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THE UNIT BALL OF BILINEAR FORMS ON R? WITH A
ROTATED SUPREMUM NORM

Sung Guen KIM!

Abstract

Let 0 <60 < 3 and lgo,ﬁ be the plane with the rotated supremum norm

1z, ) |loo,0 = max{ |(cosB)x + (sind)y|, |(sinb)x — (cosh)y] }

We devote to the description of the sets of extreme, exposed and smooth
points of the closed unit balls of £(*12_ 4) and L£,(*2, ), where £(*I2, ,) is
the space of bilinear forms on 12, 5, and £(*I2, 4) is the subspace of £(*I2, ;)
consisting of symmetric bilinear forms. Let F = L(ngo,o) or LS(ngo)g). First
we classify the extreme and exposed points of the closed unit ball of F. We
also show that every extreme point of the closed unit ball of F is exposed. It
is shown that ext Bg, ez ,) = ext Beep ) NL, (%12, 4) and exp Bg, ez, ,) =
exp Bgz )N LS(Zlgoﬂ). We classify the smooth points of the closed unit
ball of F. It is shown that sm B 22 ») ﬂﬁs(%i,a) CsmBg (22 ). As corol-

lary we extend the results of [18, 35].
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1 Introduction

Throughout the paper, we let n,m € N,n,m > 2. We write Bg for the closed
unit ball of a real Banach space E and the dual space of F is denoted by E*. An
element x € Bg is called an extreme point of Bg if y,z € Bg with x = %(y + 2)
implies z = y = z. An element z € Bp is called an exposed point of Bg if there
is f € E* so that f(z) =1=|f] and f(y) <1 for every y € Bg \ {z}. It is easy
to see that every exposed point of Bg is an extreme point. An element x € B is
called a smooth point of B if there is unique f € E* so that f(x) =1 = || f|. We
denote by ext Bg, exp Br and sm Bf the set of extreme points, the set of exposed
points and the set of smooth points of Bg, respectively. A mapping P: F — R is
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a continuous n-homogeneous polynomial if there exists a continuous n-linear form
T on the product E X --- x E such that P(x) = T(x,--- ,z) for every z € E. We
denote by P("FE) the Banach space of all continuous n-homogeneous polynomials
from E into R endowed with the norm | P|| = sup,|= [P(z)|. We denote by
L(™E) the Banach space of all continuous n-linear forms on E endowed with the
norm ||| = sup|z, =1 |T(x1, -, @n)|- Ls("E) denotes the closed subspace of all
continuous symmetric n-linear forms on E. Notice that £L("FE) is identified with
the dual of n-fold projective tensor product ®mnE. With this identification, the

action of a continuous n-linear form 7" as a bounded linear functional on Q) E
’
is given by

k 3
Wi ... (n)i — Wi . g
<;x Q- Q , T> ;T(:): , , T )

Notice also that L£4("F) is identified with the dual of n-fold symmetric projec-

tive tensor product ® E. With this identification, the action of a continuous

S,T,N

symmetric n-linear form 7" as a bounded linear functional on ® FE is given by

S,
k 1 k
= o)l @ ... g o) = Wi . p(n)s
<Zn|(2x ®---Q ),T>_ZT(:¢ o )
where o goes over all permutations on {1,...,n}. For more details about the

theory of polynomials and multilinear mappings on Banach spaces, we refer to
8].

Let us introduce the history of classification problems of the extreme points,
the exposed points and the smooth points of the unit ball of continuous n-
homogeneous polynomials on a Banach space.

We let [ = R™ for every 1 < p < oo equipped with the /,-norm. Choi et
al. [3, 4, 5] initiated and classified ext Bp(zz) for p = 1,2. Choi and Kim [7]
classified exp Byp22) for p = 1,2, 00. Grecu [12] classified ext By for 1 <p <2
or 2 < p < oo. Kim et al. [46] showed that if E is a separable real Hilbert space
with dim(E) > 2, then, ext Bp2py = exp Bpepg). Kim [17] classified exp Byp2z)
for 1 < p < oo. Kim [19, 21] characterized ext Bypzy, (1,4)2), Where dy(1,w)? = R?

with the octagonal norm ||(x,y)|l, = max {|x|, lyl, %} for 0 < w < 1. Kim [26]
classified exp Byp(24, (1,1)2) and showed that exp Byp2q, (1,w)2) # €xt Bp2q, (1,w)?)-
Kim [31, 34, 45] classified ext Bpp2 ), exp By ) and sm Bpoge ), where
() (L) (L)
R} 1)
%’arallel to the classification problems of ext Bpn ), exp By gy and sm By g,
it seems to be very natural to study the classification problems of the extreme
points, the exposed points and the smooth points of the unit ball of continuous
(symmetric) multilinear forms on a Banach space.
Kim [18] initiated and classified ext B (22 ), exp B (2;2.) and sm B 22 .
It was shown that ext Bg 22 ) = exp B 22.). Kim [20, 22, 23, 25] classi-
fied ext BLS(Qd*(l,w)Q)’ ext BL(Qd*(l,w)Q)v exp BLS(Qd*(l,w)Q)a and exp BL(Qd*(Lw)Q).

= R? with the hexagonal norm ||(m,y)||h(%) = max {|y|, |z| + %|y[}
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Kim [29, 30] also classified ext By (23 ) and exp Bg (s;z ). It was shown that
ext By (23.) = exp Bg (23 and ext By (s;2 ) = exp By (3;2). Kim [35] classi-
fied ext B2z ), exp Br(zz,) and sm Bgzz y. Kim [33] characterized ext Bz )
and ext By (2jn ), and showed that exp By 2 ) = ext By2in ) and exp By (2n ) =
ext By (2 ). Kim [36] characterized ext B2 y and exp Bgzs . Kim [37] char-
acterized sm By (nj2 ). Kim [38] studied ext By ). Cavalcante et al. [2] charac-
terized ext Bg(nm). Kim [41] classified ext Bz y and ext By (nj2 ). It was shown
that [ext Byniz )| = 22") and |ext Be, ozl = 271 and that exp Bpniz) =
ext Benz ) and exp B (2 ) = ext B (nj2 ). Kim [40, 43] characterize ext B (njm ),
ext Bgnym), €xp Bg (mim), €Xp Bgmmy, smBg ) and sm Bgmmn) for every
n,m > 2. Kim [44] characterize ext BL(an),ext B, (nrm ), €xp BL(RRWH)’

exp Bﬁs(an), where R}, is R™ with a norm || - || such l“d‘llat | ext BR\TII‘ = 2m for
m > 2. It is shown that every extreme point is exposed.

We refer to [1-7, 9-15, 17-55] and references therein) for some recent work
about extremal properties of homogeneous polynomials and multilinear forms on
Banach spaces.

Let 0 <60 < § and lgoﬂ be the plane with the rotated supremum norm

(2. 9)lloc.0 = max { |(cost)x + (sinb)y, |(sind)z — (cost)y| }.

Notice that if § = 0, then [2, , = 2, = R? with the supremum norm. In this paper,

00,0 —
we devote to the description of the sets of extreme, exposed and smooth points

of the closed unit balls of £(%12_,) and £4(%12 ,). Let F = L% ,) or Ls(*2 ).
First we classify the extreme and exposed p(;ints of the closed unit ball of 7.
We also show that every extreme point of the closed unit ball of ¥ is exposed.
It is shown that ext Bﬁs(zlgoae) = ext Bﬁ(zlgo,o) N Ls(%1%, ) and exp Bﬂs(Ql?,o,g) -

22 ) N L5(%12 ,). We classify the smooth points of the closed unit ball
of F. It is shown that SmBLs(glio,g) = sm BL(QZEO,Q) N Ls(2l§079). As corollary we
extend the results of [18, 35] when 6 = 0.

exp By

2 The extreme points of the unit balls of £(*3 ,) and
Ls(Pl )

Throughout the paper welet 0 < 6 < § and lgo,e be the plane with the rotated
supremum norm
1@, 9) .0 = max { |(cosd)z + (sind)y, |(sin0)z — (cost)y| }.
IfTe £(2lc2>o79), then

T((z1,y1), (x2,y2)) = ax122 + by1y2 + cx1y2 + daay;

for some a,b, ¢, d € R. For simplicity, we denote T' = (a, b, ¢, d).
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Let S be a non-empty subset of a real Banach space E. Let

k
conv(8) i= { D tja;: 0 < t; <1ty e = La; € Sfork € Nand 1 < j < k.
j=1

We call conv(S) the convex hull of S. Recall that the Krein-Milman Theorem [46]
say that every nonempty compact convex subset of a Hausdorff locally convex
space is the closed convex hull of its set of extreme points.
Let A := (cosf — sinf, cosf + sinf) and B := (cosf + sinf, — cosh + sinf).
Notice that
ext B = {£A, £B}.

By the Krein-Milman Theorem,

Be = conv({:tA, j:B}).
The following presents an explicit formula for the norm of T' € 6(213079).
Theorem 1. Let T = (a,b,c,d) € L(ngo o) for some a,b,c,d € R. Then,

Ty = max{‘(l — sin26)a + (1 + sin20)b + (cos26)(c + d)’,

9

’(1 + sin20)a + (1 — sin26)b — (cos20)(c + d)

)

’(00529)((1 —b) — (1 — sin26)c+ (1 + sin26)d

‘(cos%)(a —b)+ (14 sin20)c — (1 — sinQG)d‘}.

Proof. Let X1, X5 € Bp o By the Krein-Milman Theorem, there exist tgj),tgj) €
R such that ’

]+ 169 <1and X; = DA+ 9B (j=1,2).
By the bilinearity of T, it follows that
IT(X1, X2)| = ‘T(tgl)A +4"B, 74 +4B) ]
ST VY] max{ |T(A, A)], |T(A, B)|, [T(B, A)|, |T(B,B)| }

IN

4yl Shv

= max{ [T(A,A)], [T(A,B)|, [T(B,A)l, [T(B,B)| }
= rnax{’(l — sin20)a + (1 + sin20)b + (cos20)(c + d)‘,

‘(1 + sin20)a + (1 — sin20)b — (cos20)(c + d)

)

)

‘(60829)((1 —b) — (1 — sin20)c + (1 + sin26)d

‘(00320)((1 —b)+ (14 sin20)c — (1 — sz’n29)d‘} < |7,

which completes the proof. O
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Notice that if § = T and T' = (a,b,¢,d) € £(* ), then

I
1Tz = 2max | lal, [b] ,]cl, |d] ;-
4

Theorem 2. Let 0 <6 < 5 and T = (a,b,c,d) € L(ngoﬁ) with ||T|| = 1. Then,
T € ext By ») if and only if

1=T(A, A)| = [T(B, B)| = [T(A, B)| = [T(B, A)|.
Proof. (=). Suppose that T' € ext B (22 ,)- Assume the assertion is not true.
We have three cases. 7
Case 1. |[T(A,A)| < 1.

Let 6 =
Since

T
1>|T(A,A) =|T((0,v2), (0,v2))| =2]b),
there is N € N such that

1

1T + (0, 0. 0>|y ~ 1.

Let .
Ti::Ti(O ~ 0 0).
7N’ b

Hence, T is not extreme. This is a contradiction.
Suppose that 6 # 7. Let

1—sin20)> 1 1-sin20 1-— smze)

T =T+ (( - ,
n(cos26)?2 " n’  ncos26 ncos20

for a sufficiently large n € N so that |[T*|| = 1 for j = 1,2. Hence, T is not
extreme. This is a contradiction.

Case 2. |T(B,B)| < 1.

Let 0 = %.
Since

1> |T(B, B)| = |T((v2,0), (v2,0))| = 2|al,

there is N € N such that

1
1T (5 0,0, 0) = 1.

Hence, T is not extreme. This is a contradiction.
Suppose that 6 # 7. Let

1+ sin20) cos26 1 l)
ncos20 ' n(l+sin20)’ n’ n

Ti;:Ti(—(
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for a sufficiently large n € N so that ||TF|| = 1 for j = 1,2. Hence, T is not
extreme. This is a contradiction.

Case 3. |T(A,B)| < 1.

Let 0 = %.
Since

1> |T(A,B)| =|T((0,V2), (vV2,0))| =2]d|,

there is NV € N such that
||T:|:(O 0,0 1)”——1
N '

Hence, T is not extreme. This is a contradiction.

Suppose that 6 # 7.
Let

Tt .74 (l’ _ 1, 1 +33in29’ 1 —|—sin20>
n n ncos20 ncos20
for a sufficiently large n € N so that |T*| = 1 for j = 1,2. Hence, T is not
extreme. This is a contradiction.

Case 4. |T(B,A)| < 1.

Let 6 = %.
Since

1> |T(B,A)| = |T((v2,0), (0,V2))] = 2]c|,
there is N € N such that

1
Ti(O, 0, —, 0) —1.
H = o)

Hence, T is not extreme. This is a contradiction.

Suppose that 6 # 7.
Let

TE._ 7y (l 1 143sin20 -1+ sz’n20>
n’ n’ ncos20 ' ncos20

for a sufficiently large n € N so that ||TF| = 1 for j = 1,2. Hence, T is not
extreme. This is a contradiction. Therefore, the assertion is true.

(«<). Suppose that 1 = |T'(A,A)| = |T(B,B)| = |T(A,B)| = |T(B, A)|.

Let Ry, Ry € L(Ql?)oﬁ) be defined by

Ri=T+ (e 4, p, t)and Ry =T — (¢, 6, p, t)

for some €, J, p, t € R be such that ||R;|| =1 for j =1,2.
Claim. e=0=p=1t=0.
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By Theorem 1, it follows that

1

AV

max{|T1(A, A)|, [T2(A, A)[}
IT(A, A)|+ (e, 6, p, t)(A, A
= 14 |(e 0, p, t)(A,A),

which shows that
0= (e 0, p, t)(A,A) = (1 —sin20)e + (1 + sin20)d + (cos20)p + (cos20)t. (x)
By Theorem 1, it follows that

1

v

max{|T1(B, B)|, |T>(B, B)[}
|T(B, B)| + (e, 0, p, t)(B, B)|
= 1+|(e 0, p, t)(B,B)]|,

which shows that
0=1(e 0, p,t)(B,B) = (1+ sin20)e + (1 — sin20)d — (cos26)p — (cos20)t. (xx)
By Theorem 1, it follows that

1

A\

max{[T1(4, B)|, [Ta(A, B)[}
IT(A, B)[ + (e, 4, p, 1)(A, B)]|
1+|(e, 0, p, 1)(A, B)],

which shows that
0={(e 9, p, t)(A, B) = (cos26)e — (cos20)0 — (1 — sin20)p + (1 + sin20)t. (***)
By Theorem 1, it follows that

1

v

max{|T1(B, A)|, |T2(B, A)|}
= |T(B,A)|+|(e, 6 p, t)(B,A)|
= 1+4+]|(¢ 9, p, t)(B,A),

which shows that
0=(e 0, p, t)(B,A) = (cos20)e — (c0s20)0 + (14 sin20)p — (1 — sin20)t. (x**x)

Solving the equations of (%) — (% * xx), we get € = § = p =t = 0. Therefore, T is
extreme. We complete the proof. O

Theorem 3. Let 0 < 0 < Z and T = (a,b,c,c) € L(*1% ,) with | T|| = 1. Then,
T € ext Bg 22 ) if and only if

1 = [T(4, A)| = [T(B, B)| = |T(A, B)|.
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Proof. (=). Suppose that T € ext B, 22 o) Assume the assertion is not true.
We have three cases. 7

Case 1. |[T(A,A)| < 1.
Let 0 = 7.

Since
1> |T(A, A)| = |T((0,v2), (0,v2))| =2b],
there is N € N such that

1

Ti(O, —. 0, 0) —1.
7+ (0. % 0. 0)]

Let .
Ti::Ti(o ~0 0).
7N7 b

Hence, T ¢ ext B (22 ,)- This is a contradiction.
Suppose that 6 # g. Let

(1-sin20)*> 1 1—sin20 1- sin20>

T =T+ (
n(cos20)2 " n’ mncos20 = ncos20

for a sufficiently large n € N so that |TF| = 1 for j = 1,2. Hence, T ¢
ext By 212y This is a contradiction.

Case 2. |T(B,B)| < 1.

Let 0 = %.
Since

1> |T(B, B)| = |T((v2,0), (v2,0))| = 2|al,

there is N € N such that
N? Y Y *

Hence, T ¢ ext By (22 ,)- This is a contradiction.
Suppose that 0 # f. Let

TE._ Py (_ (1 —l—sm29)’ B cos2‘9 , l’ l)
ncos26 n(l+sin20)” n’ n
for a sufficiently large n € N so that |TF| = 1 for j = 1,2. Hence, T ¢

ext By (2p2 W) This is a contradiction.

Case 3. |T(A,B)| < 1.

Let 0 = %.
Since

1> |T(A,B)| =|T((0,V2), (vV2,0))| =2]d|,
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there is N € N such that

11
Ti(, 77,7> —1.
7 (0. 0. 4 L))

Hence, T' ¢ ext B (22 ,)- This is a contradiction.

Suppose that 6 # 7.

Let
Tt T4 (l, ~ 1’ tan29’ tan20>
n n.n n
for a sufficiently large n € N so that |TF| = 1 for j = 1,2. Hence, T ¢

ext By (22 o) This is a contradiction. Therefore, the assertion is true.
(«<). Suppose that 1 = |T'(A, A)| = |T(B, B)| = |T'(A, B)|. Since T is symmet-
ric, [T'(B, A)| = 1. By Theorem 2, T' € ext B2 ,)- Hence, T € ext By 22 ). [

Theorem 4. Let 0 < 0 < % Then,

ext BL(2lZo,9)

1 1 1 1
— j:(—l 20), = (1 — 2,7'2,7'2),
{ 2( + cos20) 2( cos20) 55U 0 55 0
i(l(l 20), L(1 + cos20), — L sin20, —~si 29)
) c0520), 5 cos20), —5 sin20, — 5 sin20 ),

1 1 1
:t<§(00520 + sin26), —5(00520 + sin26), 5(—60829 + sin26),
1
5(—00320 + 8in29)>,
1 , 1 , 1 .
i<§(00320 — sin20), —5(00320 — sin20), 5(00820 + sin26),
1
5(00320 + sin29)),

1 1 1 1
:|:<fsin20, —§sin29, 5(1 — c0s20), 5(1 + 60529)),

2
1 1 1 1 11 11
:I:(fsin29, ——sin20, —=(1 4 cos20), = (1 — cos%’)),:t(f, = —=, 7>,
2 2 2 2 2°2° 2°2
111 1
()
2°2°2 2
Proof. By Theorem 2, it follows. O

Theorem 5. Let 0 < 60 < 5. Then, ext Bﬂs(zlgo’e) = ext B’C(2lgo,9) N ﬁs(Zlgoﬁ).

Proof. By Theorems 2 and 3, it follows. O
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Theorem 6. Let 0 < 0 < % Then,
eXtBLS(212 )
- { i(l(1+ 20), L(1 — cos20), ~sin20, Lsi 29)
= 5 cos20), 5 cos20), 5 sin20, 5 sin20 ),
i(l(l 20), L(1 + c0s20), — - 5in26, —~si 20)
5 cos26), 5 cos20), —5 sin26, — sin26 ),
1 1 1
+ (5(60829 + sin20), —5(60829 + sin20), 5(—60829 + sin20),
1
5(—00329 + 3in26)>,
1 _ 1 . 1 ,
+ (5(00329 — sin26), —5(00329 — sin26), 5(00326 + sin20),

%(00329 + sin20)) }

Notice that ‘ext BL(Qlio,e)\eXt BLS(2Z§O,0)‘ =8 = ’ext BES(2Z§OY0)‘.

3 The exposed points of the unit balls of £(*% ,) and
L5l )
The following presents an explicit formulae for the norm of f € L(ngoﬂ)*.
Theorem 7. Let 0 < 60 < § and f € L(Zlgoﬂ)* be such that « := f(x122), B :=

flyiya), v = f(z1y2), p:= f(x2y1). Then,

1 = 5 max{ (1 + cos26)a + (1 — cos26)5 + (sin20)y + (sin20)p

5 )

(1 —cos28)a + (1 + cos20)p — (sin26)y — (sin29)p‘,

(cos20 + sin20)a — (cos20 + sin20)5 + (—cos26 + sin26)y
+(—cos20 + sin20)p’,

(cos20 — sin20)a — (cos26 — sin26)5 + (cos260 + sin26)~y

+(cos20 + sin20)p

I

(sin20)a — (sin20)B + (1 — cos20)y + (1 + cos20)p‘,

(sin20)a—(sin26)5—(1 + cos20)y+(1 — 00529),0‘,|a + 8+ |y - p|}
Proof. 1t follows from Theorem 4 and the fact that
Ifll=_ sup  [f(T)].

Teext BL-/(ngO’G)
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Notice that if || f|| = 1, then
la] <1+ sin20, |5] <14 sin26, |y| <1+ sin20, |p| <1+ sin26.

Theorem 8. ([23]) Let E be a real Banach space such that ext Bg is finite. Sup-
pose that x € ext Bg satisfies that there exists an f € E* with f(x) =1 = || f]|
and |f(y)| < 1 for every y € ext Bg\{£x}. Then x € exp Bg.

Theorem 9. exp By ) =ext By ) Jor0 <6< 3.

Proof. 1t suffices to show that if T € ext B o) then T is exposed. Let T €
ext Byzz ). We define f € L(ngo,e)* by

1
= Z(sign(T(A7 A))oa.a +sign(T(B, B))dp,p +sign(T(A, B))oa,n
+sign(T(B, 4))6p.4),
where 94 4(S) := S(A,A) for S € L(zlgoﬂ). By Theorem 7, f(T)=1=||f].
Claim. if S € ext Bg2j2 ) such that |f(S)]=1,then S=Tor S =-T.
Obviously,
<S(A, A) =T(A,A), S(B,B) =T(B,B), S(A, B) =T(A,B),
S(B,A) = T(B,A)) or (S(A, A) = —T(A, A), S(B,B) = —T(B, B),
S(A,B) = —~T(A, B), S(B, A) = —~T(B, A)).
Since {A, B} is a basis for lgoﬁ, S =T or S =-—T, respectively. By Theorem 8,
T is exposed. We complete the proof. ]
Theorem 10. exp By 22 ) = ext By 22y for 0 <6 < 3.

Proof. By Theorems 5 and 9,

ext By ez y=ext By )N Ls(*1Z, ) = exp By, )0 L2, ).

)

Let T € ext BLS(QI;VG). Then, T' € exp BL(Q’;,e)' Then there is f € L(ngo,e)* such
that f(T) =1=||f]| and f(S) <1forall S € BL(QI;’G)\{T}. Let f1 := f|£5(2lgo,9).
Obviously, fi(T) =1 = ||f1]| and fi(R) < 1 for all R € BLS(Qlio,g)\{T}' Hence,
T € exp Bﬁs(zlio,g)' O

Theorem 11. exp BLS(Q@OVG) = exp BL(Qli,e) N 53(212079) for0<0< 3.

Proof. 1t follows from Theorems 5, 9 and 10. 0
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4 The smooth points of the unit balls of £(* ,) and
L4(*13.9)

The main result about smooth points is known as ”"the Mazur density theorem.”
Recall that the Mazur density theorem [16, p. 171] says that the set of all the
smooth points of a solid closed conver subset of a separable Banach space is a
residual subset of its boundary.

Theorem 12. Let 0 < 0 < 5 and T = (a,b,c,d) € L(*1% ,) with ||T|| = 1. Then,
T € sm By ) if and only if there is unique X € {(A4, A) ( B),(A,B),(B,A)}
such that |T(X )| =1and|T(Y)| <1 foreveryY € {(A, A),(B,B),(A,B),(B,A)}
WX}

Proof. (=). Assume the assertion is not true.
Suppose that |T'(A, A)| =1, |T(B,B)| = 1. Let fi = sign(T'(A, A))da,4 and
fa =sign(T'(B, B))dp,B be elements of L(Zlgoﬁ)*. Notice that

fr# fa, Wfill =1 = f3(T) for j = 1,2.

Hence, T is not a smooth point. This is a contradiction. Similarly, we conclude
that the other cases reach a contradiction. Therefore, the assertion is true.

(«). Let f € L(*1% ,)* be such that 1 = || f|| = f(T) with o := f(z122), B:=
F1y2), 7= Flarys) and pi= f(aayn).
Case 1. |[T(A,A)| =1, |T(B,B)| <1, |[T(A,B)| <1, |[T(B,A)| <1

Without loss of generality we may assume that T'(A, A) = 1. Let 6 = 7. We
will show that o =~ = p =0, 8 = 2. Since

T(4,4) =1, [T(B,B)| < 1, [T(4,B)| < 1, [T(B, A)| < 1

we have ) ) )
b=3, lal <3, Il < <5

By Theorem 1, there is N € N such that

= [ (0.0 0| =[x (0.0 5 o) =72 (0. 0.0, F)

It follows that
(7= (0. 0. 5 0))]

1 > max{‘f(Tj:(N 0, 0, 0))
(00 0 14 10 )

V@i@OOzﬂN}
L [7((0 00 )]}
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which shows that
o= 1((3 00 0) = s((0 0 b)) =000 ).
Hence, a = v = p = 0. Since
1=f(T)=aa+bB+cy+dp= %ﬁ,

we have § = 2. Hence, T is a smooth point.
Suppose that § # 7. Since T'(A,A) = 1, |T(B,B)| < 1, |T(A,B)| < 1,
|T'(B,A)| <1, by Theorem 1, there is N € N such that

1 —1 4+ sin206

1 = Tj:( - ),
N’ N(1+ sin20)’ 0
1 —1+ sin26

U= e (50 N Ol
N 0 Ncos20
1 —1+ sin26

o e (oo i)
N 0,0 Ncos20

It follows that

1

AV

ma {[7(7% (5 sy O )|

1 —1 + sin26
T :t (77 9 9 )
‘f( N 0 " Ncos20 0

R

N

= ma {0+ (5w s @ 0)))
D+ (0 g 0))
T!+‘f<<i 0 };fz@w))‘}

_ max{1+)f((N ﬁiiﬁ? )|

Ncos20

(5 0 0 g D

)
1+‘f<( 0 1+szn29, ))
)

which shows that

(e R G )

= (00 o))

Hence,

5= <1—|—sm2<9) B ( cos26 ) _( cos26 )
1—sin20) 77 1 Zsin20/) P~ \1 "sin20 /@
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It follows that

1 = f(T)=aa+bB+cy+dp

- oo+ (i) ()t (o))

a
= — (1 —sin2 1 2 2 2
T ein3d (( sin20)a + (1 + sin20)b + (cos20)c + (cos 0)d>
a a
= T T A = TG

which shows that
a=1-—sin20, =1+ sin26, v = p = cos26.

Since f is unique, T' is a smooth point.
Case 2. |T(B,B)| =1, |T(AA)| <1, |T(A,B)| <1, |IT(B,A)| < 1.

Without loss of generality we may assume that T'(B,B) = 1. Let § = 7. By
analogous arguments in the case 1, « = 2, § =~y = p = 0. Hence, T is a smooth
point.

Suppose that 6 # 7. By analogous arguments in the case 1,
a=1+4sin20, =1—sin20, v = p = —cos20.

Hence, T is a smooth point.
Case 3. |T(A,B)| =1, [T(AA)| <1, [T(B,B)| <1, |[T(B,A)| < 1.

Notice that if § = 7, then a = 8 =~v=0,p = 2.

Suppose that 6 # 7. Without loss of generality we may assume that T'(A, B) =
1. Since T(A,B) =1, |T(A,A)| < 1, |T(B,B)| < 1, |T(B,A)| < 1, by Theorem
1, there is N € N such that

1 1

1 - Tj: (77 AT 9 ) 9
NN 0,0
1 cos20

1 - T:l: (75 Y AT/ 1 _an)? ) )
N 0 N(1 — sin20)
1 cos20

1 = T:I:(—, 0, 0, ——)H
N N(1+ sin26)
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I

It follows that
o o (5 b)) s (b 22 0)

N
w5 0
(0 )

5o

A0+ (5 00 - 5 )|
v
0,

)

- maX{H\f((N 0 0)))a (50 v e )

(500 - s ema)]

which shows that

0 = #(( k0. 0)) = 1(( 0 g 0))

= (o0 - et

—1+sz’n20) _ (1+5in29)
c0s20 % P= cos20 ) “

Hence,

/B = —Q, V= (
It follows that

1 = f(T)=aa+bB8+cy+dp
_ a(@_b+(—1+sz’n20>c+<1+sin29>d)

cos26 cos26
= a20 (cosQG(a —b)+ (=14 sin20)c+ (1 + sin29)d>
cos
o o
= T(A B) = ——
c0s20 (4, B) c0s26’

which shows that
a=—0=rcos20, v=—1+4 sin20, p =1+ sin26.

Hence, T is a smooth point.
Case 4. |T(B,A)| =1, [T(AA)| <1, IT(B,B)| <1, |[T(A,B)| < 1.

By analogous arguments in the case 1,if 0 = 7, thena ==p =0, v =2
and if 6 # 7, then

a=—0=rcos20, v=1+ sin20, p= —1+ sin26.

Hence, T is a smooth point. We complete the proof. O
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Theorem 13. Let0 <6 < § and T = (a,b,c,c) € Ls(2l§079) with | T|| = 1. Then,
T €smBg 22 ) if and only if there is unique X € {(A,A),(B,B),(A,B)} such
that |T(X)| = 1 and |T(Y)| < 1 for every Y € {(A, A), (B, B), (A, B)}\{X}.

Proof. We follow analogous arguments in the proof of Theorem 12.
(=) follows by the same argument in the proof (=) of Theorem 12.

(). Let g € LS(ngoﬂ)* be such that ¢(T') = 1 = ||¢|| and o = g(z122), B =
9(1y2), v = g(@1y2 + wapn)-

Case 1. |T(A, A)| =1, |T(B, B)| < 1, |T(A, B)| < 1.

Without loss of generality we may assume that T'(A, A) = 1. Let 6 = 7. We
will show that o =~ =0, 8 = 2. Since

T(Av A) =1, |T(B>B>’ <1, |T(A7B)’ <1

we have

1 1

1
b= —, |a| < < -
> lal < 5, le

2’ 2
By Theorem 1, there is N € N such that

= e (o)== (oo b b))
It follows that
e+ (o 0.0.9)) [r(rs (0.0, 2)
= st 0. 0.9)] 14[1(6 0 3 D))

i

which shows that
1 1 1
0=1((5 00 0)) = (00 5 7))
Hence, a =« = 0. Since
1
1=f(T)=aa+bB+cy= 56,
we have § = 2. Hence, T is a smooth point.

Suppose that § # 7. Since T'(A,A) = 1, |T(B,B)| < 1, |T(A,B)| < 1,
|T(B,A)| <1, by Theorem 1, there is N € N such that

1 —14+ sin260
1 = HTi(—,—., 0, O) :

N’ N(1+ sin260)

1 —1 4 sin260 —1 + sin20
1= HTi<N’ 0 O Ncos26 © 2Necos26 )H
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It follows that

{0 (g 0 0)|

1 -1+ sin20 —1+ sin26
T+ (77 0, : ))
‘f ( N 2N cos26 2N cos26

{1 (e st 0.0)
(0. S o) |

= maX{l—i—‘f((%’ ]\[_(11—:_%’ 0, 0))"

Y

1 —1+ sin260 —1+4+ sin260
- [r((5 0 , )|}
+|f N 0 2N cos26 2N cos26

which shows that

0 = (5 wrsaman © ) =7 aar 2ve )

Hence,

o= () 1= ()™

It follows that

1 = f(T)=aa+bB8+cy

B < +<1+sin20)b+< 2c0s26 ) )
- 1 — sin20 1 — sin26 ¢

a
= ——((1 —sin2 1 12 2 2
T sin20 (( sin20)a + (1 + sin20)b + 2(cos 9)0)
a a
e RS R g}

which shows that
a=1-—sin20, f =1+ sin20, v = 2cos20.

Since g is unique, 7" is a smooth point.
Case 2. |T(B,B)| =1, |[T(A,A)| <1, |[T(A,B)| <1.

Without loss of generality we may assume that 7'(B,B) = 1. Let § = 7. By
analogous arguments in the case 1, « = 2, § =« = 0. Hence, T is a smooth point.

Suppose that 6 # 7. By analogous arguments in the case 1,
a=1+sin20, §=1—sin20, v = —2cos20.

Hence, T is a smooth point.

Case 3. |T(A, B)| =1, |T(A, A)| < 1, |T(B, B)| < 1.
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Notice that if # = 0, then « = —8 = 1, v = 0 and that if § = 7, then
a=p=0,v=2.

Suppose that 6 # 0 and 6 # 7. Without loss of generality we may assume
that T'(A, B) = 1. Since T'(A,B) =1, |T(A,A)| < 1, |T(B, B)| < 1, by Theorem
1, there is N € N such that

1 1
1 = HTi(—, —. 0, 0) :

N’ N

1 —cos20 —cos20
L= HTi(N’ " 2Nsin20’ 2N5m29>H'

It follows that
R ()
0,

= wax {r+7((5 7
0

( ( 0, 2]\7029112200 2;\765222200)”}
)]
1

—co0s20 —co0s20
D (0 e s
I+ |f N 2N sin260’ 2N sin20

= w1+ |1 ((5 5 0 )+ (50 swenas asnan)))

which shows that

0 = /(5 50 0) =5 0 sy svams)
Hence, 25in26
f=-a = ( cos20 )a
It follows that
1 = f(T)=aa+bB+cy

= ale-0+ (3579

- @ (cosQ@(a —b)+ (23in20)c)

cos20
Q Q
= T(A B) = ——
c0s20 (4,B) c0s20’

which shows that
a=—0=co0s20, v = 2sin20.

Hence, T is a smooth point. ]

Theorem 14. Let 0 < 6 < 5. Then, sm Byeg )0 Ls(12, ) G sm By (2p )"

Proof. From Theorems 12 and 13, smBL(glg o Ls(%1% ,) is a subset of
sm By 22 ). Let To € sm By 22 be such that

To(A, B)| = 1, |To(A, A)| < 1, |To(B, B)| < 1.

Since [1p(B, A)| = 1, by Theorem 12, Ty ¢ sm B2 ») N Lg% ,). We complete
the proof. ’ O
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