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AN ANALYSIS OF (0,1,2;0) POLYNOMIAL INTERPOLATION
INCLUDING INTERPOLATION ON BOUNDARY POINTS
OF INTERVAL [—1, 1]

Yamini SINGH*! and R. SRIVASTAVA?

Abstract

In this paper, we survey an interpolation on polynomials with Hermite
conditions on the zeros of ultraspherical polynomials at interval [-1,1]. Our
aim is to demonstrate the existence, uniqueness, explicit representation and
convergence theorem of the interpolatory polynomials, which are the zeros
of the polynomials pP (z) and Pékjil)(x) respectively, where piP (z) is the
ultraspherical polynomial of degree n.
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1 Introduction:

In 1959, R.B. Sexna [6] modified the (0,2) interpolation problem of [1] including
the conditions R,”(+1) and R,"”(—1) on knots [6](2.1). She considered a
interpolatory polynomial fo,+1(x) of degree at most 2n+1, which satisfied the
conditions [6](2.2) on the zeros of the polynomial II(z)=(1 — 2?)P,_1'(z). Later,
L.Szili [10] studied the above problem of (0,2) interpolation on the roots of all
classical orthogonal polynomials with respect to its existence, uniqueness and
explicit form. His problem [10] was studied by M. Lenard [5] including additional
interpolatory conditions.

Further, R. Srivastava and Y. Singh [9] investigated the problem of (0;1)
interpolation on the knots [9](1) with interpolatory conditions [9](2)-(5) on the
zeros of polynomials P:C_ng)/(a:) and ng{l)(:c) respectively. Later, the authors
[8], [7] extended the above problem at the zeros of ultraspherical polynomials
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including the hermite conditions.
The convergence of this interpolation process was studied by Xie [12], if f €
C"[—-1,1] for z € [-1,1], then

1F(2) = Romsa (a5 /)] = O (") w (f(”); 1) | (L.1)

n

For k > 1 Lenard [3] proved that if f € C"[-1,1] for = € [-1,1] ,then

) = Rl ] = 0 (74 (0 7). (1.2

For k > 0 Lenard [4] proved that if f € C"[—1,1] for x € [-1,1] , then
1
@) = R ) = 0 (7)o (10 1), (13)

1
that is, if f € C**2[-1,1] , f**2 € Lipa , a > 3 then R, (z; f) and R, (x; f)
uniformly converges to f(z) and f'(z) respectively on [-1,1] , where w(f{),.)

denotes the modulus of continuity of the r** derivative of the function f(x).

The aim of this paper is to extend the study of problem [7] to the case of
(0,1,2;0) interpolation with Hermite-type boundary conditions at interval [—1, 1].
The following problem is given.

Problem:
Let the set of knots be given by
—l=z) <zp<zy_; <Tp-1<... <zri<zi<zy=1, n>2 (1.4)

where {x;}7, and {z}}"_]' are the roots of ultraspherical polynomials p (x)
and Pyil)(:r) respectively, then on the nodal points (1.4) there exists a unique
polynomial R,,(x) of degree at most m=4n + 2k + 1 satisfying the following
interpolation conditions i.e

R;n(ml) = yi// (Z = 1727 "'7n)7
Rn(z]) =y, (i=1,2,....,n—1),

R (z) =y (i=1,2,..,n), 1.6
! 1.7
8

with (Hermite) boundary conditions

RO =y (1=0,1,...,k), (1.9)

m
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RO(—1) =8 (1=0,1,..k+1), (1.10)

where v;, vi’, vi”, yf, oy and [; are arbitrary real numbers and k is a fixed
non-negative integer. In section 2 and section 3, we give some preliminaries
and prove explicit representation respectively. Existence and uniqueness of the
interpolational polynomial are proved in section 4. Furthermore, the estimation
of the fundamental polynomials and convergence theorem are proved in section 5.

2 Preliminaries:

Let P (x):P,(lk’k) (x) (k > —1,n > 0) denote the ultraspherical polynomial of
degree n. We refer to [11] (4.2.1).

(1 -2 PP (2) — 20(k + )PP (2) + n(n+ 2k + NP (2) =0,  (2.1)
/ n+2k+1 k
PR (z) = (Q)Pnjl”(x), (2.2)
PP (@) = O(n*), =€ [-1,1], (2.3)
kil 1
(12?271 P ()| = O(ﬁ), (2.4)
The fundamental polynomials of Lagrange interpolation are given by:
plkt1)
I(z) = n-1 (@) (2.5)
J k1)« *
Pnfl (ZE]-)(Z‘—:L'j)
and
(k) = (k) n—1
L) = o - T 2 ORE () P (), (2.6)
P (zi) (e — ) (—ai{Pa ()} v=0 lw
where -
" T T+ ) (n42k+1) " '
h(k) _ 22k+1 1’\2 (I/ +k+ 1) ~ % (1/ > 0)7 (2 8)
Yo 242k + )T+ DT (v +2k+1) | =ws (v=0), '

where the constants wi and wy depend on k.

0 if i#j
lj(l‘i):(sij:{ A (2.9)
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v 0 if i#j
(27) = 0y = : 2.1
U (x7) = dij { L img (2.10)
P (z)) .
——=—— when i # j
I (2) =4 P (@) (ai—ey) (2.11)
2kt when i = j
(1—22) ’ ’
L) = 41‘3(]{} +1)(k+2) _[n(n+2k+1)—2(k+1) (2.12)
P (1 - ) 3(1 - z;?) ' '

Ifog > 29 > ... > x,, are the roots of P7(Lk) (x), then the following relations hold
[8].

5 (z20),
(1—a%) ~ (2.13)
D (2 <0),
::%2 (z; = 0),
P @~ e (2.14)
ﬁ (z; <0).

3 Explicit representation of interpolatory polynomials:

The polynomial R,,(x) can be explicitly written as

ZA y]—l—ZB T)y; +Z(‘3 y]”+ZD

k k+1
Z Oé] +Z? 5]) (31)
7=0 7=0

which satisfies the conditions (1.5) - (1.10), where A;j(z) and Dj(z) are the
fundamental polynomials of first kind, @j(m) and éj(x) are the fundamental
polynomials of second kind and third kind respectively. éj(x) and 5’](@ are
the fundamental polynomials which correspond to the boundary conditions each
of degree < 4n + 2k + 1, uniquely determined by the following conditions, which
shown in following tables.
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Interpolatory conditions for first kind of fundamental

Table 1:
polynomials flj (x)
| For j=1,2...n
Aj(@i) = 05
Al(z:) =0 i=1,2..,n
A (z:) =0
| A =0 |i=12.,n—1]
| AVm=0] 1=01.k |

Interpolatory conditions for second kind of fundamental

Table 2:
polynomials ff%](:c)
| For j=1,2...n
Bi(xi) =0
%;(mi)zéﬂ i=1,2..,n
B (z:) = 0
| B@) =0 |i=12.n-1]
EXOED =01k |
301 =0]1=01.k+1]

Table 3: Interpolatory conditions for third kind of fundamental

polynomials C ()

’ For j=1,2...;n

€j(:) =0
Ci(x:) =0 i=1,2..,n
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Table 4: Interpolatory conditions for first kind of fundamental

polynomials D j(x)

Table 5: Interpolatory conditions for the fundamental polynomials éj (x)

which correspond to boundary conditions

| For j=0,1....k
&i(x) =0
&(x:) =0 i=1,2..,n
&(x:) =0
&) =0 |i=12.n-1
W) =6 | 1=01.k |
EV(1)=0]1=01...k+1]

Table 6: Interpolatory conditions for the fundamental polynomials f;"j (x)

which correspond to boundary conditions

Fi(zi) =0

v/~;1:i:0 i=1,2...n

]( ) b b
u;’(mi) =0

5i(27) =0 [i=1,2.,n—1]
FPm=0 [ 1=01.k |
TO(-1) =6, | 1=0,1.k+1 ]
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The explicit forms are given in the following Lemmas.

Lemma 3.1. The fundamental polynomials flj(a;), for j=1,2, ..., n satisfying the
interpolatory conditions (Table 1.) are given by:

Aj(@) = {C1 + Colx — )} (1 — 2?2 {1 () PP (2) + C3By(2),  (3.2)

n

where )
G, = - : (3.3)
(1—z,2)k+2PF 0 ()

e z;2(k +1)(5k + 1)
Q—W{(n2+2nk+n—k)— J ) }, (3.4)
s 1 (n? +2nk +n — k) 4 jk*
Bkt { zj = -’Iij)} (35)

and ﬁj (x) are given in Lemma 3.2.

Lemma 3.2. The fundamental polynomials %j(x), for j=1,2. ... n satisfying the
interpolatory conditions (Table 2.) are given by:

Bj(2) =Ca(1 +2)(1 — 22)* P () P (2) {1 (2) )

+C585(a), (36)
where
Gy — (n+2k+1) / ’ (3.7)
2(1 +a)(1 — 2,2)+{ P (2) )2
© (=) +33(k+ 1)
o= 9

and éj (x) are given in Lemma 3.3.

Lemma 3.3. The fundamental polynomials éj (), for j=1,2,...,n satisfying the
interpolatory conditions (Table 3.) are given by:

G (U ) Uk s G G} COUTCO NN
41+ ) (1 — a2 P ()

Lemma 3.4. The fundamental polynomials ﬁj(a:), for 7=1,2,...,n—1 satisfying
the interpolatory conditions (Table 4.) are given by:

— k (k) T (o
by~ LD = AP @) 10

(1+a3)(1 — a3+ { A (25))
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Lemma 3.5. The fundamental polynomials & j(x), for j=0,1, ..., k which correspond
to the boundary conditions, satisfying the interpolatory conditions (Table 5.) are
given by:

Ei(x) = (1— 2V (1 +2) 2P (2) PP (2)55 (), (3.11)

where p;(z) is a uniquely determined polynomial of degree < k — j.

Lemma 3.6. The fundamental polynomials f;rj(:r), for j=0,1,....,k + 1 which
correspond to the boundary conditions, satisfying the interpolatory conditions
(Table 6.) are given by:

For j=0,1....k

Fi(a) = (L+2) (1 — )" PP ()P P (2) i (), (3.12)

where ¢;(x) is a uniquely determined polynomial of degree < k+1 — j,
for j=k+1

(1 — 22 PP (@) PP ()

Tl = 2k+1(k + DY P (—1)13PH Y (—1)

(3.13)

Proof of Lemma 3.1. - Lemma 3.6.

Proof. We consider ®J($) = Cs(1 +2)(1 — 932)]“+1{P,§k) (:v)}?’l;‘(w) which satisfies
the conditions (Table 4.). Now, we can see that when i # j, then ﬁj(xj) =0,
when ¢ = j, then

Dj(af) = Co(1+ ) (1 — ;)PP (2)) 1 («5) = 1,
by using (2.10), we find that

1
(1+a3)(1 — 232k PP (a))s

Co —

then we get Lemma 3.4. In similar way, we can also prove Lemma 3.3, which
satisfies the conditions (Table 3). Next, we assume that

Bj(x) =Ca(1 +2)(1 — 22)F L PE) () P (2) {1 (2) )2
+ éf)éj ($),
from Table 2, we see that ﬁ;(x)h:xl =0, when i # j.

If i=j and by using (2.9), we have

v

B (@) pme, = Ca(1+ 27)(1 — ;) PO () P (2) = 1, (3.14)

n—1
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then we get the value of Cy (3.7). Furthermore, if i # j then ﬁ;’(xz) = 0 and if
i=j, we find it
% 5 ! k+1 ! k+1)!
B(wg) = Call =) 2P @) P ) 200+ P ) B ()
+ (14 2) P () PO ()} + s =0,

n

(3.15)
by using (2.9), (2.11) and table 3.( é;’(xj)zl).
Now, from (2.1) and (2.2), we have
2,k + VP ()
p® (0 J g 1
n (.’L']) (1 o x]g) (3 6)
and (k+1)
2zj(k+1)P ;

(1 — ;%)
Substituting the value of Cy, value of (3.16) and (3.17) in equation (3.15), then
we obtain the value of C5 (3.8). Hence, finally we obtain Lemma 3.2. As using the
above process, we can also find Lemma 3.1. Next, from Table 5. éj(:c) satisfies
the interpolatory conditions. It is clear that égl)(l):O for i =0,...; —1. Now, we
write the polynomial p;(z) from (3.11) in the form

piw) =af +af’ (1 — o) + ..+ &) (1 - 2)F .

The coefficients of the polynomial p;(x) are determined by the system

2 (l d' k1),
D) = [0 =2y (14 2 RO @) PRI @) (@)
= 5][ (l=7,0+1,.,k).
Similar to above process, we can also prove Lemma 3.6. ]

4 Existence and uniqueness

Theorem 4.1. Tf {y;}7, , {vi'}y, {v/" Yy, {vibi, {oy}f, and {Bl}k+01 are
given real numbers, k > 0, n > 2 are arbitrary fixed integers, then on the nodal

points (1.4) there exists a unique polynomial R,,(z) (can see in (3.1) ) of degree
at most 4n + 2k + 1 satisfying the conditions (1.5) - (1.10).

Proof. By Lemma 3.1 to Lemma 3.6, we can see that polynomial R,,(z) in (3.1)
satisfies the conditions (1.5) - (1.10), which proves the existence of interpolational
polynomial Ry, (x). For the uniqueness we assume that there is another polynomial
Rr.(z) of degree at most m=4n+2k+1 which also satisfies the conditions. Then
the polynomial Q,,(z) = R, (x) — R}, (x) satisfies the equations

Qu(x;) =0, Q (x;) =0, Q" (2;) =0 (i=1,2...,n), (4.1)
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Qu(zf)=0 (i=1,2...,n—1), (4.2)
oMy=0 (1=0,1...,k) (4.3)

and
oW(—1)y=0 (1=0,1,..k+1), (4.4)

so it can be written in the form

O(w) = (1= &)1 P (2) P (@) gon (), (4.5)

n—1

where go,(x) is a polynomial of degree at most 2n. Now, we can see that the
conditions Q,,(x;) = 0 and Q,,(x}) = 0 satisfy in (4.5). Furthermore,

Q' (2;) = (1 — 22 PO () PE D (3 gon () = 0, ice gon(a;) =0 (4.6)

n—1
and
/
Q" (z;) = 2(1 — 22)* PO () PEY () gon (23) = 0 (4.7)
that is
gon' () =0, for i=1,2...,n. (4.8)

It is possible in that case when go,,/ () = 0, so gon(x) = a, hence
Qn(2) = a(l — ) PO @) P (@), (4.9)
from equation (4.4) and (4.9), we find it

QU (1) = a2 (k + 1)IPM (—1) P (1) = 0

—a=0,

therefore Q,,(z) = 0, which proves the uniqueness. O

5 Estimation of the fundamental polynomials.

Theorem 5.1.If £ > 0, n > 2 , for the first derivative of the first kind
fundamental polynomials {D; (an)}?:_l1 on [-1,1] holds

n—1

> (1 =23 D)) = O(n* ). (5.1)

=1

Proof. From equation (2.1) and (2.2), we have

1— xsf2 P(k+1)l T*
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Differentiating (3.10), we have

n—1

Y (=2 Dj()| = m + 02+,

J=1

where we use the decomposition (2.5) in 71 for I7(z) and from (5.2), we get

n-lgn3 (l—x )(1 +g;){1_x_|_2$(k_|_1)}(1_$) |P(k( Ik Xﬁk-;-ln

i (1—a:2) 55 P (o)ps

n—2
]' *
X {’Yl‘i‘zh(km(l—%g) |Pk+1)( ])|(1—932) 4’Pk+1 ’}
v=1 v

where ~; is a constant, independent of n, by (2.3), (2.4), (2.8), (2.13) and (2.14),
we have

m <

m = O(n2k+2).

Again use the decomposition (2.5) in ny for 7 (z), we get

<n§jll2” 26+ ><1—x><1+m><1 2) 55 | P () PR () By
b (122 R )l

*2) +%

{”“Z _kﬂ PEFD (29)|(1 = 22) 55| PHD (o >|},

where 7, is a constant, independent of n, by (2.3), (2.4), (2.8), (2.13) and (2.14),
we find
Ny = O(’I’L2k+4).

As such, to use the decomposition (2.5) in 0 for [5(x), we obtain
ng = O(n2k+3).
Hence, the theorem is proved. O

Theorem 5.2. If £ > 0, n > 2, for the first derivative of the third kind
fundamental polynomials {éj(x)}?zl on [-1,1] holds

> 1€ ()] = O(n*F3). (5.3)
j=1

Proof. Taking derivative and applying the sum (for j =1 to j =n) in (3.9), we
have

Z\Gl =G+ G+ G+,
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where we use the decomposition (2.6) in (; for [;(x), we have

G <3 (2 D0 (Lol o 2k 4 1)} o3RO @)
= 40 =) EE P )

x (12275 | P @) AP {73+Z iRk (%)!PV('“)(%)!},

where 73 is a constant, independent of n, by (2.3), (2.4), (2.8), (2.13) and (2.14),
we obtain

¢ = O(n?h).

Further use the decomposition (2.6) in ¢y for I;(x), we have

G <
i (n+2k+1)%(1—2)) (1+2) (1—2%) 24| P (2)| (1—22) 5 [ P (2) PRy
ot 41— ¥ P ()P

{74+Z il pfk (%)HPV('“)(JJ)I},

.

where 74 is a constant, independent of n, by using (2.3), (2.4), (2.8), (2.13)
and (2.14), we obtain

CQ — O(n2k+2),

similarly using the decomposition on (3 and (4, we have
C3 = 0n*3) and ¢4 = O(n*+2).

Hence, the theorem is proved. O

Theorem 5.3.If £ > 0, n > 2 | for the first derivative of the second kind
fundamental polynomials {‘B (z ) , on [-1,1] holds

i
> B)(x)] = O(n* ). (5.4)
j=1

Proof. Differentiating (3.6), using (3.7) and (3.8), we have

Z\B’ =& +&+E&+8&+6&,



An analysis of (0,1,2;0) polynomial interpolation 171

where &; is used in decomposition (2.6) for [;(x), we have

- 1
< - (n+2k+1D)(1 —2:)(1+=x
&1 _;:1 21— x?)§+%]P(k) (x)]}ﬁ (n+ 2k + 1)( )1+ )

x{l—x+2m<k+1>}<1—x> PO (2)|(1 - 22) 31 P (@) | {RK))?

n—1n—1
{ BEY D 2)’5+i\P5k><xj>r}21P£k><x>|2},

k)
Vlulh'(

where 75 is a constant, independent of n,
by using (2.3), (2.4), (2.8), (2.13) and (2.14), we obtain

él — O(n2k+1).

In such a way, & is also used in decomposition (2.6), we get

3

Eni (n+ 2k +1)(1 — 2;)(1 + 2)(1 — 22) 5+ PED ()| PP (@) (AP y2

k, 3 /
2{(1 - 22)5+5 P ()]}

s

v=

§ <

n—

1
— 2225 PO () [2(1 — %) 35 | Pk <>|},
1

v=

where 4 is a constant, independent of n, by (2.2), (2.3), (2.4), (2.8), (2.13)
and (2.14), we obtain

62 — O(n2k+3)7

similarly using the decomposition on &3 and &4 for [;(z), we have
& =00 | & =0m*")

and
n

&s :Z!C%]é;(x)\,

j=1
from (3.8) and (5.3), we obtain

& = O(n**).
Hence, the theorem is proved. O

Theorem 5.4.If £ > 0, n > 2 , for the first derivative of the first kind
fundamental polynomials {fvlj(:c)}?:l on [-1,1] holds

n

> (1= ad)|Aj(x)| = On**). (5.5)

Jj=1
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Proof. Differentiating (3.2), using (3.3), (3.4) and (3.5), we have

n
> (1 =2 Aj(x)] =1 + 52+ 53+,
j=1

where we use the decomposition (2.6) in ¢; for [;(z), we have

" b(n+ 2k + 1)(1 — w2>(1 — 22)5 5 P ()| (A3

<1§Z

s 2(1 — x3> PO ()7

n—1n—1n—1
k1 k1
{wZZZ 2>2+4|P,5’f><xj>|}3<1—z2>2+4|P5’“><x>|3},

(k
Vll/ll/lh

where 77 is a constant, independent of n and

1
b=—— {2+ 2mk+n—k) -
xj(3k+1){(n + 2nk +n — k)

z;%(k +1)(5k + 1) } (5.6)

(1—x;?)

by using (2.3), (2.4), (2.8), (2.13), (2.14) and (5.6), we obtain
G = O(n2k+4).

Now, next part of partial sum is

D toa(h 4 I PH) @) + (1 — 22) P (@)

= n—|—2k+1{1+b(
g )’“+2|P ()|
><(1— )’““Ilj( )P, (5.7)

by using the decomposition in ¢ for [;(z), we find it
v {20(k+2)(1 - 255 P (@) + 30+ 26+ 2)(1 - 22) P (o)}
= 21 - o) | P ()7

X (n+ 2k + 1){1 + b(z — x;)}{hF}?

n—1n—1n—1
{wZZZ s (! 23) 3 PP )1 - 2?25 PO (@) }

v=1v=1v= 1{h

G <

where vg is a constant, independent of n, by using (2.3), (2.4), (2.8), (2.13), (2.14)
and (5.6), we obtain
G = O(n2k+5).

Similarly in a way, using the decomposition (2.6) in ¢3, we have

Gy = O(Tl/2k+6)
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and

= 1Cs1(1 - 22)[B (@),

=1

by (2.13), (3.5) and (5.4), we obtain
G = O(n2k+6).

Hence, the theorem is proved. O

Main Theorem:

Let k > 0 be a fixed integer, m=4n+2k+1 and let the knots {z;}7; and {z}}}~
be the roots of the ultraspherical polynomials p¥ (z) and Pék_tl)(ac) respectively.
If feC'l-1,1] (r > k+1,2n > 2r — k + 2), then the interpolational polynomial

n n n n—1
R (23 ) =D As(@) flwi) + > Bilw) (@) + > Col@) £ (i) + Y _ Di() f(x})
= 1= 1= =1
1 . v 1 " v 1
+Y €@ D)+ Fi(@) 9 (1),
7=0 Jj=0
(5.8)
satisfies (5.9) for x € [—1,1]
/() = Ri(s )] = w(£O; 2)O(m+6-7), (5.9)

n

where the fundamental polynomials A;(x), B;(x), Ci(z), Dy(x), &(x) and Fy(z)
are given in Lemma 3.1 - Lemma 3.6.

Proof

For k=0 we refer to (1.1) , proved by Xie and Zhou [13]. Let f € C"[-1, 1], by the
theorem of Gopengauz [2] for every m > 4r + 5 there exists a polynomial p,(z)
of degree at most m such that for s =0,....;7

(\/1—m2>rs w <f(r). V1 —x2>

|f) (@) = ) ()] < M (5.10)

where w(f();.) denotes the modulus of continuity of the function f()(z) and the
constants M, ; depend only on r and j. Furthermore,

FE(E1) = pB(£1) (s=0,....,7).
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By the uniqueness of the interpolational polynomials R, (x; f) it is clear that
R (25 Dm)=pm(z). Hence for x € [—1,1]

/(@) = Ry (3 )] < |F (@) = Pl (@)] + (R (5 0m) = Ry (5 )|
<|f'(x) r+Z|fxz — pm () || A ()]

+Z|f () — Pl ()| B (x \+er"xz — Pl ()]€) ()]

+Z|f z})|| D),

by using (5.8) and (5.10). Furthermore, applying the estimates (5.1), (5.3), (5.4),
(5.5) and using (2.13), we obtain (5.9) which is statement of the theorem. By
Main Theorem and (1.2) we can state the conclusion of the above theorem.

Conclusion

Let k > 0 be a fixed integer, m=4n-+2k+1, 2n > k+4, let {2;}7_, and {2 }7= be

the roots of the ultraspherical polynomials P,g )( ) and PT(L’T;D( ) respectively. If
f e C?H6[—11] | f2*6 € Lipa , a > 3, then Ry, (z; f) and R}, (z; f) uniformly
converge to f(z) and f’'(z), respectively on [-1,1] as n — oo .
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