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ON PARA-COMPLEX STRUCTURES OF HORIZONTAL
SASAKI GRADIENT METRIC

Hichem EL HENDI*! and Abderrahim ZAGANE?

Abstract

In the present paper, we consider the horizontal Sasaki gradient met-
ric on the tangent bundle 7'M over an m-dimensional Riemannian manifold
(M, g). We construct almost para-complex Norden structures on 7'M and in-
vestigate conditions for these structures to be para-Kéahler. We finally study
some properties of horizontal Sasaki gradient Metric which is pure with re-
spect to some para-complex structures on 7M.
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1 Introduction

The geometry of tangent bundle of a Riemannian manifold (M, g) has under-
gone an intense study since the 1970s, especially due to the fact that it is the
basic manifold of a Finsler space (M, F'). The main ingredient in such studies is

is that of nonlinear connection intrisecly related by the fundamental function F.
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Such a nonlinear connection is that of Cartan N = R where G* = 5760 are
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the spray coefficients. Any nonlinear connection spans a horizontal distribution

by the adapted frames { 9
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bution spanned by {W} The fundamental function determines a metric tensor
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}, orthogonal to the vertical distri-
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T'M, where 0y* = dy" + N;da’.

and then g = g;;dz’ ® da’ + g;;6y' ® 0y’ is a metric structure on
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In recent years, a lot of studies about their local or global geometric properties
have been published in the literature. When the authors studied this topic, they
used different metrics which are called natural metrics on the tangent bundle.
Firstly, the geometry of a tangent bundle has been studied by using a new metric
g°, which is called Sasaki metric, with the aid of a Riemannian metric g on a
differential manifold M in 1958 by Sasaki [19]. It is uniquely determined by.

gS(XH,YH) = g(X,Y)om
gS(XH,YV) - 0 (1)
FXV, YY) = g(X,Y)ox

for all vector fields X and Y on M. More intuitively, the metric g° is constructed
in such a way that the vertical and horizontal sub bundles are orthogonal and the
bundle map 7 : (T'M, g°) — (M, g) is a Riemannian submersion.

After that, the tangent bundle could be split into its horizontal and vertical
subbundles with the aid of Levi Civita connection V on (M, g). Later, the Lie
bracket of the tangent bundle T'M, the Levi Civita connection V® on T'M and its
Riemannian curvature tensor R® have been obtained in [7] and [14]. Furthermore,
the explicit formulae of another natural metric gog, which is called Cheeger-
Gromoll metric, on the tangent bundle T'M of a Riemannian manifold (M, g). It
is uniquely determined by

gcg(XH,YH) =g(X,Y)or
gea(X2 YY)y =0 (2)
goa(XV YY) =~ (4(X, V) 4+ g(X,upg(¥)) o

where X, Y € I'(TM), (z,u) € TM, o = 1+ gz(u,u). This metric has been given
by Musso and Tricerri in [18], using Cheeger and Gromoll’s study [2]. The Levi
Civita connection V¢“ and the Riemannian curvature tensor R€Y of (T M, gcq)
have been obtained in [20] and [11], respectively.

Let g be a Riemannian metric, that is a particular case of Finsler space, if
gij(z) is a metric structure on M, then, F? = g;;(z)y'y’ is a Finsler function,
and consequently we can apply the above technique. On T'M endowed with a
nonlinear connection (derived from a Finsler structure) there exists a natural al-

most complex structure given by F(%) = —% and F((;}J) = %, which is
x Y Y
) o

not always integrable. Similarly, J <@) = _82j and J (aay]) =5 define a

natural almost product structure on T'M. Obviously, such structures can be con-
sidered more general on T'M. Naturally, if g(FX, FY) = g(X,Y) then (T M, F, g)
is almost complex structure on T'M, respectively if g(JX,JY) = g(X,Y) then
(TM, F,g) is an almost para-complex (Norden) structure. If the structure is in-
tegrable (V.J) = 0 then it is called an para-Kahler-Norden structure.
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A Tachibana operator ®; applied to the pure metric g is given by [?]

9(X,Y,Z) = (JX)(g(Y,2)) - X(9(JY, Z)) + g((Ly J) X, Z)
+g<(LZJ)X7 Y)7 (3)

for all X,Y,Z € I'(T'M). It is well known that the theorem (V.J = 0 is equiva-
lent to ® ;g = 0), which was proven in [22].

The notion of almost para-complex structure (or almost product structure) on a
smooth manifold was introduced in [17] and a survey of further results on para-
complex geometry (including para-Hermitian and para-Kéhler geometry) can be
found for instance in [6],[5]. Also, other further signifiant developments are due
in some recent surveys [1], [3], [4], where some aspects concerning the geometry of
para-complex manifolds are presented systematically by analogy with the geom-
etry of complex manifolds using some para-holomorphic coordinate systems. See
also [9], [13], [15], [16].

Motivated by the above studies, we define a new class of naturally metric on
TM given by

gf XYMy = 9:(X,Y) 4+ Xo(£)YalSf),
g]I‘{ (XH, YV)(w,u) = 0, (4)
g;[(XVaYV) = gw(X7Y)7

(z,u)
where f is a strictly positive smooth function on M and any vector fields X and
Y on M. Let f be a constant then g? is exactly the Sasaki metric. We call gf
the horizontal Sasaki gradient metric.

In section 2, we study the Levi-Civita connection V7 of a horizontal Sasaki
gradient metric. In Section3, we consider the almost product structure J (X )=
—X" and J(XV) = XH and prove that g]{{ is an almost para-complex (Norden)
structure (Lemma 2), and (T'M, g}{ ) is an almost para-complex (Norden) manifold
(Theorem 2). The problem of integrability, (T'M, J, gf ) be a paraKahler-Norden
manifold is studied in Theorem 3, namely it is proved this is happening if and
only if (M, g) is flat. In Section 4 is devoted to the study of Almost product
connection symmetric. Let V/ be the Levi-Civita connection from Theorem 1,
and S a tensor field of type (1,2) defined by formula (14). Then V = V/ — §
is a symmetric almost product connection on T'M if and only if (M,g) is flat
(Theorem 6).

2 Horizontal Sasaki gradient metric.

Let (M™,g) be an m-dimensional Riemannian manifold and (T'M,m, M) be
its tangent bundle. A local chart (U, :L'Z)Z:m on M induces a local chart
(Trfl(U),xi,yi)i:lfm on TM. Denote by Ffj the Christoffel symbols of g and by
V the Levi-Civita connection of g.
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Let X = X* 8‘21» be a local vector field on M. The vertical and the horizontal

lifts of X are defined by
0

v _ )
XV = Xigo (5)
0 (0 e 0
YH — xi — Xt — Tk
Szt {3mi ki oyk } (6)

0 \H ) a\Vv 0
For consequences, we have ( ) = — and ( ) =

Oxt St ox? oyt
Then (i, i) is a local adapted frame on TT M.
oxt’ Oyt /i=

1,m

Lemma 1. (/21]). Let (M, g) be a Riemannian manifold and R its tensor curva-
ture, then for all vector fields X, Y € T(T'M) we have:

1 [XH Y], = [X Y] — (R.(X,Y)u)Y,
2. [ XM YV], = (VxY),,
8. [XV,YV],=0,

where p = (x,u) € TM.

Definition 1. Let (M, g) be a Riemannian manifold and f : M —]0,+oc[. On
the tangent bundle TM, we define a horizontal Sasaki gradient metric noted gf
by
g?(XHvyv)(ac,u) = 0, (7)
ng‘LI(XV7YV) = g:(X,Y),

(z,u)

where X,Y e I'(TM), (z,u) € TM.
From Definition 1, g? is a Riemannian metric, because for each (x,u) € TM, g}q
satisfies

1 gf (U, V) = g{ (V,U) for all U,V € Ty ) (TM),

2 gJIc{(U, U)=g(UU?+ (Uf)?>0 forallU € Tigu)(TM),
3 gJIc{(U,U) =0 if and only if U = 0.

Remark 1.

1. If f is a constant, then g]{i is the Sasaki metric [21],

2. In the following, we consider a = 1+ ||grad f||*,where ||.| denote the norm
with respect to (M, g).
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2.1 The Levi-Civita connection.

We shall calculate the Levi-Civita connection V¥ of TM with horizontal
Sasaki gradient metric gf . This connection is characterized by the Koszul formula:

200 (VLY,2) = Xgf(Y,2)+Ygf(Z,X) - Zg} (X.Y)
for all X,Y,Z € T(TM).

Theorem 1. Let (M,g) be a Riemannian manifold and (T M, g]{{) its tangent

bundle equipped with the horizontal Sasaki gradient metric. If V (resp Vf) denote
the Levi-Civita connection of (M, g) (resp (T'M, g]{{) ), then we have:

1
L(ViaY™)y = (VxY)) + ~ga(Y, Vixgrad f)(grad )}
1

_§(RCE(X7Y)U)V7

2. (VinY"), = (VxY)/ —%QI(R(U,Y)X,gmd f)(grad )

5 (Ralw, V)X,
3.V Y™y = S (Relu, X)) — L gu(R(u, X)Y, grad f)(grad f)Y

4. (Vi YY), = o,

for all vector fields X, Y € T'(T'M) and p = (x,u) € TM, where R denotes the
curvature tensor of (M, g).

Proof.
The proof of Theorem 1 follows directly from Kozul formula (8), Lemma 1 and
Definition 1. O

3 Para-Kahler-Norden structures.

Let (M, g) be a Riemannian manifold and (7'M, g? ) be its tangent bundle
equipped with the horizontal Sasaki gradient metric. Consider an almost para-
complex structure J on T'M defined by

JXH = _xH
{JXV :XV (9)

for all X € I'(T'M).

Lemma 2. The metric gf s pure with respect to almost para-complex structure
J defined by (9).
i.e for all XY € I'(TM) and k,h € {H,V},

gf (JXF Y = gf (X, avh).
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Proof.
g (JXH YH) = g (- XH, YH) = gl (X _yH) = gl (X JVH)

2. gl (JXT YY) = gl (X" YY) =0= gl (X" YY) = gl (X", JYV).

H
9y
H
9y

3. gf (JXV,YV) =g (XY, YY) = g (X, JYV).

Hence we have the following theorem.

Theorem 2. Let (M,g) be a Riemannian manifold, (T'M, gf) be its tangent
bundle equipped with the horizontal Sasaki gradient metric and the almost para-
complex structure J defined by (9). The triple (T'M, J, gj{’l) is an almost para-
complex Norden manifold.

Proposition 1. Let (M, g) be a Riemannian manifold, (T M, g}q) be its tangent
bundle equipped with the horizontal Sasaki gradient metric and the almost para-

complex structure J defined by (9). for all X,Y,Z € I'(TM), then we get

L. (@ g )(XT, YT, ZM) =0,

N

(@ e )XV, Y ZT) =0,

3. (cbjgfj)(XH,YV, ZHY =29(R(Z, X)u,Y),
4. (® rg)XT YT, ZV) = 29(R(Y, X)u, Z),
5. (@9 (XV, YV, ZM) =0,

6. (y9f )XV, YT, ZV) =0,

7. (@ g )XYV, ZV) =0,

8. (9 )XV, YV, ZV) =0.

where R denotes the curvature tensor of (M, g).

Proof. o
We have for all X,Y,Z € T'(TTM)

@79V X,Y,Z2) = (JX)gf(Y.Z) - Xgf(JY,Z) + gf (Ly )X, Z)

+a (Y, (L) X).
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L(@ g/ ) (XY 1, 21 = (JXT)gf (Y1, 21) — XM gf (JY 1, Z2")
+9f (Lyu )X, Z7) + g (YT (LyuJ)X
= X" 2"+ XM (v 2"
+g7 (Lyn JXH = J(Lyn Xt), Z)
+gf (YH, Lyn JX™ — J(Lyu X))
(YH XH ZH) H(J[YH,XH],ZH)
(Y7 (2", X1 — gf (Y7, J127, X MT)

= -9

H
f
_g]{f

I
e

2. (g )XV, YT 2T = (JXV)gf (VP ZT) - XV (JY T, ZT)
+9f (Lyn XY, Z7) + g (Y7 (Lyu J)X

= +gf (Y™, XV],2") — g} (JIY", XV], 27)

+af (Y, (27 X)) — g (VP 7127, X))

|
N

= 2/ (Y7, X J,ZH)+29?(YH,[ZH,XV])
= 29{ (Vv X)V, Z") + 29/ (YT, (V2 X)V)

|
e

3.(@ g )XYV, 2Ty = (JxT)gf vV, z2") - XPgf (JYY, 2")
+9f (Lyv NXT Z7) + g (VY (LyuJ)X
= —gf (Y'Y, x"],z") — gf (JIYV, X", 2)
—gf (Y'Y, 127, X)) — gf (Y'Y, J127, X))
= —2¢{' (Y, [2", X))

= 29?(5/‘/7( X)u)¥)
= 29(R(Z, X)u, Y)
4.(@ 9 (XH Y ZV) = ( JXM gt (YT, 2V) = X P gl gy, 2V
+9f (Lyn NXT,ZYV) + g (YT (Lyv J)X
= —gf (Y7, X", 27) - gf (JIY", X", 2Y)
—gf (Y7, 2V, X)) — gff (YT, J[2Y, X))

The other formulas are obtained by a similar calculation.

Therefore, we have the following result.

)

")

)

)
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Theorem 3. Let (M,g) be a Riemannian manifold, (TM, gf) be its tangent
bundle equipped with the horizontal Sasaki gradient metric and the almost para-
complex structure J defined by (9). The triple (TM,J, gf) 1s a para-Kdhler-
Norden (or para-holomorphic Norden) manifold if and only if M is flat.

Proof.
For all X,Y,Z e I'(TM), k,h,l € {H,V} and (z,u) € TM
S\(vh vk oy _ g(R(Z, X)Y,u) =0
- R(Z,X)Y =0
R(Y,X)Z 0
& R=0

O

Remark 2. Let (M, g) be a Riemannian manifold, (T'M, g?) be its tangent bundle
equipped wiith the horizontal Sasaki gradient metric. Another almost para-complex
structure J on T M is defined by

{ JXH =XxV

The horizontal Sasaki gradient metric gf is pure with respect to J if and only if
f is constant function ( g? is the Sasaki metric ).

Now we study a generalization of the almost para-complex structure defined
by 9. Let (M, g) be a Riemannian manifold and (7'M, g}g) be its tangent bundle

equipped with the horizontal Sasaki gradient metric. We define an endomorphism
J:TTM — TTM by, for all X e I'(T'M)

JXT = X" 49X (f)(grad f)
(11)
JXV =XV + uX(f)(grad f)”

where 1, : M — R are smooth functions.

Remark 3. 1. If f = constant or n = p = 0, we have the almost para-complex
structure defined by (9),

2. J(grad f) = (=14 n(a —1))(grad )",
3. J(grad f)V = (1 + p(a —1))(grad f)",
where o = 1+ ||grad f||?.

In the following, we consider f # constant and n # 0 # p.
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Lemma 3. Let (M,g) be a Riemannian manifold and (T M, g}{) be its tangent
bundle equipped with the horizontal Sasaki gradient metric. The endomorphism J
defined by (15) is an almost para-complex structure on TM if and only if

Proof.
1) Let Z € T,TM, then Z = XH +YV XY € T,M and p = (x,u) € TM.

J2Z = JUJXT+YY))
= JUIXH +JY")
= J(= X" +0X(f)(grad )T+ YV + pY (f)(grad f)")
= —(=X"T 40X (f)(grad HT) +nX(f)(=1+n(e - 1))(grad /)"
+YY 4 uY (f)(grad £) + pY (f)(1 + pla —1))(grad f)”

JZ = X" X (f) (=24 n(a—1))(grad /)
+YY + 0¥ (/)24 pla— 1)) (grad f)Y
= Z+nX(f)(=2+n(a—1))(grad /)"
Y (f)(2+ ple — 1)) (grad £)”

J is an almost product structure on T'M if and only if
~24n(a—1) =2+ pla—1) =0,

1.e

in this case J is written in the following form:

IXH =X X (f)(grad )"

JXV =XV - 2 X (f)(grad )Y

and
J(grad /) = (grad f)
{ J(grad f)V = —(grad f)V.

1

~—ei(f)(grad ) and

2) Let {e1, - ,em} be a local basis on M, A; = el —
o'



66 Hichem El Hendi and Abderrahim Zagane

B; = —e} + i 1ei(f)(gradf)v, for all i = 1, m.
TA) = Il el f)grad f)1)
= (el el ) (grad )Y
= el e )grad )Y — —ei(f) (grad 1)

= el () grad )Y

= _AZ'
Then
TTM™ ={Z € T,TM,JZ = -Z} =< (Ai) ;=177 > -
Similarly we have:
Then
TTMY={ZeT,TM,JZ =7} =< (Bi)i—tim > -

O

Proposition 2. Let (M,g) be a Riemannian manifold, (T M, gf) be its tan-
gent bundle equipped with the horizontal Sasaki gradient metric and the almost
para-complez structure J defined by (12), then g? 18 pure with respect to J i.e

(TM, J, gf) is an almost para-complex Norden manifold.

Proof.
L UXT YT = gl (X7 2 X(f)(grad £ YY)
= gl (XY b 2 X (g ((grad ) ¥

H H H
= —¢I(x"Yy

g}/ (X" (grad £)")Y (f)
= G (X" YT () (grad /)

= gf (XM gyt

2) gf (TXT YY) = g (X 42X (f)grad )P YY)
= 0
= (XYY~ v (f)grad )Y)
= gf (X" YY)
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3P UXV YY) = gl (XY - 2 X()(grad )’ YY)

= (XY YY) — 2 X()gf ((grad )Y YY)

= G (X YY) - Z gl (XY (grad VIV ()

= XYY - 2y (f)grad ")
= g (XV, YY)
]

Now we study a generalization of the almost para-complex structure defined
by 10. We define an endomorphism J : TT'M — TTM by, for all X € I'(T'M)

JXT =XV 49X (f)(grad f)V
(13)
JXV =X 4+ uX(f)(grad f)H

where n, 1 : M — R are smooth functions.

Remark 4. 1. If f = constant or n = p = 0, we have the almost para-complex
structure defined by (10),

2. J(grad /) = (1+n(a—1))(grad f)",
3. J(grad f)V = (1+ p(a —1))(grad )",
where o = 1+ ||grad f||?.
In the following, we consider f # constant and n # 0 # pu.

Lemma 4. Let (M,g) be a Riemannian manifold and (T M, g]{"l) be its tangent
bundle equipped with the horizontal Sasaki gradient metric. The endomorphism J
defined by (13) is an almost para-complex structure on TM if and only if

p=—1T
1+nla—1)

Proof.
1) Lgt Z €T, TM, then Z = X" +YV XY € T,M and p = (x,u) € TM.
J2Z = JJ(XT YY)
= JWUXT 47"
= J(XY +0X(f)(grad f)¥ + Y+ pY (f)(grad f)7)
= X"+ uX(f)(grad /)) +nX(f)(1 + pla —1))(grad f)"
+YY + Y (f)(grad )" + pY (f)(1+n(a—1))(grad )"
= Z+X(p+n+ p(a—1))(grad /)7
+Y () + p(1 +nla —1)](grad )V
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J is an almost product structure on T'M if and only if

p+nl+pla—1))=n+pl+n(a-1))=0,
i.e n

P T ne—1)

in this case we have

J(grad f)T = _jn(gmdf)v

J(grad f)V = _TM(gmdf)H.

2) Let {e1,--- ,em} be a local basis on M, and for all i = 1, m we put,
Ay = el + Bei(f)(grad )T — e} = Zei(f)(grad f)V,
B =efl + Lei(f)(grad /) + el + Jei(f)(grad f)".
JA) = Tl + Zeilgrad )T — e = Jei(f)(grad )Y
= Jef' + GeilN)I(grad )T = Tl = Jeif)I(grad )Y
= o +neDgrad /) + Seil)—Fgrad )Y

—ef — pei(f)(grad f)H — "ei<f>‘7“<gmd ne

2
= &/ + Lei(f)(grad )V — el —

E. H
; 2ez(f)(gradf)
= —A;.
Then
TTM™ ={Z € T,TM,JZ = -Z} =< (Ai) ;177 > -
Similarly we have:
Then
TTMY ={ZeT,TM,JZ =7} =< (Bi)i—tim > -

O]

Proposition 3. Let (M, g) be a Riemannian manifold, (T M, g]{{) be its tangent
bundle equipped with the horizontal Sasaki gradient metric and the almost para-
complex structure J defined by (13), then

1. Ifn# 1+ pa, gfl is never pure with respect to J.

2. Ifn=1+pa, gf s pure with respect to J.
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Proof.

i) gf (JXT Y ) gf (XY +nX(f)(grad )V, Y1)

I
o

= g/ (XYY +qv(f)(grad f)")
= g/ (X" vy,

i) g (JXV, YY) = gf (X7 + puX(f)(grad /)7, Y")

Il
o

= gl (XYY" + 0y (f)(grad £)H)
= g/ (X", YY)

iit) gf (JXT YY) = gf (XY +nX(f)(grad £)V, V")
= g(X,Y)+nX(H)Y(f).

w) gff (X7, IYY) = gff (XY 4 pY (f)(grad )"
9(X,Y) + X(N)Y () + aX(f)nY (f)
= 9(X,Y) + (14 pa) X (£)Y (f)-
From iii) and iv) then:

1. If n # 1+ pa, g}q is never pure with respect to J.

2. Ifn=14 pa, g]{{ is pure with respect to J. In this case we have,

_ —lteya

a—1

_ —a+ey/a
ala—1)

Therefore, we have the following result.

69

Theorem 4. Let (M,g) be a Riemannian manifold, (TM, g}q) be its tangent
bundle equipped with the horizontal Sasaki gradient metric and the almost para-

complex structure J defined by (13), then

1. If n # 1+ pa, the triple (TM, J, gf) 18 never an almost para-complex Norden

manifold.

2. If n =1+ pa, the triple (T M, J, gf)is an almost para-complex Norden mani-

fold.
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4 Almost product connection symmetric.

Let (M, g) be a Riemannian manifold, (7'M, g}{ ) be its tangent bundle
equipped with the horizontal Sasaki gradient metric and the almost product struc-
ture J defined by (9). V/ denotes the Levi-Civita connection of (T'M, g}{ ) given
by Theorem 1. We define a tensor field S of type (1,2) and linear connection \Y
on TM by, for all X,Y € I(TTM)

S(X.Y) = S (VI DX + T((VLDX) = J(VEN)Y)], (14)

1
2

I ~ ~
VgV =ViY - 5(X,Y). (15)
V is an almost product connection on TM, (see [8]).

Lemma 5. Let (M, g) be a Riemannian manifold, (T M, g}g) be its tangent bundle
equipped with the horizontal Sasaki gradient metric and the almost product struc-
ture J defined by (9). Then tensor field S is as follows, for all XY € T(T'M).

1. S(xH yHy = —%(R(X,Y)U)V,

1

5-9(B(u.Y)X, grad f)(grad )"

2. S(XH yV) = %(R(u, Y)x)7

3. S(XV,YH) = —(R(u, X)Y)H + ég(R(u, X)Y, grad f)(grad )2

4. S(XV,YV) =o.

Proof.
Using Theorem 1, we have for all X, Y € I'(T'M)

LS(x" vty = NXT + J(VLa)XT) = J(Viw Y]

JYH

J(Vew V) + V], Y H)

189
[

N~ N RN -

l\DM—‘Q‘.—\[\D\H

(VY)Y — L g(¥, Vxgrad f)(grad /)"

(REX,Y)u) + (VxY)"
o(¥, Vxgrad f)(grad /)" J(R(X,Y )" ]

—Z(R(X,Y)u)".
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2. S(X7 vV

L[y DX 4 T (VL 1) X~ 1(F ¥ )]
I (VX)X L (T )+ Y]
(R(w,Y)X) = - g(R(w,¥) X, grad f) (grad f)"

DO | =

(R(u, Y)X)H + ig(R(u,Y)X, grad f)(grad f)2
+ [f (VXY)V — %g(R(u, Y)X, grad f)(grad f)H

+=(Ru, V) X)) + (VxY)V

HMM—*[\DM—\[\DM—A

(R(u,Y)X, grad f)(grad ) + %(R(u, Y)X)H]

|
3
@

%(R(u,Y)X)H — ig(R(u,Y)X, grad f)(grad f)H.

The other formulas are obtained by a similar calculation. O

Theorem 5. Let (M,g) be a Riemannian manifold, (TM, gf) be its tangent
bundle equipped with the horizontal Sasaki gradient metric and the almost product
structure J defined by (9). Then the almost product connection ¥V defined by (15)
is as follows, for all X, Y € T'(T'M)

1. ﬁxHYH

2. ﬁxHYV
3. VyvYH

4. VYV

Proof.

(VXYY + ~g(¥, Vxgrad f)(grad f)".
(VXY)V>

(R(u, X)Y) — 2 g(R(u, X)Y, grad f)(grad )"

3
2 2
0

Using Theorem 1 and Lemma 5, we have for all X,Y € I'(T'M).

1.§XHYH

Vi YH - s(x?, vH)
(VX! 4 (Y, Vxgrad f)(grad )" — J(RX,Y )"

+1(R(X, Yu)Y

2

(VXY)H + ég(Y, Vxgrad f)(grad f)H
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2. VYV = Vi, vV -sxf vV

= (Va1)Y = oog(R(w V)X, grad f) (grad )"
1

+§(R(u, Y)X)H

1 1
= (VxY)V.
The other formulas are obtained by a similar calculation. ]

Lemma 6. Let (M, g) be a Riemannian manifold, (T M, g}q) be its tangent bundle
equipped with the horizontal Sasaki gradient metric and the almost product struc-
ture J defined by (9). Then the torsion tensor T of V, is as follows, for all
X,)Y eI(TM)

1. T(XH,yH) = (R(X,Y)u)V,

2. T(XH YY) = —g(R(u,Y)X)H + %Q(R(U, Y)X, grad f)(grad )X,

3. T(XV,¥") = 5 (R(uw, X)V)" — > g(R(u, X)Y, grad f)(grad )",

4. T(XV,YV) =o0.

Proof. o
We have for all X, Y € I'(TTM)

T(X,Y) =

Using Lemma 5, we have
L.T(XH YH) = SyH x) - s(xH YH)
1 1
= —5(RY, X)u)" + S(R(X,Y)u)"

= (R(X,Y)u)".

2.T(XTYVy = SsiyV, xH)—s(xH YY)
= (R Y)X)" + g(R(u, X)Y,grad ) grad f)"

S (R Y)X) 4 L g(R(uw, )X, grad f)(grad /)"
= SR Y)X)T + g (R(w,Y)X, grad f) (grad f)1.

The other formulas are obtained by a similar calculation. O
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Theorem 6. Let (M,g) be a Riemannian manifold, (T M, gf) be its tangent
bundle equipped with the horizontal Sasaki gradient metric, the almost product
structure J defined by (9) and the almost product connection ¥V defined by (15),
then

V is symmetric if and only if M is flat.

Proof.
For all X,Y e I'(T'M).

Vis symmetric < T(X®,Y") =0, k,he {H,V}

Then
(R(X,Y)u)V =0
—g(R(u, Y)X)H + %Q(R(u, Y)X, grad f)(grad f)H =0
> (R(u, X)) — 2 g(R(u, X)Y, grad f) (grad /) =0

Hence we have R = 0. O
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