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ON THE GEOMETRY OF THE MUS-CHEEGER-GROMOLL
METRIC

Fethi LATTI*! and Djaa MUSTAPHA?

Abstract

Let (M,g) be an n-dimensional smooth Riemannian manifold. In the
present paper, we introduce a new class of natural metrics denoted by G
and called the Mus-Cheeger-Gromoll metric on the tangent bundle 7M. We
calculate its Levi-Civita connection and Riemannian curvature tensor. Also
we study the geometry of (T'M,G) .
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1 Introduction

We recall some basic facts about the geometry of the tangent bundle. In the
present paper, we denote by I'(T'M) the space of all vector fields of a Rieman-
nian manifold (M, g). Let (M, g) be an n-dimensional Riemannian manifold and
(TM, 7, M) be its tangent bundle. A local chart (U,2");=1.., on M induces a
local chart (7= *(U), 2%, y")i=1.., on TM. Denote by I‘fj the Christoffel symbols of
g and by V the Levi-Civita connection of g.

We have two complementary distributions on 7'M, the vertical distribution V
and the horizontal distribution H, defined by

V(%u) = ker(dwmu))

= {ai 8(Zi|<x,u);ai € R}

9 i ik O i
g{(z,u) = {@’(x,u)_aujrijaiyk‘(x,u);a ER}

where (z,u) € T'M, such that T, )TM = H ) S Vigw)-
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Let X =X Ziz be a local vector field on M. The vertical and the horizontal
T
lifts of X are defined by

.0
XV =Xxi_— 1
5 ¢y
.0 (0 - 0
XH = x'— = X1 — Tk 1. 2
ot {(%vZ Yiu Oyk } 2)
oN\NH ¢ a\vV 0 6 0
or consequences, we have ( 8:(:1) 57 and ( 6x1> oy then ( 57 8y1)i=1..n

is a local adapted frame in TT'M. The tangent bundle 7'M of a Riemannian man-
ifold (M, g) can be endowed in a natural way with a Riemannian metric ¢°, the
Sasaki metric, depending only on the Riemannian structure g of the base manifold
M. Tt is uniquely determined by

gS(XHayH) = g(X>Y) om
g XYY =0 (3)
FXV YY) = g(X,Y)onr
for all vector fields X and Y on M. More intuitively, the metric g° is constructed
in such a way that the vertical and horizontal sub bundles are orthogonal and the
bundle map 7 : (T'M, g°) — (M, g) is a Riemannian submersion.
The geometry of the tangent bundle T'M equipped with Sasaki metric has been
studied by many authors K. Yano and S. Ishihara [17], A. Salimov, A. Gezer and
N. Cengiz ( see [3], [9], [10], [15]) etc. The rigidity of Sasaki metric has incited
some geometers to construct and study other metrics on T'M. J. Cheeger and
D. Gromoll have introduced the notion of Cheeger-Gromoll [4]. It is uniquely
determined by
goa(X", YT = g(X.Y)or
gea(XH YY) = 0 (4)

1
goa(XV, YY) = —{g(X,Y) +g(X,u)g(Y,u)} o7
Where X, Y e I'(TM), (z,u) € TM, a = 1+ gz (u,u).
M. Benyounes, E. Loubeau, and C. M. Wood in [2] introduced the geometry of

the tangent bundle equipped with a two-parameter family of Riemannian metrics
is called generalized Cheeger-Gromoll metric given by

G(XH7YH)(36,U) = gdf(X7Y)
GXY Y ) oy = @P(92(X,Y) + qgu(X, u)gs(Y, 1))

for all vector fields X,Y € T(TM), r* = |u|| = /g(u,u), where w = (1 +
|ul|?)~1, p,q € R and q positive ensure non-degeneracy.
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In [1] we have defined a metric on T'M called the vertical rescaled generalized
Cheeger-Gromoll metric, given by

GIXT YNy = 9:(X,Y)

& XY Yy = 0

GIHXY YY) aw)y = F@)o?(9:(X,Y) + qg0(X, 0)ga (Y, )
for all vector fields X,V € T(TM), and 7% = ||u|| = v/g(u,u), where w = (1 +
|u[|>)~t, p,q € R and g positive ensure non-degeneracy.

Motivated by the above studies, we define a new class of naturally metric on
TM called Mus-Cheeger-Gromoll metric, given by

G(XV, YH)(:v,u) =0
G(va YV)(x,u) = f(.’L’)(,L)(T‘Q) (gx(Xv Y) + O((T’Q)g(X7 U)Q(Y, 'LL))
for all vector fields X,Y € T'(TM) ,(x,u) € TM where f : M — R4 and
wya:R =Ry, r? = g(u,u).
In this paper, we introduce the Mus-Cheeger-Gromoll metric on the tangent
bundle T'M as a new natural metric non-rigid on T'M. First, we investigate the

geometry of the Mus-Cheeger-Gromoll metric and we characterize the sectional
curvature and the scalar curvature.

2 Mus-Cheeger-Gromoll metric

Definition 1. Let (M, g) be a Riemannian manifold, and f : M —]0,4+o00[. We
define the Mus-Cheeger-Gromoll metric G on the tangent bundle TM by

G(XH7 YH)(x,u) = g:C(X7Y)7
G(XV’YH)(x,u) = 0,
G(XV7YV)(I,U) = f(x)w(rz)(gx(X,Y) +a(7’2)g(X, U)Q(K u))

for all vector fields X, Y € TI'(TM) ,(x,u) € TM where f : M — R4 and
w,a:R =Ry, 72 = g(u,u).

Remark 1.
1. If f=1 w=1 and a =0, then G is the Sasaki metric.
2. If f=1, w= H% and o = 1, then G is the Cheeger-Gromoll metric.

P
3 Iff=1 w= (ﬁ) and « is constant, then G is the generalized Cheeger-

Gromoll metric.
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p
4. Ifw= (ﬁ) and « is constant, then G is the vertical rescaled generalized

Cheeger-Gromoll metric.

Lemma 1. Let (M,g) be a Riemannian manifold, and h : R — R a smooth

function.

For all X,Y € T(TM),p = (z,u) € TM and u = u’ = %, we have

Xé.f,u)(h(r2>) = 0,
XY o (h(r2) = 20(r2)g(X,u).

Proof. Locally, if X = X* 8% then

0 xn_xi +Xiujl“'9£

vV _ 7
X=X out’ ot Y ouk

X"(h(r?) = 5= (h(r?) =Tt 5= (h(r?))

9 9,
wu @(le) — " B (u'u gzs)}

9 (g1s) — l[agls 9gis  Oga | Ogis | 0ga
9z ) T 9 ot T oxl T Oxs T 0t | Ox®

3915
ol ]

= K(rHu'u® {8 (qis) — TEgsk — TE qu

Xv(h(TQ)) = Xih/(TQ)aai(ulusgls)
u
= 2X'W (r?)u’g;s
= 20 (r*)g(X, u)

Lemma 2. Let (M, g) be a Riemannian manifold, for X,Y € T'(TM)
g¥Y,):TM — R
(x,u) — gz(Ya,u)

then
X" (g(Y,.)) = g(VxY,.)

XY (g(X,u)) = 9(X,Y)
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Lemma 3. Let (M, g) be a Riemannian manifold and (T M, G) its tangent bundle
equipped with the Mus-Cheeger-Gromoll metric, then for all vector fields XY, Z €
[(TM) we have:

1 XUV, 2V) =X GV, 2V) + G(VxY). 2V) + ¢/ (YV,Vx2)Y)

2. XVG(YV,2V) =29 g(X, u)G(Y"V,Z")
+fw [2d/(r)g(X, u)g(Y,u)g(Z,u)

+a(r)g(Y, X)g(Z,u) + a(r)g(Z, X)g(Y,u) |.
Proof. 1.

xXHayV,z") = X"(f(2)w(r)g(Y, Z) + a(r’)g(X, u)g(Y, v)])
= X(f)w(r)g (Y Z) + a(r?)g(X, u)g(Y, u)]
+f(@)w[g(Vxy, Z) +9(VxZ,Y) +
+ag(Vxy,w)g(Z,u) + ag(VxZ,u)g(Y, u)}
X(f)

_ TG(YV,ZV)+G((VXY)VaZV)

+G((Vx2)V,Y")

XVa",zV) = XV(f@)w(r®)g(Y, 2) + a(?)g(X, u)g(Y, u)))
= 2'g(X,u) f(2)(9(Y, Z) + ag(Y,u)g(Z,u)
+f(@)w 20/ g(X, u)g(Y, u)g(Z,u) + ag(Y, X)g(Z, u)
+ag(Z, X)g(Y,u))

/

= 259 werY, 2") +

+f(x)w 20/ g(X, u)g(Y, u)g(Z, u)
+ag(Y, X)g(Z,u) + ag(Z, X)g(Y,u)]

2.1 Levi-Civita connection of G

Lemma 4. Let (M, g) be a Riemannian manifold and (T M, G) its tangent bundle
equipped with the Mus-Cheeger-Gromoll metric. If V (resp V) denotes the Levi-
Civita connection of (M, g) (resp (T'M,G)), then we have:

1. G(VxaYH Z7H) = G(VxY)H, ZH)
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2. G(VxnYH ZV) = - 1G((R(X,Y)u)V,Z")
3. G(VxuYV,Z") = L2G((R(u, V) X)H, ZH)
4. G(VyuYV,Z2V) =G (%{)YV +(VyY)VY, ZV)

5. G(VyYH ZzH) = [2GQ((R(u, X)Y)H , ZH)

f
7. G(VxvYV, Z21) = G( %G(XV,YV)(grade)H,ZH)
8. G(VxvYV,ZV)=2G (g(X, )YV + g(Y,u) XV~
1 \%4 \%4 \%

+G( 1+o¢7”2 g(X7 U)g(Y, U)Uva ZV)

+G(5%29(X, YUY, ZY),
for all vector fields X,Y,Z € T'(TM).
Proof. We shall repeatedly make use of the Kozul formula for the Levi-Civita

connection V stating that
2G(Vx:iY7, 78 = XUYG(YI,Z%) +YI(G(ZF, X)) — Z*(G(X1, YY)
(GX' Y7, Z2M) + (G(Y7,[25, X)) + (G(Z%, [X",Y7)))
for all vector fields X,Y,Z € I'(T'M) and i, j,k € {H,V}.

The result is a direct consequence of the following calculations using Definition 1
and Lemma 3

1.
2G(Vxn Y™, Z%) = X(g(Y,2)) +Y(9(Z,X)) - Z(9(X,Y))
—9(X,[Y, Z]) + g(Y,[Z,X]) + 9(Z,[X,Y])
= 29((VxY), %)
= 26 ((Vx)", 2")
2.
2G(Vyn Y™, ZV) = Gz, [x", v
-G(ZV, (R(X,Y)u)")
3.

2G(VyrYV,Zz%) = GV, [zH, x1)

-G, (R(Z,X)u)")

fwlg(R(X, Z)u,Y) + ag(R(X, Z)u, u)g(Y, u)]
= fwG((R(u,Y)X)H 7z
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4.
2G(VxnYV,ZV) = XUV, zV)-Gcy",(vx2)")
+G(ZV, (VxY)Y)
_ a(XU)yv v v
= G( i YV +2(VxY) ,Z)
5.

2G(V v Y ZH) ~G(XV,[Y" zM)
G(XY, (R(Y, Z)u)")
fwlg(R(Y, Z)u, X) + a(r)g(R(Y, Z)u, u)g(X, u)]

= fwG((R(u, X)Y)H, zH)

26(VyvYH ZV)y = YHGZV, XV)-G(XY,(Vy2)Y) -
~G(z2Y,(VyX)Y)

= Yb(ff)G(XV, z¥)

26(Vv YV, ZzHy = —ZH(GXV,YV) +GXY,(VY)V) +
+G(YY, (Vzx)V)
= —Z;f)G(XV,YV)

- (- }G(XV, YV)(gradu ), 27)

8. we have

G, U") = fl@)w(r?)g(X, u) +a(r?)g(X, u)r?]
= fw(l+ar?)g(X,u

then

Wl

2G(VyvYV,ZV) = 2= [9(X,w)GY"Y,ZY) + g(Y,0)G(Z2",X")—
—g(Z,u)G(XV,YV)]
+2fw[dg(X, u)g(Y,w)g(Z,u) + ag(Y, X)g(Z, u)]



128 Fethi Latti and Djaa Mustapha

/
WGV YV, ZV) = 2%0 (9(X, )Y + g(Y,u) X" -
1
fw(l+ ar?)

/

G(xV, vy, ZV>

+G(2 (X, uw)g(Y,w)UY,ZV) +

1 +ar29

2
© _ox, VUV, 2")

(%
+ (1+04r2

O]

Lemma 5. Let (M, g) be a Riemannian manifold and (T'M, G) its tangent bundle
equipped with the Mus-Cheeger-Gromoll metric, then for all vector fields X,U €
L(TM) and Uy = u = u’ai, we have:

1. VnUY = L X(HUY

2. Vyv XM = X (f)UY

3. VUV = =89 (X u)(grad £)P-H(Z241) XV H(a/r 125 )g (X, u)UY
Proof. 1.
Tl = Vil (o))
5
= X k)(?)v‘i‘ykva(@)V
0 5 5
= XYY R, X+ (T ()
1 5
+EX(f)(W)V]

= —(V U)V+f7w(R(u,u)X) (VxU)Y +2fX(f)U
1

= XUy

2.
N H = ir O \m
VUVX = Vyk(a%)v(X (axz) )
B 0 5

= V) (X)) + XV (5)"
= VX R 5 )"+ 5 (D))
= %(Rm,u)X) + 9 XUV
= XU

2f
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The last formula is obtained by a similar calculation .

Using Lemma 4, we have

Theorem 1. Let (M, g) be a Riemannian manifold and (T M,G) its tangent bun-
dle equipped with the Mus-Cheeger-Gromoll metric. If V is the Levi-Civita con-
nection associated to G, then we have

(Van¥™)y = (T = S(ROGY ),

Tanr¥), = Lo+ vV 4wy,
(Vv Y, = %J(R(u, XV + YQ(?XV,
(Tao¥)y = =57 GY YY) (grady )"
w' 1
+— <g(X, W)YV 4 g(YV,u) X"V — MG(X",W)W)

- / 1% v
+1—|—Oé7“2 [ag(X,u)g(Y,u)U +O£Q(X,Y)U ]

for all vector fields X, Y e I'(TM), p = (x,u) € TM.

Definition 2. Let (M,g) be a Riemannian manifold and K : TM — TTM be
a smooth bundle endomorphism of the tangent bundle TM. Then we define the
vertical and horizontal lifts KV : TM — TTM, K" : TM — TTM of K by

KY(n) =Y mK(@i)"
=1
and

K (n) =Y mK @)
i=1

where it n;0i € 7 (V) is a local representation of n € C=(TM)

Proposition 1. Let (M, g) be a Riemannian manifold and V be a the Levi-Civita
connection of the tangent bundle (TM,G). If K is a tensor field of type (1,1) on
M, then

(Van KMy = (VXK — J(ROGK(w)u))

Tk = L2 (R, k@)X + XD gy 4 (vir)Y

2 of
fw

(VxvE™)y = (KX))T + 5 (Rl X)EK (u) ™ + ;fg(K(U),gmdf)XV
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(TarkY)y = =GO (W) grada /) + (K(X))"
F (oK )Y+ 9K (), )XY
1
o G )0

+1—|—1a7’2 [o/g(X, w)g(K (u), ))U" + ag(X, K (u))U"]

for any X € T(TM) and p = (z,u) € TM.

3 Curvature tensor of Mus-Cheeger-Gromoll metric

Theorem 2. Let (M, g) be a Riemannian manifold and (T M, G) its tangent bun-
dle equipped with the Mus-Cheeger-Gromoll metric. If R (resp R) denote the
Riemannian curvature tensor of M (respT M ), then we have the following formu-

las

R(x" yHyzH = (R(X,Y)Z2)" +%(R(u,R(X,Y)u)Z)H

—l—%(R(u, R(X, Z)u)Y)H — %“’(R(u, R(Y, Z)u) X))
@ -2 (me, my. 20"

af
Y(f) 2(/)
17 (R RX, 2w + = (R

R"yV)ZY = —Z[g(Y.2) + ag(Y,u)g(Z,w)](Vxgradf)"
+209(Y. 2) + ag(Y, u)g(Z, w)(R(X, gradf)u)”

) (R 2)X)T + g(Z,u) (R, V) X))

2
LRy 2)x)"

sz w
i T (R(u,Y)R(u, Z)X)" —Zg(R(u, Z)X, gradf)Y"V
+X(f)-219(Y. Z) + ag(Y,u)g(Z, u)|(gradar )T

af
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RV, YV\z? = Z(R(X,Y)2)H

R yV)z! = SX(H(RwY)D)T +22(H) (R Y)X)" +
(xR ) 2)" Lo, ROX, Zyu)(gradr) +

§<R<X,Z>Y>V P (ROx, R v) 230

1 1

HgpX(Z() = gpX(NZ(F) - L wxz(n”

4f2 2f
+;‘Z;g(Y, u)(R(X, Z)u)V
1 /

+2(1 + ar?) (o= w) oY, RX, 2)w)U

R(xHYyH) 7V = fw((VXR)(u 2)Y)H

w\“ﬁ

(Vv R)(u, 2)X)"

+4X(f)(R(u 2)Y)H = ZY (f)(R(u, 2)X)"

rME

S 9(R(X.Y)u, Z)(gradf)" + (R(X.Y)2)"

Jw Jw
: 2 Ry, R(w, 20"
+%g(Z, W(RX, Y)Y +

oo )R, Yy )0

—(R(X, R(u, Z)Y )u)” +
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R(XV,Y)ZY = Ag(Zu)g(Y,u)X" — g(X,u)Y"]
+A2g(Y, 2) XV — g(X, Z)Y"]
+A3[GYY,ZVXY —G(xV,ZV)YVY]
+%[G(XV, ZVY(R(u, Y )gradf) —
—-G(YY, Z")(R(u, X)gradf)"]
+A4[g(Y,u)G(XV, ZV) — g(X, )G,z UV

(2040/7“2 +a?

T~ )V wg(X, Z) — (X w)g(Y. 2)]UY

with
—2uw'w + 3(w')? a'w'r? o
A = g W)” | , .
w w(l4+ar?) 1+ar
aw'r? W a
wl4+ar?) w 1+4+ar
1 w/r2 W’
Ay = — | —|lgradf|?
3 [4]‘2 lgradf|”+ fw3(1+4 ar?) * fw?(1+ arQ)]
1 Wh?  aw' —2(ar? +a)
Aj—— 9 " o2
4 fwz(l—i-ow“?)[w rwar o ' 14 ar? ’

forallp = (z,u) € TM and X,Y,Z € I'(TM).

3.1 Sectional curvature of the Mus-Gradient metric

In the following, we consider for all VW € I'(TTM),V # W
QL. W) =g (V.V)g! (W, W) — |g/ (vV, W) ?

GH(V,W) = g/ (RI(V, W)W, V)

!

Lemma 6. Let (M, g) be a Riemannian manifold and (T M, G) its tangent bundle

equipped with the Mus-Cheeger-Gromoll metric, then for any orthonormal vector
fields X, Y € T'(T M) we have

1 QI(x" Yy =1,

2. QNXT YY) = fu(r?)[1 + a(r?)lg(Y,u)],
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3. QNXV, YY) = A1+ a(r)lg(X, ) P) (1 + a(r)lg(Y,u)?).

Lemma 7. Let (M, g) be a Riemannian manifold and (T M, G) its tangent bundle
equipped with the Mus-Cheeger-Gromoll, then for any orthonormal vector fields
X,Y e I'(TM) we have

hd G(XH¢YH) = g(R(X7Y)Y>X) - ?)fTwHR(X> Y)UHQ,

2, .2 20.1 w
o G(XH YY) = L& Riu, V) X |+ -2 (Y xgradf, X)][1+0lg(Y,u)|?],

b G(XV7YV) = Cl‘g(X7 U)P + 02’9(}/7 u)|2 + 03;

with

falw'r? + 2f(ar? + a) — 2fad’wr? — fu'a + fwa? + «

14+ ar?
fuw'ar? f(w')?
_w(1+ar2) ( ) —faw/—wa”
2
—fu/alr® — 2 |gradf |
120 0 3 N2 ’
Cy — fu'ré(dw a)+ f@) n o
w(l+ ar?) w 1+ ar?
W' wia
_9 I o Cl 2
= st — S laradf]
fw’rg
C3 = m(wa - ].) — fw/
fwa — fw?  w? 9
PO TE grads)

Proposition 2. Let (M, g) be a Riemannian manifold and (TM,G) its tangent
bundle equipped with the Mus-Cheeger-Gromoll. If K (resp., K denote the sec-
tional curvature tensor of (M, g) (resp., (TM,G)) , then for any orthonormal vec-
tor fields X,Y € I'(TM) we have

1 KX yH) = K(X,Y) - 22| R(X,Y)ul

_ w X(f)?
2. K(X",YV) = WWHR(U; YV)X)|? + | 4(]{2” - %g(vxgmdf, X)
3. KXV, YY) = pomaprcammmsmmm [C1l9(X, o) +Calg(Y,u)2+Cy]

Proposition 3. Let (M, g) be a Riemannian manifold of constant sectional cur-
vature X and (TM,G) its tangent bundle equipped with the mus-Cheeger -Gromoll
metric. If K denotes the sectional curvature tensor of (TM,G), then for any
orthonormal vector fields X,Y € I'(T'M) we have
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R 2 £,
1 K(X"y ™) = X = 221g(X, )2 + |g(Y, u)|?]

N7 wWA2 X,u)|? X 2
2. K(XH YV) i 1 (1—|‘—€1(|g(;?1|1)|2) + | 4(]{2)| - %g(ngTadfa X)
3. F(XV Yv) 2w (Halg(X )| Y (Italg(Y,u)[2 [Cl‘g(X u)’2—|—02’g(y u)| +C3]

Proof. The proof of Proposition is deduced from Proposition 2 and the following
equations

R(X,Y)Z = Ag(Y,2)X — g(X, 2)Y],
IR(X, Y)ull® = [Alg(Y, w) X — g(X,w)Y]|]?
= N[lg(X,u)* + g(y, )],
|R(u, V)X = [Alg(Y, X)u — g(X, w)Y]|?
— X2g(X, )P, m
Lemma 8. Let (z,u) be a point of TM with u # Oand (E1, ..., Ep,) be a local

orthonormal on M such that E1 = m Then (Fy, ..., Foy) is a local orthonormal
frame on (TM, Q). where

Lemma 9. Let (M, g) be a Riemannian manifold and (T M, gf) its tangent bundle
equipped with the Mus-Cheeger-Gromoll metric. If (Eq, ..., Ey) (resp.,(F1, ..., Fom))
is a local orthonormal on M (resp., TM ), then for all i,j = 1,m et k,l = 2,m,
we have

1. K(F;, Fy) = K(E;, Ej) — 2| R(E;, E)||?

=

. 2
2. K(Fj, Fryr) = BB — Lg(V i, gradf, ;)

f

P . 2
3. K(Fy, Fpna) = IR, B)E)|? + BEHE — L g(V g gradf, E)

4 F(Ferk’ Fin1) = % Jw (1-11—2?};)—}—&7“2 [fw(1+ar2)02 + CS]

=

d. (Fm—i-ka Fm+l) f2w2 03

Lemma 10. Let (Eq, ..., Ey,) be local orthonormal frame on M, then for alli,j =
1,m we have

Z 1R(u, B Ej|* = Z |R(E;, Ej)ull*.

7] 1 ,] 1
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Proof.

> IR (u, B Ej|f?

ij=1

m

i,j=1
m
= Y wwwg(R(Ey, Ei)E;, E)g(R(Ey, Ei)Ej, By)
i,j,k,l,s=1
m
= Y wwwg(R(E;, B,)Ey, E))g(R(Ej, Es)Ey, E;)
i,j,k,l,s=1
m
= > 9(R(Ej, Es)u, g(Ej, Es)u, E;)E;)
i,j,s=1
m
= > IR(E:, Ej)ul®.
i,j=1

O]

Proposition 4. Let (M,g) be a Riemannian manifold and (T'M,gf) its tan-
gent bundle equipped with the Mus-Cheeger-Gromoll metric. If o (resp.,a) denote

the scalar curvature of (M,g) (resp.,(T'M,QG)), then for any orthonormal frame
(E1,..., Ey) we have

Ql

Proof. Using Lemma 9

qQ

2 — 3fw — m 2m||gradf||?
o+ 2230 S R, By - s + 2 lered I
4 i,j=1 f f
2m — 1) | = Lhor " oy 20
m — PR [—
fo fwl+ar?) +ar? fwl +ar?) 2 73 T 252,20
2m
K(Fg, Fy)
s,t=1
m - m - m -
Z K(FI7F’])+2ZK(F‘27F’HL+J)+ Z K(Fm+laFm+J)
7’7.7:1»175.7 ivjzl 7'7.]:17275.7
m - m m -
> K(F,Fy)+2Y K(F,Fup)+2 Y K(Fi,Fnyg) +
i,j=1,i#j i=1 i=1,j=2

+22F(Fm+iaFm+1)+ Z K(Fnyi, Frngj)
i=1 i,j=2,i%]
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7= Y KB E) - R, B

23 DL (Vs grad. 2)
=1

N | E(fHPF 1
2 Y IR BB+ DR - (v gradr, )
i=1,j=2

1 1+ ar? r?
+2Z[f7f (1+ar2)+ar2[fw(1+ )CQ+C3H

m

2 af|I? 1
= o Y 2R )P+ 2gradfi™ 14 e, (Vgradf)
i1 f f
1,j=1,i#j
2 Em lgradf|> m—1
1 IR (u, Bj) Eil|* + 2(m — 1) F——— —
4 I;
i=1,j=2
1 1+ 067’2 [ 7’2
fw fw(l +ar?) +ar?” fw(l +ar?)

+(m = 2)(m = 1)[5—C3]

traceq(Vgradf)

+2(m — 1)] Csy + C3]]

1
20?2

Hence,

Q

2 —3fw - 2 df ||?
S Ir(E EIP - ) + 2]
ij=1

1 1+ ar? r2 m— 2
2(m —1) | — —
(m —1) [fw fw(l+ ar?) +ar2(fw(1+ar2)02+03) + 2 f2w?

Cs

O]

Corollary 1. Let (M, g) be a Riemannian manifold of constant sectional curva-
ture X and (T'M,Q) its tangent bundle equipped with the Mus-Cheeger-Gromoll
metric. If @ denotes the scalar curvature of (T'M,G), then for any orthonormal
frame (En, ..., Ey) on M, we have

- 2
T = m(m_l))“"Q(m—l))\?er—@A(f)-kM
4 f f2
! L+ar” r? m— 2
2 —1) | — m-2
=1 fwfw(l—i-ozrz)+ar2(fw(1+0”2)02+03)+2f2w203
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Proof. Taking account that o = m(m—1)\ and for any vector fields X, Y, Z € TM

R(X,YV)Z = Ag(Z,Y)X — g(X, 2)Y)

then we obtain

> IREL Epull® = X llg(u, Ej)Ei — g(Ey, u) By

,J

=1 ij=1
= N lg(u, By = 29(u, Bj)g(Bi, u)di; + |9(Bi, w)’]
ij=1
= Nmflull® = 2ful? + mllul’]
= 223 (m —1)r?

we deduce that

o

- 2
= m(m_l))\—FQ(m—1))\2r2m_mA(f)+M
4 f f2
1 1+ ar? r2 9
2(m_1) fiwfw(l‘f'arz)+ar2(fw(1+ar2)02+c3)+W03 .

O
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