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ON THE GEOMETRY OF THE MUS-CHEEGER-GROMOLL
METRIC
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Abstract

Let (M, g) be an n-dimensional smooth Riemannian manifold. In the
present paper, we introduce a new class of natural metrics denoted by G
and called the Mus-Cheeger-Gromoll metric on the tangent bundle TM . We
calculate its Levi-Civita connection and Riemannian curvature tensor. Also
we study the geometry of (TM,G) .
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1 Introduction

We recall some basic facts about the geometry of the tangent bundle. In the
present paper, we denote by Γ(TM) the space of all vector fields of a Rieman-
nian manifold (M, g). Let (M, g) be an n-dimensional Riemannian manifold and
(TM, π,M) be its tangent bundle. A local chart (U, xi)i=1...n on M induces a
local chart (π−1(U), xi, yi)i=1...n on TM. Denote by Γk

ij the Christoffel symbols of
g and by ∇ the Levi-Civita connection of g.

We have two complementary distributions on TM , the vertical distribution V

and the horizontal distribution H, defined by

V(x,u) = ker(dπ(x,u))

=
{
ai

∂

∂yi |(x,u)
; ai ∈ R

}
H(x,u) =

{ ∂

∂xi
|(x,u) − aiujΓk

ij

∂

∂yk
|(x,u); ai ∈ R

}
where (x, u) ∈ TM , such that T(x,u)TM = H(x,u) ⊕ V(x,u).
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Let X = Xi ∂

∂xi
be a local vector field on M . The vertical and the horizontal

lifts of X are defined by

XV = Xi ∂

∂yi
(1)

XH = Xi δ

δxi
= Xi

{ ∂

∂xi
− yjΓk

ij

∂

∂yk

}
. (2)

For consequences, we have
( ∂

∂xi

)H
=

δ

δxi
and

( ∂

∂xi

)V
=

∂

∂yi
, then

( δ

δxi
,
∂

∂yi

)
i=1..n

is a local adapted frame in TTM . The tangent bundle TM of a Riemannian man-
ifold (M, g) can be endowed in a natural way with a Riemannian metric gs, the
Sasaki metric, depending only on the Riemannian structure g of the base manifold
M . It is uniquely determined by

gs(XH , Y H) = g(X,Y ) ◦ π
gs(XH , Y V ) = 0 (3)

gs(XV , Y V ) = g(X,Y ) ◦ π

for all vector fields X and Y on M . More intuitively, the metric gs is constructed
in such a way that the vertical and horizontal sub bundles are orthogonal and the
bundle map π : (TM, gs) −→ (M, g) is a Riemannian submersion.
The geometry of the tangent bundle TM equipped with Sasaki metric has been
studied by many authors K. Yano and S. Ishihara [17], A. Salimov, A. Gezer and
N. Cengiz ( see [3], [9], [10], [15]) etc. The rigidity of Sasaki metric has incited
some geometers to construct and study other metrics on TM . J. Cheeger and
D. Gromoll have introduced the notion of Cheeger-Gromoll [4]. It is uniquely
determined by

gCG(X
H , Y H) = g(X,Y ) ◦ π

gCG(X
H , Y V ) = 0 (4)

gCG(X
V , Y V ) =

1

α
{g(X,Y ) + g(X,u)g(Y, u)} ◦ π

Where X,Y ∈ Γ(TM), (x, u) ∈ TM , α = 1 + gx(u, u).

M. Benyounes, E. Loubeau, and C. M. Wood in [2] introduced the geometry of
the tangent bundle equipped with a two-parameter family of Riemannian metrics
is called generalized Cheeger-Gromoll metric given by

G(XH , Y H)(x,u) = gx(X,Y )

G(XH , Y V )(x,u) = 0 (5)

G(XV , Y V )(x,u) = ωp(gx(X,Y ) + qgx(X,u)gx(Y, u))

for all vector fields X,Y ∈ Γ(TM), r2 = ∥u∥ =
√
g(u, u), where ω = (1 +

∥u∥2)−1, p, q ∈ R and q positive ensure non-degeneracy.
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In [1] we have defined a metric on TM called the vertical rescaled generalized
Cheeger-Gromoll metric, given by

Gf (XH , Y H)(x,u) = gx(X,Y )

Gf (XH , Y V )(x,u) = 0

Gf (XV , Y V )(x,u) = f(x)ωp(gx(X,Y ) + qgx(X,u)gx(Y, u))

for all vector fields X,Y ∈ Γ(TM), and r2 = ∥u∥ =
√
g(u, u), where ω = (1 +

∥u∥2)−1, p, q ∈ R and q positive ensure non-degeneracy.
Motivated by the above studies, we define a new class of naturally metric on

TM called Mus-Cheeger-Gromoll metric, given by

G(XH , Y H)(x,u) = gx(X,Y )

G(XV , Y H)(x,u) = 0

G(XV , Y V )(x,u) = f(x)ω(r2)
(
gx(X,Y ) + α(r2)g(X,u)g(Y, u)

)
for all vector fields X,Y ∈ Γ(TM) ,(x, u) ∈ TM where f : M → R+ and

ω, α : R → R+, r
2 = g(u, u).

In this paper, we introduce the Mus-Cheeger-Gromoll metric on the tangent
bundle TM as a new natural metric non-rigid on TM . First, we investigate the
geometry of the Mus-Cheeger-Gromoll metric and we characterize the sectional
curvature and the scalar curvature.

2 Mus-Cheeger-Gromoll metric

Definition 1. Let (M, g) be a Riemannian manifold, and f : M →]0,+∞[. We
define the Mus-Cheeger-Gromoll metric G on the tangent bundle TM by

G(XH , Y H)(x,u) = gx(X,Y ),

G(XV , Y H)(x,u) = 0,

G(XV , Y V )(x,u) = f(x)ω(r2)
(
gx(X,Y ) + α(r2)g(X,u)g(Y, u)

)
.

for all vector fields X,Y ∈ Γ(TM) ,(x, u) ∈ TM where f : M → R+ and
ω, α : R → R+, r

2 = g(u, u).

Remark 1.

1. If f = 1, ω = 1 and α = 0, then G is the Sasaki metric.

2. If f = 1, ω = 1
1+r2

and α = 1, then G is the Cheeger-Gromoll metric.

3. If f = 1, ω =
(

1
1+r2

)p
and α is constant, then G is the generalized Cheeger-

Gromoll metric.
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4. If ω =
(

1
1+r2

)p
and α is constant, then G is the vertical rescaled generalized

Cheeger-Gromoll metric.

Lemma 1. Let (M, g) be a Riemannian manifold, and h : R → R a smooth
function.
For all X,Y ∈ Γ(TM), p = (x, u) ∈ TM and u = ui = ∂

∂xi , we have

XH
(p,u)(h(r

2)) = 0,

XV
(p,u)(h(r

2)) = 2h′(r2)g(X,u).

Proof. Locally, if X = Xi ∂
∂xi then

XV = Xi ∂

∂ui
, XH = Xi ∂

∂xi
+XiujΓk

ij

∂

∂uk

XH(h(r2)) =
∂

∂xi
(h(r2))− Γj

iku
k ∂

∂uj
(h(r2))

= h′(r2)

{
∂

∂xi
(g(u, u))− Γj

iku
k ∂

∂uj
(g(u, u))

}
= h′(r2)

{
ulus

∂

∂xi
(gls)− Γj

iku
k ∂

∂ui
(ulusgls)

}
= h′(r2)ulus

{
∂

∂xi
(gls)− Γk

ilgsk − Γk
isglk

= h′(r2)ulus
{

∂

∂xi
(gls)−

1

2
[
∂gls
∂xi

+
∂gis
∂xl

− ∂gil
∂xs

+
∂gls
∂xi

+
∂gil
∂xs

−∂gis
∂xl

]

}
= 0

XV (h(r2)) = Xih′(r2)
∂

∂ui
(ulusgls)

= 2Xih′(r2)usgis

= 2h′(r2)g(X,u)

Lemma 2. Let (M, g) be a Riemannian manifold, for X,Y ∈ Γ(TM)

g(Y, .) : TM → R
(x, u) → gx(Yx, u)

then
XH(g(Y, .)) = g(∇XY, .)

XV (g(X,u)) = g(X,Y )
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Lemma 3. Let (M, g) be a Riemannian manifold and (TM,G) its tangent bundle
equipped with the Mus-Cheeger-Gromoll metric, then for all vector fields X,Y, Z ∈
Γ(TM) we have:

1. XHG(Y V , ZV ) = X(f)
f G(Y V , ZV ) +G((∇XY )V , ZV ) + gf ((Y V ,∇XZ)V )

2. XV G(Y V , ZV ) = 2ω′

ω g(X,u)G(Y V , ZV )

+fω
[
2α′(r)g(X,u)g(Y, u)g(Z, u)

+α(r)g(Y,X)g(Z, u) + α(r)g(Z,X)g(Y, u)
]
.

Proof. 1.

XHG(Y V , ZV ) = XH
(
f(x)ω(r2)[g(Y,Z) + α(r2)g(X,u)g(Y, u)]

)
= X(f)ω(r2)[g(Y,Z) + α(r2)g(X,u)g(Y, u)]

+f(x)ω
[
g(∇Xy, Z) + g(∇XZ, Y ) +

+αg(∇Xy, u)g(Z, u) + αg(∇XZ, u)g(Y, u)
]

=
X(f)

f
G(Y V , ZV ) +G((∇XY )V , ZV )

+G((∇XZ)V , Y V )

2.

XV G(Y V , ZV ) = XV
(
f(x)ω(r2)[g(Y, Z) + α(r2)g(X,u)g(Y, u)]

)
= 2ω′g(X,u)f(x)

(
g(Y,Z) + αg(Y, u)g(Z, u)

+f(x)ω
[
2α′g(X,u)g(Y, u)g(Z, u) + αg(Y,X)g(Z, u)

+αg(Z,X)g(Y, u)]

= 2
ω′

ω
g(X,u)G(Y V , ZV ) +

+f(x)ω
[
2α′g(X,u)g(Y, u)g(Z, u)

+αg(Y,X)g(Z, u) + αg(Z,X)g(Y, u)
]

2.1 Levi-Civita connection of G

Lemma 4. Let (M, g) be a Riemannian manifold and (TM,G) its tangent bundle
equipped with the Mus-Cheeger-Gromoll metric. If ∇(resp ∇) denotes the Levi-
Civita connection of (M, g) (resp (TM,G)), then we have:

1. G(∇XHY H , ZH) = G((∇XY )H , ZH)
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2. G(∇XHY H , ZV ) = −1
2G((R(X,Y )u)V , ZV )

3. G(∇XHY V , ZH) = fω
2 G((R(u, Y )X)H , ZH)

4. G(∇XHY V , ZV ) = G
(
X(f)
2f Y V + (∇XY )V , ZV

)
5. G(∇XV Y H , ZH) = fω

2 G((R(u,X)Y )H , ZH)

6. G(∇XV Y H , ZV ) = Y (f)
2f G(XV , ZV )

7. G(∇XV Y V , ZH) = G
(
− 1

2fG(XV , Y V )(gradMf)H , ZH
)

8. G(∇XV Y V , ZV ) = ω′

ω G
(
g(X,u)Y V + g(Y, u)XV −

− 1
fω(1+αr2)

G(XV , Y V )U,ZV +

+G( α′

1+αr2
g(X,u)g(Y, u)UV , ZV )

+G( α
1+αr2

g(X,Y )UV , ZV ),

for all vector fields X,Y, Z ∈ Γ(TM).

Proof. We shall repeatedly make use of the Kozul formula for the Levi-Civita
connection ∇ stating that

2G(∇XiY j , Zk) = Xi(G(Y j , Zk)) + Y j(G(Zk, Xi))− Zk(G(Xi, Y j))

− (G(Xi, [Y j , Zk])) + (G(Y j , [Zk, Xi])) + (G(Zk, [Xi, Y j ]))

for all vector fields X,Y, Z ∈ Γ(TM) and i, j, k ∈ {H,V }.
The result is a direct consequence of the following calculations using Definition 1
and Lemma 3

1.

2G(∇XHY H , ZH) = X(g(Y,Z)) + Y (g(Z,X))− Z(g(X,Y ))

−g(X, [Y, Z]) + g(Y, [Z,X]) + g(Z, [X,Y ])

= 2g
(
(∇XY

)
, Z

)
= 2G

(
(∇XY

)H
, ZH

)
2.

2G(∇XHY H , ZV ) = G(ZV , [XH , Y H ])

= −G(ZV , (R(X,Y )u)V )

3.

2G(∇XHY V , ZH) = G(Y V , [ZH , XH ])

= −G(Y V , (R(Z,X)u)V )

= fω[g(R(X,Z)u, Y ) + αg(R(X,Z)u, u)g(Y, u)]

= fωG((R(u, Y )X)H , ZH)
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4.

2G(∇XHY V , ZV ) = XH(G(Y V , ZV ))−G(Y V , (∇XZ)V )

+G(ZV , (∇XY )V )

= G

(
X(f)

f
Y V + 2(∇XY )V , ZV

)

5.

2G(∇XV Y H , ZH) = −G(XV , [Y H , ZH ])

= G(XV , (R(Y,Z)u)V )

= fω[g(R(Y, Z)u,X) + α(r2)g(R(Y,Z)u, u)g(X,u)]

= fωG((R(u,X)Y )H , ZH)

6.

2G(∇XV Y H , ZV ) = Y HG(ZV , XV )−G(XV , (∇Y Z)V )−
−G(ZV , (∇Y X)V )

=
Y (f)

f
G(XV , ZV )

7.

2G(∇XV Y V , ZH) = −ZH(G(XV , Y V )) +G(XV , (∇ZY )V ) +

+G(Y V , (∇ZX)V )

= −Z(f)

f
G(XV , Y V )

= G
(
− 1

f
G(XV , Y V )(gradMf)H , ZH

)
8. we have

G(XV , UV ) = f(x)ω(r2)[g(X,u) + α(r2)g(X,u)r2]

= fω(1 + αr2)g(X,u)

then

2G(∇XV Y V , ZV ) = 2
ω′

ω

[
g(X,u)G(Y V , ZV ) + g(Y, u)G(ZV , XV )−

−g(Z, u)G(XV , Y V )
]

+2fω
[
α′g(X,u)g(Y, u)g(Z, u) + αg(Y,X)g(Z, u)

]
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2G(∇XV Y V , ZV ) = 2
ω′

ω
G
(
g(X,u)Y V + g(Y, u)XV −

− 1

fω(1 + αr2)
G(XV , Y V )U,ZV

)
+G(2

α′

1 + αr2
g(X,u)g(Y, u)UV , ZV ) +

+G(
2α

1 + αr2
g(X,Y )UV , ZV )

Lemma 5. Let (M, g) be a Riemannian manifold and (TM,G) its tangent bundle
equipped with the Mus-Cheeger-Gromoll metric, then for all vector fields X,U ∈
Γ(TM) and Ux = u = ui ∂

∂xi
, we have:

1. ∇XHUV = 1
2fX(f)UV

2. ∇UV XH = 1
2fX(f)UV

3. ∇XV UV = −ω(1+αr2)
2 g(X,u)(grad f)H+(ω

′r2

ω +1)XV+(α′r2+ α
1+αr2

)g(X,u)UV

Proof. 1.

∇XHUV = ∇XH (yk(
∂

∂xk
)V )

= XH(yk)(
∂

∂xk
)V + yk∇XH (

∂

∂xk
)V

= −XiyiΓk
ij(

∂

∂xk
)V + yk

[fω
2
(R(u,

∂

∂xk
)X)H + (∇X(

∂

∂xk
))V

+
1

2f
X(f)(

∂

∂xk
)V

]
= −(∇XU)V +

fω

2
(R(u, u)X)H + (∇XU)V +

1

2f
X(f)UV

=
1

2f
X(f)UV

2.

∇UV XH = ∇yk( ∂

∂xk
)V (X

i(
∂

∂xi
)H)

= yk(
∂

∂xk
)V (Xi(

∂

∂xi
)H) + ykXi∇( ∂

∂xk
)V (

∂

∂xi
)H

= ykXi[
fω

2
(R(u,

∂

∂xk
)
∂

∂xi
)H +

1

2f

∂

∂xi
(f)(

∂

∂xk
)V ]

=
fω

2
(R(u, u)X)H +

1

2f
X(f)UV

=
1

2f
X(f)UV
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The last formula is obtained by a similar calculation .

Using Lemma 4, we have

Theorem 1. Let (M, g) be a Riemannian manifold and (TM,G) its tangent bun-
dle equipped with the Mus-Cheeger-Gromoll metric. If ∇ is the Levi-Civita con-
nection associated to G, then we have

(∇XHY H)p = (∇XY )Hp − 1

2
(R(X,Y )u)Vp ,

(∇XHY V )p =
fω

2
(R(u, Y )X)H +

X(f)

2f
Y V + (∇XY )V ,

(∇XV Y H)p =
fω

2
(R(u,X)Y )H +

Y (f)

2f
XV ,

(∇XV Y V )p = − 1

2f
G(XV , Y V )(gradMf)H

+
ω′

ω

(
g(X,u)Y V + g(Y, u)XV − 1

fω(1 + αr2)
G(XV , Y V )UV

)
+

1

1 + αr2
[
α′g(X,u)g(Y, u)UV + αg(X,Y )UV

]
.

for all vector fields X,Y ∈ Γ(TM), p = (x, u) ∈ TM .

Definition 2. Let (M, g) be a Riemannian manifold and K : TM → TTM be
a smooth bundle endomorphism of the tangent bundle TM . Then we define the
vertical and horizontal lifts KV : TM → TTM,KH : TM → TTM of K by

KV (η) =
m∑
i=1

ηiK(∂i)V

and

KH(η) =
m∑
i=1

ηiK(∂i)H

where
∑m

i=1 ηi∂i ∈ π−1(V ) is a local representation of η ∈ C∞(TM)

Proposition 1. Let (M, g) be a Riemannian manifold and ∇ be a the Levi-Civita
connection of the tangent bundle (TM,G). If K is a tensor field of type (1, 1) on
M , then

(∇XHKH)p = (∇XK)Hp − 1

2
(R(X,K(u))u)Vp

(∇XHKV )p =
fω

2
(R(u,K(u))X)H +

X(f)

2f
K(u)V + (∇XK)V

(∇XV KH)p = (K(X))H +
fω

2
(R(u,X)K(u))H +

1

2f
g(K(u), gradf)XV
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(∇XV KV )p = − 1

2f
G(XV , (K(u))V )(gradMf)H + (K(X))V

+
ω′

ω

(
g(X,u)(K(u))V + g(K(u), u)XV −

− 1

fω(1 + αr2)
G(XV , (K(u))V )U

)
+

1

1 + αr2
[
α′g(X,u)g(K(u), u)UV + αg(X,K(u))UV

]
for any X ∈ Γ(TM) and p = (x, u) ∈ TM .

3 Curvature tensor of Mus-Cheeger-Gromoll metric

Theorem 2. Let (M, g) be a Riemannian manifold and (TM,G) its tangent bun-
dle equipped with the Mus-Cheeger-Gromoll metric. If R (resp R) denote the
Riemannian curvature tensor of M (respTM), then we have the following formu-
las

R(XH , Y H)ZH = (R(X,Y )Z)H +
fω

2
(R(u,R(X,Y )u)Z)H

+
fω

4
(R(u,R(X,Z)u)Y )H − fω

4
(R(u,R(Y,Z)u)X)H

+
1

2
(∇ZR)(X,Y )u)V − X(f)

4f
(R(u,R(Y,Z)u)V

+
Y (f)

4f
(R(u,R(X,Z)u)V +

Z(f)

2f
(R(X,Y )u)V

R(XH , Y V )ZV = −ω

2
[g(Y,Z) + αg(Y, u)g(Z, u)](∇Xgradf)H

+
ω

4
[g(Y,Z) + αg(Y, u)g(Z, u)](R(X, gradf)u)V

+
fω′

2
[−g(Y, u)(R(u, Z)X)H + g(Z, u)(R(u, Y )X)H ]

−fω

2
(R(Y,Z)X)H

−f2ω2

4
(R(u, Y )R(u, Z)X)H − ω

4
g(R(u, Z)X, gradf)Y V

+X(f)
ω

4f
[g(Y, Z) + αg(Y, u)g(Z, u)](gradMf)H
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R(XV , Y V )ZH =
fω

2
(R(X,Y )Z)H

fω′[g(X,u)(R(u, Y )Z)H − g(Y, u)(R(u,X)Z)H ]

f2ω2

4
[(R(u,X)R(u, Y )Z)H − (R(u, Y )R(u,X)Z)H ]

+
ω

4
[g(R(u, Y )Z, gradf)XV − g(R(u,X)Z, gradf)Y V ]

R(XH , Y V )ZH =
ω

2
X(f)(R(u, Y )Z)H +

ω

4
Z(f)(R(u, Y )X)H +

+
fω

2
((∇XR)(u, Y )Z)H − ω

4
g(Y,R(X,Z)u)(gradf)H +

+
1

2
(R(X,Z)Y )V − fω

4
(R(X,R(u, Y )Z)u)V

+[
1

2f
X(Z(f))− 1

4f2
X(f)Z(f)− 1

2f
(∇XZ)(f)]Y V

+
ω′

2ω
g(Y, u)(R(X,Z)u)V

+
1

2(1 + αr2)

(
α− ω′

ω

)
g(Y,R(X,Z)u)UV

R(XHY H)ZV =
fω

2
((∇XR)(u, Z)Y )H − fω

2
((∇Y R)(u, Z)X)H

+
ω

4
X(f)(R(u, Z)Y )H − ω

4
Y (f)(R(u, Z)X)H

−ω

2
g(R(X,Y )u, Z)(gradf)H + (R(X,Y )Z)V

−fω

4
(R(X,R(u, Z)Y )u)V +

fω

4
(R(Y,R(u, Z)X)u)V

+
ω′

ω
g(Z, u)(R(X,Y )u)V +

+(
1

1 + αr2
)(α− ω′

ω
)g(R(X,Y )u, Z)UV
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R(XV , Y V )ZV = A1g(Z, u)[g(Y, u)X
V − g(X,u)Y V ]

+A2[g(Y, Z)XV − g(X,Z)Y V ]

+A3[G(Y V , ZV )XV −G(XV , ZV )Y V ]

+
ω

4
[G(XV , ZV )(R(u, Y )gradf)H −

−G(Y V , ZV )(R(u,X)gradf)H ]

+A4[g(Y, u)G(XV , ZV )− g(X,u)G(Y V , ZV )]UV

+
(2αα′r2 + α2

1 + αr2
− α′)[g(Y, u)g(X,Z)− g(X,u)g(Y,Z)]UV

with

A1 =

[
−2ω′ω + 3(ω′)2

ω2
+

α′ω′r2

ω(1 + αr2)
+

α′

1 + αr2

]
A2 =

[
αω′r2

ω(1 + αr2)
− ω′

ω
+

α

1 + αr2

]
A3 = −

[
1

4f2
∥gradf∥2 + ω′r2

fω3(1 + αr2)
+

ω′

fω2(1 + αr2)

]
A4 =

1

fω2(1 + αr2)

[
2ω′′ + ω′α′r2 − (ω′)2

ω
+

αω′ − 2(α′r2 + α)

1 + αr2

]
,

for all p = (x, u) ∈ TM and X,Y, Z ∈ Γ(TM).

3.1 Sectional curvature of the Mus-Gradient metric

In the following, we consider for all V,W ∈ Γ(TTM), V ̸= W

Qf (V,W ) = gf (V, V )gf (W,W )− |gf (V,W )|2

Gf (V,W ) = gf (Rf (V,W )W,V )

Kf (V,W ) =
Gf (V,W )

Qf (V,W )
.

Lemma 6. Let (M, g) be a Riemannian manifold and (TM,G) its tangent bundle
equipped with the Mus-Cheeger-Gromoll metric, then for any orthonormal vector
fields X,Y ∈ Γ(TM) we have

1. Qf (XH , Y H) = 1,

2. Qf (XH , Y V ) = fω(r2)[1 + α(r2)|g(Y, u)|2],
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3. Qf (XV , Y V ) = f2ω2(1 + α(r)|g(X,u)|2)(1 + α(r)|g(Y, u)|2).

Lemma 7. Let (M, g) be a Riemannian manifold and (TM,G) its tangent bundle
equipped with the Mus-Cheeger-Gromoll, then for any orthonormal vector fields
X,Y ∈ Γ(TM) we have

• G(XH , Y H) = g(R(X,Y )Y,X)− 3fω
4 ∥R(X,Y )u∥2,

• G(XH , Y V ) = f2ω2

4 ∥R(u, Y )X∥2+[ |X(f)|2ω
4f −ω

2 g(∇Xgradf,X)][1+α|g(Y, u)|2],

• G(XV , Y V ) = C1|g(X,u)|2 + C2|g(Y, u)|2 + C3,

with

C1 =
fα2ω′r2 + 2f(αr2 + α)− 2fαα′ωr2 − fω′α+ fωα2 + α

1 + αr2

− fω′αr2

ω(1 + αr2)
+

f(ω′)2

ω
− fαω′ − 2fω′′

−fω′α′r2 − ω2α

4
∥gradf∥2

C2 =
fω′r2(α′ω − α)

ω(1 + αr2)
+

3f(ω′)2

ω
+

α′

1 + αr2

−2fω′ − ω′

fω2(1 + αr2)
− ω2α

4
∥gradf∥2

C3 =
fω′r2

1 + αr2
(ωα− 1)− fω′

+
fωα− fω2

1 + αr2
− ω2

4
∥gradf∥2

Proposition 2. Let (M, g) be a Riemannian manifold and (TM,G) its tangent
bundle equipped with the Mus-Cheeger-Gromoll. If K (resp., K denote the sec-
tional curvature tensor of (M, g)(resp., (TM,G)) , then for any orthonormal vec-
tor fields X,Y ∈ Γ(TM) we have

1. K(XH , Y H) = K(X,Y )− 3fω
4 ∥R(X,Y )u∥2

2. K(XH , Y V ) = fω
4(1+α|g(Y,u)|2)∥R(u, Y )X)∥2 + |X(f)|2

4f2 − 1
2f g(∇Xgradf,X)

3. K(XV , Y V ) = 1
f2ω2(1+α|g(X,u)|2)(1+α|g(Y,u)|2)

[
C1|g(X,u)|2+C2|g(Y, u)|2+C3

]
.

Proposition 3. Let (M, g) be a Riemannian manifold of constant sectional cur-
vature λ and (TM,G) its tangent bundle equipped with the mus-Cheeger -Gromoll
metric. If K denotes the sectional curvature tensor of (TM,G), then for any
orthonormal vector fields X,Y ∈ Γ(TM) we have
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1. K(XH , Y H) = λ− 3λ2fω
4 [|g(X,u)|2 + |g(Y, u)|2]

2. K(XH , Y V ) = fωλ2

4
|g(X,u)|2

(1+α|g(Y,u)|2) +
|X(f)|2
4f2 − 1

2f g(∇Xgradf,X)

3. K(XV , Y V ) = 1
f2ω2(1+α|g(X,u)|2)(1+α|g(Y,u)|2)

[
C1|g(X,u)|2+C2|g(Y, u)|2+C3

]
.

Proof. The proof of Proposition is deduced from Proposition 2 and the following
equations

R(X,Y )Z = λ[g(Y, Z)X − g(X,Z)Y ],

∥R(X,Y )u∥2 = ∥λ[g(Y, u)X − g(X,u)Y ]∥2

= λ2[|g(X,u)|2 + |g(y, u)|2],

∥R(u, Y )X∥2 = ∥λ[g(Y,X)u− g(X,u)Y ]∥2

= λ2|g(X,u)|2.

Lemma 8. Let (x, u) be a point of TM with u ̸= 0and (E1, ..., Em) be a local
orthonormal on M such that E1 =

u
∥u∥ . Then (F1, ..., F2m) is a local orthonormal

frame on (TM,G). where

Fi = EH
i , Fm+1 =

1√
fω(1+αr2)

EV
1 and Fm+j =

√
1
fωE

V
j , i = 1,m , j = 2,m.

Lemma 9. Let (M, g) be a Riemannian manifold and (TM, gf) its tangent bundle
equipped with the Mus-Cheeger-Gromoll metric. If (E1, ..., Em)(resp.,(F1, ..., F2m))
is a local orthonormal on M (resp., TM), then for all i, j = 1,m et k, l = 2,m,
we have

1. K(Fi, Fj) = K(Ei, Ej)− 3fω
4 ∥R(Ei, Ej)∥2

2. K(Fi, Fm+1) =
|Ei(f)|2

4f2 − 1
2f g(∇Eigradf,Ei)

3. K(Fi, Fm+l) =
1
4∥R(u,El)Ei)∥2 + |Ei(f)|2

4f2 − 1
2f g(∇Eigradf,Ei)

4. K(Fm+k, Fm+1) =
1
fω

1+αr2

fω(1+αr2)+αr2
[ r2

fω(1+αr2)
C2 + C3]

5. K(Fm+k, Fm+l) =
1

f2ω2C3.

Lemma 10. Let (E1, ..., Em) be local orthonormal frame on M , then for all i, j =
1,m we have

m∑
i,j=1

∥R(u,Ei)Ej∥2 =
m∑

i,j=1

∥R(Ei, Ej)u∥2.
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Proof.

m∑
i,j=1

∥R(u,Ei)Ej∥2 =
m∑

i,j=1

g(R(u,Ei, Ej , R(u,Ei)Ej)

=
m∑

i,j,k,l,s=1

ukulg(R(Ek, Ei)Ej , Es)g(R(Ek, Ei)Ej , Es)

=

m∑
i,j,k,l,s=1

ukulg(R(Ej , Es)Ek, Ei)g(R(Ej , Es)El, Ei)

=
m∑

i,j,s=1

g(R(Ej , Es)u, g(Ej , Es)u,Ei)Ei)

=
m∑

i,j=1

∥R(Ei, Ej)u∥2.

Proposition 4. Let (M, g) be a Riemannian manifold and (TM, gf) its tan-
gent bundle equipped with the Mus-Cheeger-Gromoll metric. If σ (resp.,σ) denote
the scalar curvature of (M, g) (resp.,(TM,G)), then for any orthonormal frame
(E1, ..., Em) we have

σ = σ +
2− 3fω

4

m∑
i,j=1

∥R(Ei, Ej)∥2 −
m

f
∆(f) +

2m∥gradf∥2

f2

2(m− 1)

[
1

fω

1 + αr2

fω(1 + αr2) + αr2
(

r2

fω(1 + αr2)
C2 + C3) +

m− 2

2f2ω2
C3

]

Proof. Using Lemma 9

σ =

2m∑
s,t=1

K(Fs, Ft)

=
m∑

i,j=1,i ̸=j

K(Fi, Fj) + 2
m∑

i,j=1

K(Fi, Fm+j) +
m∑

i,j=1,i ̸=j

K(Fm+i, Fm+j)

=

m∑
i,j=1,i ̸=j

K(Fi, Fj) + 2

m∑
i=1

K(Fi, Fm+1) + 2

m∑
i=1,j=2

K(Fi, Fm+j) +

+2
m∑
i=1

K(Fm+i, Fm+1) +
m∑

i,j=2,i ̸=j

K(Fm+i, Fm+j)
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σ =
m∑

i,j=1,i ̸=j

[K(Ei, Ej)−
3fω

4
∥R(Ei, Ej)∥2]

+2
m∑
i=1

[
|Ei(f)|2

4f2
− 1

2f
g(∇Eigradf,Ei)]

+2
m∑

i=1,j=2

[
1

4
∥R(u,Ej)Ei)∥2 +

|Ei(f)|2

4f2
− 1

2f
g(∇Eigradf,Ei)]

+2

m∑
i=1

[
1

fω

1 + αr2

fω(1 + αr2) + αr2
[

r2

fω(1 + αr2)
C2 + C3]]

+
m∑

i,j=2,i ̸=j

[
1

f2ω2
C3]

= σ −
m∑

i,j=1,i ̸=j

3fω

4
∥R(Ei, Ej)∥2 +

2∥gradf∥2

f2
− 1

f
traceg(∇gradf)

+
2

4

m∑
i=1,j=2

∥R(u,Ej)Ei∥2 + 2(m− 1)
∥gradf∥2

f2
− m− 1

f
traceg(∇gradf)

+2(m− 1)[
1

fω

1 + αr2

fω(1 + αr2) + αr2
[

r2

fω(1 + αr2)
C2 + C3]]

+(m− 2)(m− 1)[
1

f2ω2
C3]

Hence,

σ = σ +
2− 3fω

4

m∑
i,j=1

∥R(Ei, Ej)∥2 −
m

f
∆(f) +

2m∥gradf∥2

f2

2(m− 1)

[
1

fω

1 + αr2

fω(1 + αr2) + αr2
(

r2

fω(1 + αr2)
C2 + C3) +

m− 2

2f2ω2
C3

]

Corollary 1. Let (M, g) be a Riemannian manifold of constant sectional curva-
ture λ and (TM,G) its tangent bundle equipped with the Mus-Cheeger-Gromoll
metric. If σ denotes the scalar curvature of (TM,G), then for any orthonormal
frame (E1, ..., Em) on M , we have

σ = m(m− 1)λ+ 2(m− 1)λ2r2
2− 3fω

4
− m

f
∆(f) +

2m∥gradf∥2

f2

2(m− 1)

[
1

fω

1 + αr2

fω(1 + αr2) + αr2
(

r2

fω(1 + αr2)
C2 + C3) +

m− 2

2f2ω2
C3

]
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Proof. Taking account that σ = m(m−1)λ and for any vector fieldsX,Y, Z ∈ TM

R(X,Y )Z = λ(g(Z, Y )X − g(X,Z)Y )

then we obtain

m∑
i,j=1

∥R(Ei, Ej)u∥2 = λ2
m∑

i,j=1

∥g(u,Ej)Ei − g(Ei, u)Ej∥2

= λ2
m∑

i,j=1

[|g(u,Ej)|2 − 2g(u,Ej)g(Ei, u)δij + |g(Ei, u)|2]

= λ2[m∥u∥2 − 2∥u∥2 +m∥u∥2]
= 2λ2(m− 1)r2

we deduce that

σ = m(m− 1)λ+ 2(m− 1)λ2r2
2− 3fω

4
− m

f
∆(f) +

2m∥gradf∥2

f2

2(m− 1)

[
1

fω

1 + αr2

fω(1 + αr2) + αr2
(

r2

fω(1 + αr2)
C2 + C3) +

m− 2

2f2ω2
C3

]
.
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