vector field. Also we shall see later that a Frenet frame for a curve on the

manifold Õsc2M contains only projectable vector fields.

Let DΓ (N), the canonical N -linear metric connection (5.2) and BΓ (N), the N -liniar

connection on Berwald type from (5.4), and
c
∇
(i)

,
b
∇
(i)

, (i = 0, 1, 2) are the covarant derivatives

of these N-linear connections.

Proposition 5.2. The covariant derivatives of any projectable vector field X in the direc-

tion of δ
δv(1) or ∂

∂v(2) with respect to DΓ (N) and BΓ (N) vanish identically on Õsc2C, that
is we have (

∇ δ

δv(1)
X

)(
x (s) , v(1)x′ (s) , y(2)a (s)

)
= 0,

(
∇ ∂

∂v(2)
X

)(
x (s) , v(1)x′ (s) , y(2)a (s)

)
= 0,∀s ∈ (−ε, ε) ,

where ∇
(i)

are
c
∇
(i)

or
b
∇
(i)

, (i = 0, 1, 2) .

Proof. We have ∇
(i) δ

δv(j)

X

(x (s) , v(1)x′ (s) , y(2)a (s)
)

=

X(0)a (s)
(j)

| 0

δ

δxa
+X(1)a (s)

(j)

| 1

δ

δy(1)a
+X(2)a (s)

(j)

| 2

∂

∂y(2)a
,
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where

X(i)a (s)
(j)

| i = X(i)b (s)x′c C
(ij)

a
bc = 0,

since for the above N-linear connections we have either

C
(ij)

a
bc = gb

a
c or C

(ij)

a
bc = 0,

where i ∈ {0, 1, 2} , j ∈ {1, 2} , δ
δv(2) = ∂

∂v(2)a .

Hence, in particular, we have

∇
(i) δ

δv(1)

∂

∂y(2)a
= 0,∇

(i) ∂

∂v(2)a

∂

∂y(2)a
= 0,

wich enables us to state that the ”vertical” covariant derivatives along C with respect to
the canonical N -linear metric connection and of the Berwald type (5.4) do not provide any
Frenet frame for C. Hence we have to proceed with the horizontal covariant derivatives
along C.

From (2.5), we get

∂

∂s
=
dxa

ds

δ

δxa
+ v(1)

[
d2xa

ds2
+ 2Ga (s)

]
δ

δy
(1)a

+ v(2)

[
d2xa

ds2
+ 2G̃a

(
s, v(1)

)] ∂

∂y(2)a
, (5.13)

where G̃a
(
s, v(1)

)
= 1

2v(2)

(
dxb

ds M2
a
b + d2xb

ds2
Gab (s) v(1) + d3xa

ds3

(
v(1)
)2)

.

The canonical N -linear metric connection is the best choice for studying the geometry

of curves in the manifold Õsc2M. First, by direct calculation we get

∇
(i) ∂

∂s

∂

∂v(2)
=

(
d2xa

ds2
+ 2Ga (s)

)
∂

∂y(2)a
, (5.14)

On the other hand, using (5.7) and taking into account that DΓ (N) is a metric N-linear
connection we obtain

G

(
∇
(i) ∂

∂s

∂

∂v(2)
,

∂

∂v(2)

)
= 0, (i = 0, 1, 2). (5.15)

As a consequence of (5.15) we may set

∇
(i) ∂

∂s

∂
∂v(2) = k1N1, (5.16)

where N1 ∈ V2T
(
Osc2C

)⊥
, and

k1 =

∥∥∥∥∥∇(i) ∂
∂s

∂
∂v(2)

∥∥∥∥∥ , (5.17)
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for i = 0, 1, 2 and ‖X‖ = G (X,X), ∀X ∈ X
(
Õsc2M

)
. By (5.14) we infer that

k1 =
{
gab (s) (x”a + 2Ga (s))

(
x”b + 2Gb (s)

)}1/2 (5.18)

and it call the geodesic curvature (first curvature) function of C. If k1 (s) 6= 0, ∀s ∈
(−ε, ε) we call

N1 =
1

k1 (s)
(x”a + 2Ga (s))

∂

∂y(2)a
= N1 (s)

∂

∂y(2)a
, (5.19)

the principal (first) normal of C. Clearly, N1 is a projectable vector field along C. Actu-
ally, this is a consequence of the following general result.

Proposition 5.3. The covariant derivatives of a projectable vector field X along C with
respect to the canonical N-linear metric connection in the direction of ∂

∂s is a projectable
vector field too, given by

∇
(i) ∂

∂s

X =
[
dX(0)a

ds +X(0)bSab (s)
]

δ
δxa+

+
[
dX(1)a

ds +X(1)bSab (s)
]

δ
δy(1)a+

+
[
dX(2)a

ds +X(2)bSab (s)
]

∂
∂y(2)a , (i = 0, 1, 2)

(5.20)

where
Sab (s) = Gab (s) + (x”c + 2Gc (s)) gb

a
c (s) . (5.21)

Proof. The assertion fallows by direct calculation using (5.13), (5.9) and (5.11).

Next, suppose that n+1 > 2. Since DΓ (N) is the canonical N -linear metric connection,

from G (N1, N1) = 1 and G
(

∂
∂v(1) , N1

)
= 0 using (5.16) we deduce that

G

(
∇
(i) ∂

∂s

N1, N1

)
= 0 , G

(
∇
(i) ∂

∂s

N1,
∂

∂v(2)

)
= −k1, (i = 0, 1, 2) .

Hence we may set

∇
(i) ∂

∂s

N1 = −k1
∂

∂v(2)
+N, (5.22)

where N ∈ V2Osc
2C⊥.

Thus we may define the next function

k2 =

∥∥∥∥∥k1 (s)
∂

∂v(2)
+∇

(i) ∂
∂s

N1

∥∥∥∥∥ .



Gauss-Weingarten and Frenet equations in the theory of the homogeneous lift.. 75

Then by straightforward calculation using (5.19) and (5.20) we infer that

k2 =
{
gab (s)

(
k1x
′a +N ′a1 +N c

1S
a
c

) (
k1x
′b +N ′b1 +Nd

1S
a
d

)}1/2
. (5.23)

The function k2 is called the second curvature function of C.
If k2 (s) 6= 0, ∀ (−ε, ε) we define the vector field

N2 =
1

k2 (s)

(
k1 (s)

∂

∂v(2)
+∇

(i) ∂
∂s

N1

)
.

Hence, (5.22) becomes

∇
(i) ∂

∂s

N1 = −k1
∂

∂v(2)
+ k2 (s)N2 (s) , (i = 0, 1, 2).

We suppose inductively that there exist orthonormal projectable vector fields{
N0 = ∂

∂v(2) , N1, .., Nj

}
and nowhere zero curvature functions {k1, k2, .., kj}, 1 ≤ j ≤ n,

such that the following equations hold

(F1) ∇
(i) ∂

∂s

N0 = k1N1,

(F2) ∇
(i) ∂

∂s

N1 = −k1N0 + k2N2,

... ... ... ... ... ...

(Fj) ∇
(i) ∂

∂s

Nj−1 = −kj−1Nj−2 + kjNj , (i = 0, 1, 2).

(5.24)

Then by using the Proposition 5.3 and following a proof similar to that of the Finsler
case (cf. Bejancu, Farran [3], p.156), for any j < n we obtain

(Fj+1) ∇
(i) ∂

∂s

Nj = −kjNj−1 + kj+1Nj+1,

where

kj+1 =
{
gab (s)

(
kjN

a
j−1 +N

′a
j +N c

jS
a
c

)(
kjN

b
j−1 +N

′b
j +Nd

j S
b
d

)}1/2
. (5.25)

Moreover, the system of vector fields {N0, N1, .., Nj} is an orthonormal set of projectable
vector fields along C.

If j = n, then {N0, N1, .., Nj} is an orthonormal basis of XV2T
(
Osc2C

)⊥
. As ∇

(i) ∂
∂s

Nn

is orthogonal to Nn, the equation (Fj+1) becomes

(Fn+1) : ∇
(i) ∂

∂s

Nn = −knNn−1, (i = 0, 1, 2) .
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We call the system of vector fields {N0, N1, .., Nn} and the equations
{(F1) , ..., (Fn+1)} the Frenet frame and the Frenet equations along C respectively.
If kj = 0 on (−ε, ε) , for some j < n, then we can not define Nj . Thus the equation (Fj)
becomes

(Fj)
′ : ∇

(i) ∂
∂s

Nj−1 = −kj−1Nj−2, (i = 0, 1, 2) .

Thus, in the case in wich there exist nowhere zero curvature functions {k1, k2, .., kj−1}
on (−ε, ε) and kj is everywhere zero on (−ε, ε) , then we have constructed the Frenet frame
{N0, N1, .., Nj−1} satisfying the Frenet equations

{
(F1) , ..., (Fj−1) , (Fj)

′} . We obtain the

following fundamental theorem for curves in the manifold Õsc2M.

Theorem 5.4. Let
(
x0, y

(1)
0 , y

(2)
0

)
=
(
xa0, y

(1)a
0 , y

(2)a
0

)
be a fixed point of the manifold

Õsc2M, {V0, V1, .., Vn} an orthonormal basis of V2T
(
Õsc2M

)
and

k1, k2, .., kn : (−ε, ε) → R be everywhere positive smooth functions. Then exists
a unique curve C on given by equations xa = xa (s), y(1)a = y(1)a (s), y(2)a = y(2)a (s), s ∈
(−ε, ε), where s is the arc length parameter of C, such that(
xa (0) , y(1)a (0) , y(2)a (0)

)
=
(
xa0, y

(1)a
0 , y

(2)a
0

)
and k1, k2, .., kn are the curvature func-

tions of C with respect to the Frenet frame {N0, N1, .., Nn} wich satisfies Nh (0) = Vh,
h ∈ {0, ..., n} .

Proof. We can use the Theorem 2.1,[3], p.158

Remark 5.5. 1. If we consider the homogenneous lift
0
G, (2.9), we obtain

0
G
(

∂

∂v(2)
,

∂

∂v(2)

)
= p4

and (5.15) becomes

G
(
∇ ∂

∂s

∂

∂v(2)
,

∂

∂v(2)

)
= 0.

2. The curvature geodesic functions become

0
kj+1 =

{
g

(2)
ab (s)

(
kjN

a
j−1 +N

′a
j +N c

jS
a
c

)(
kjN

b
j−1 +N

′b
j +Nd

j S
b
d

)}1/2

= p2kj+1,, (j = 0, 1, ..., n− 1).
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