Bulletin of the Transilvania University of Bragov
Series III: Mathematics and Computer Science, Vol. 2(64), No. 1 - 2022, 41-56
https: //doi.org/10.31926 /but.mif.2022.2.64.1.4

SOME SPECTRAL SETS OF LINEAR OPERATOR PENCILS
ON NON-ARCHIMEDEAN BANACH SPACES
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Abstract

In this paper, we define the notions of trace pseudo-spectrum, e—determinant
spectrum and e—trace of bounded linear operator pencils on non-Archimedean
Banach spaces. Many results are proved about trace pseudo-spectrum, e —determinant
spectrum and e—trace of bounded linear operator pencils on non-Archimedean
Banach spaces. Examples are given to support our work.
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1 Introduction

The analysis of eigenvalues and eigenvectors had a great effect on mathe-
matics, science, engineering, and many other fields. Then, there are countless
applications for this type of analysis. The study of matrix pencils is by now a
very thoughtful subject, with the notion of pseudospectrum playing a key role in
the theory. However, matrix pencils play an important role in numerical linear
algebra, perturbation theory, generalized eigenvalue problems, for more details,
we refer to [4] and [11].

Throughout this paper, F,, is a non-Archimedean (n.a) Hilbert space over a
(n.a) non trivially complete valued field K with valuation |- |, ( [3], p 54), L(E,)
denote the set of all bounded linear operators on E,,, Q, is the field of p-adic
numbers (p > 2 being a prime) equipped with p-adic valuation | - |,, Z, denotes
the ring of p-adic integers of Q, it is the unit ball of Q,. For more details and
related issues, we refer to [3] and [10]. We denote the completion of algebraic
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closure of @, under the p-adic absolute value |- |, by C, (see [10]). A non-
Archimedean Banach space X over K is said to be a free Banach space if there
exists a family (e;);c; of X such that each element x € X can be written uniquely
as r = inei and ||z|| = sup |z;|||e;]|, (ei)icr is called an orthogonal base for X,
el el
and if for all ¢ € I, ||e;|| = 1, then (e;);es is called an orthonormal base. For more
details, we refer to [2] and [3]. For A € £L(K") can be written as a finite matrix.
For more details see [3], p. 63.
In this paper, we study the problem of finding the eigenvalues of the generalized
eigenvalue problem
Az = \Bzx

for A € Kand z € K" or x € E,. M,(K) denote the algebra of all n x n
(n.a) matrices, I denote the n x n identity matrix. Let A € M, (K), the trace,
determinant of A are denoted by T'r(A) and det(A) respectively. For more details,
we refer to see [2], [3], [7] and [8]. We have the following definitions.

Definition 1. [6] Let X be a non-Archimedean Banach space. For a pair (A, B)
of operators in L(X), the spectrum o(A, B) of linear operator pencil (A, B) or of
the pair (A, B) defined by

0(A,B) = {AeK: A— ABisnotinvertible in £L(X)}
= {AeK:0€0(A—-AB)}.

The resolvent set p(A, B) of linear operator pencil (A, B) is the complement of
o(A, B) in K given by

p(A,B) = {\€K: R\(A,B) = (A—AB) ™! exists in L(X)}.
R)(A, B) is called the resolvent of linear operator pencil (A, B).

Definition 2. [6] Let X be a non-Archimedean Banach space, let A, B € L(X)
and € > 0. The pseudospectrum of bounded linear operator pencil (A, B) on X is
defined by

Y (A,B)=0c(A,BYU{NeK: [[(A=AB)"'B| > '}

By convention ||(A — AB)"'B|| = oo if, and only if, X € o(A, B).

2 p-Adic spectral sets of matrix pencils

We introduce the following definition.

Definition 3. Let A € M,,(K), The trace of A is
Tr(A) = Zak:k’
k=1

where for all k € {1,--- ,n}, arr € K are diagonal coefficients of A.
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We have the following proposition.
Proposition 1. Let A, B € M,,(K), and A € K. Then
(i) Tr(A+ AB) =Tr(A) + \XTr(B),
(i) Tr(AB) =Tr(BA).

Furthermore, the map Tr : M, (K) — K is a continuous linear functional with
[Tr(A)] < [|A]l.

Proof. Let A,B € M,(K) and A € K with A = (a;;)1<i<n, 1<j<n and B =
(bij)1<i<n, 1<j<n- Then

(i)

n

Tr(A+AB) = Y (oks+Abig)

k=1
= Z ak.k + A Z bk,k = TT(A) + )\TT(B).
k=1 k=1

(i)
TT(AB) = Z Z aiyjbjﬂ-,

i=1 j=1
and
TT(BA) = Z Z am-bjﬂ-.
j=1i=1
Thus,
Tr(AB) =Tr(BA).
Furthermore,

Tr( A = ) axsl
k=1

< sup |ap
1<k<n

< sup a4l = [|A]-
1<i,j<n

Hence, the map Tr : M,,(K) — K is a continuous linear functional with |Tr(A)| <
1Al O

We have the following definition.
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Definition 4. Let A,B € M,,(K) and € > 0. The trace pseudo-spectrum of the
matriz pencil (A, B) of the form A — AB is denoted by Tre(A, B) and is defined
as

Tre(A,B) =0(A,B)U{A e K: |Tr(A— AB)| <¢e}.

The trace pseudo-resolvent of the matriz pencil of the form A — AB is denoted by
Trpe(A, B) and is defined by

Trp:(A,B) = p(A,B)N{A € K: |Tr(A—AB)| > ¢}.
We begin with the following theorems.
Theorem 1. Let A, B € M, (K) and ¢ > 0. Then,
(i) If0 < e1 < &9, Tre, (A, B) C Trey(A, B),
(ii) If « € K and g € K\{0}, then Tr.(BA+ aB,B) = BTT‘%‘(A, B) + a,

(iii) For all A\, € K, and Tr(A) # 0,

€
Tr.(aA, A) = {)\ eK:[A—a| < m}

Proof. (i) Tt is clear from the definition of trace pseudo-spectrum of matrix
pencil.

(ii) Let a € K and S € K\{0}, then it is easy to see that
o(BA+ aB,B) =a+ po(A, B),
and

Tr.(BA+aB,B) = {)\ €K : |[Tr(BA+aB — AB)| < g}

_ {)\GK:WHTT(A— (A;O‘)Bngg
B Ty _()\—oz) €
= {)\GK.\T(A 3 B)|§w|}.

Hence A\ € Tr.(BA + aB, B) if, and only if, ’\;ﬁo‘ € Trﬁ(A, B) ie X €
6T7“ﬁ (A,B) + a.

(iii) Let a, A € K, then
|Tr(aA — NA)| = |\ — a|tr(A)] <e.
Thus

e
Tr.(ad, A) = {/\ eK:[A—al < m}.
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Theorem 2. Let A, B,U,V € M,,(K) and ¢ > 0.
(i) If U=V AV~ and BV = VB, then Tr.(A, B) = Tr.(U, B).
(i) If U =VAV~! and A=V BV~ then Tr.(U,A) = Tr.(A, B).

Proof. Let A, B,U,V € M, (K) and € > 0.
(i) fU =VAV~! and BV = VB, then

A o(A,B) < (A— AB)invertible
< VUV = AV 'BV invertible
— VYU - AB)V invertible
<= (U — AB) invertible
<~ MN¢o(U,B).

Thus o(A, B) = o(U, B). Furthermore

Tr.(A,B) = oA, )U{)\GK:\TT(A )\B)|<s}
- )U{AEK:|Tr( VUV - v 1BV)\<5}
- )U{)\EK:\Tr(VlU—)\B)V)\gs}
- B)U {)\EK:|TT(U )\B)]<5}
- TrE(U,B).

(ii) Tt is easy to see that o(A, B) = o(U, A). Then

Tr.(U,A) = o(U, )U{/\EK: ITr(U — AA)| ge}
— o(A,B)U {)\ €K :|[Tr(VAV™! - AVBV V)| < e}
= o(4, )U{)\GK yTr(VA AB)V *1)19}
- B)U {)\GK ITr(A — AB)| <5}
- TrE(A,B)

We have the following example.

Example 1. Let K= Q, and € > 0. If

1 2 10 00
a=(p 1)m=(p 1)aav=(g ).

Tre(AU)=Tr(B,U)={1} U{A € Qp : A —2[, <e}.

Then
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Let r > 0, Bf(0,7) = {\ € K: |A\] < r} is the closed ball centered at zero with
radius . We have the following theorem.

Theorem 3. Let A, B € M, (K) and ¢ > 0. Then

TT'(;(A, B) + Bf (0, - TT‘W(A, B)

6 )
Tr(B)]
where v = max{d,e}. If § < &, we have

€
TT'(;(A,B) + Bf (0, TT(B)|> - Tra(A,B)

Proof. Let A,B € M,(K) and ¢ > 0. Let A € Trs(A, B) + Bf(owaw)» then

there exists Ao € T'rs(A, B) and A1 € By(0, m) such that A = Ao + A1, hence

|Tr(A—XoB)| <¢

and
M ||Tr(B)| <e.

Thus,

|Tr(A — AB)|

’TT(A — A()B — )\1B)’
< max{\Tr(A— AoB)l, |)\1HT7’(B)|}

< max {5, 5}.

We set v = max {5, 5}. Then,

T?“(;(A, B) + Bf (0, - TT’,Y(A, B)

0

If 6 < g, then v = €. Consequently,

Trs(A, B) + By (0, C Tr.(A,B).

)
O

We introduce the following € — trace set of matrix pencils in non-Archimedean
finite dimensional Banach spaces.

Definition 5. Let A, B € M, (K) and ¢ > 0. The e—trace set of matriz pencil
(A, B) is denoted by tr-(A, B) and is defined as

tr.(A,B) ={A € K:|Tr(A— AB)| <¢e}.

Remark 1. For alle >0, tr.(A, B) C Tr-(A, B).
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Consequently we have the following results.
Theorem 4. Let A, B,C € M, (K) and € > 0. Then,
(i) tr-(AB,C) = tr.(BA,C)
(ii) tre(A,C) +tro(B,C) Ctr(A+ B, C).

Proof.
(i) Let A € tr.(AB,C), hence

€

v
=48
¥ 3

= |Tr

Thus, A € tre(BA,C). Then, tr.(AB,C) C tr.(BA,C). Similarly, we obtain

tr-(BA,C) C tr.(AB, C). Hence, tr.(AB,C) = tr.(BA, C).

(ii) Let A € tr-(A,C) + tro(B,C), then there exists A\g € tr-(A4,C) and \; €
tro(B,C) such that A = A\g + A;. Then

|Tr(A— XC)| <eand |Tr(B— X \C)| <e.
Thus,

ITr(A+ B — \C)]

|Tr(A+ B — XC — A\ C)|
T (A — X\C) + Tr(B — MO
max{\Tr(A —XC)|, |Tr(B - )\10)|}

E.

ININ

Consequently, A € tr.(A + B, C). Hence,
tr.(A,C) +tre(B,C) Ctr.(A+ B,C).
]

The following proposition shows that the € — trace of a matrix pencil is a
convex set in the non-Archimedean valued field K.

Proposition 2. Let A,B € M,,(K) and ¢ > 0. Let \,p € tr.(A,B) and o € K
such that |a] < 1. Then a\+ (1 — a)u € tre(A, B).

Proof. Let A, B € M,(K) and € > 0. Let A\, € tr.(A, B) and o € K such that
|a] < 1. Then
|Tr(A — AB)| <e¢,

and
|Tr(A—uB)| <e.
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Hence
Tr(A — (a)\ +(1- a)p)B)| — |Tr(A—uB+ a(A “AB— (A MB))]
= max{]Tr(A — uB)|, |a||Tr(A — AB)|,
al|Tr(A - uB)|}
< €
Thus,

al+ (1 —a)u € tr-(A, B).
O

Proposition 3. Let A,B € M,(K) and ¢ > 0 such that |A|| < e. Let \,u €
tr-(A, B). Then
A —p € tre(A, B).

Proof. Let A, B € M, (K) and £ > 0 such that ||A|| < e. Let A\, u € tr-(A, B). By
Proposition 1, we have |Tr(A)| < ||A|. Then

|Tr(A — AB)| <e¢,

and
|Tr(A—uB)| <e.
Hence
Tr(A— (A=p)B)| = |Tr(A—AB)— (A—puB)+Tr(4),
= max {|Tr(A— uB)L,|Tr(A - AB)|, ITr(4)]},
< e.
Thus,

A—petre(A,B).
O

3 Determinant spectrum of non-Archimedean matrix
pencils

We introduce the following definition.

Definition 6. Let A, B € M, (K) and ¢ > 0. The e—determinant spectrum of
matriz pencil (A, B) is denoted by d:.(A, B) and is defined as

d-(A,B) = {\ € K : |det(A — AB)| < ¢}.

Remark 2. The definition of determinant spectrum gives for each A, B € M, (K)
and e >0, 0(A,B) Cd.(A,B) and dy = 0(A, B).
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Proposition 4. Let A, B € M,,(K) and € > 0. Then
(i) For all 0 < g1 < &9, we have d, C d.,,
(ii) de(al, I) = {A€K:|A—a| <en},

(iii) For all a, p € K such that 5 # 0, de(ad + A, I) = a+ 5d|gﬁn (A, 1).

Proof. Let A, B € M,,(K) and € > 0.

(i) For 0 < &1 < e9. Let A € d, (A, B), then |det(A — AB)| < €1 < &3. Hence
A €d., (A, B).

(ii) Let a € K, then | det(al — A\I)| = |\ — a". Hence
de(al,I) = {AeK:|det(a — )| <e}
= {AeK:|A—a|"<e}
= (MAeK:|A—a|<en).

(iii) Let a, 8 € K such that 8 # 0, we have

de(al + BAI) = {AeK:|det(ad +BA—- )| <e}
= {AeK:|det(BA—(A—a)])| <&}

D eK: |87 det(A — “‘60‘)1)| <

3

1B

= {AE€K:det(A— (A;O‘)I)\ <

Hence,

AT A

B Ellg
< ANca+pd = (A]I).

A€d(al + BAI) —

£
[

18I™

We give some examples of e—determinant spectrum.

Example 2. Let K= Q, and € > 0. We consider
10 10
A_<1 1>andB—<1 2).

do(A,B) = {A€Q,:|det(A—AB)|, < ¢}
(NeQy:|1— Al — 2], < e}

It is easy to see that
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Example 3. Let K= Q, withp > 2 and € > 0. We consider
1 1 1 0
A—(O 2>andB—<0 _1>.

d:(A,B) = {A€Q,:|det(A—\B)|, <}
= {AeQ,: 1= A2+ A, <e}.

It is easy to see that

Example 4. Let K = Q, with p # 2 and ¢ > 0. Let a,b € Q, such that a # 0
and a® + b% # 0, we consider

a —b 1 1
A_<b a)andB—<1 1).

d-(A,B) = {\€Q,:|det(A—AB)|, < ¢}
= {AeQ,:|a* -2 a+b%, <e}
= {AeQp:|det(A) — \Tr(A)|p, <e}.

It is easy to see that

Example 5. Let K= Q, withp > 2 and € > 0. We consider

11 1 a .
A_<O 1) andB-(O 0) with a € Q.

It is easy to see that

d(A,B) = {A€Q,:|det(A—\B)|, < e}
AeQ,:|A—1], <el.

We have the following proposition.

Proposition 5. Let D € L£(Qp) be a diagonal operator such that for all i €
{1, oo ,n}, De; = \je; with \; € Qp, i 75 )\i+1. Then

de(D, 1) ={XA € Qp: A= Ai]p--- A= Aplp < e}
Proof. Let € > 0. Then D — AI has the form
forallie{1l,--- ,n}, (D—XNe;= (N —Ne;

where (e;)1<i<n is the canonical base of Q.
Then, |det(D — A)|p, = a1 — Mlp- -+ [an — Anlp-

de(D, 1) ={A€Q,:|det(D— M), <e} ={A€Qp:|A—Ailp---|A=An|p < £}
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4 Trace pseudo-spectrum of linear operator pencils on
p-adic Hilbert space E,

We have the following definition.
Definition 7. ([2]) For A € L(E,), we define the trace of A to be
- <A657 68>
Tr(A) = —
(4) kzo ™

if this series converges in K. We denote by TC(E,,) the subspace of all Trace class
operators, namely, those bounded operators for which the trace exists.

Remark 3. ([2/) Let A € L(E,,). Then A € TC(E,,) if and only if klim apr =0.
—00
Moreover,

TT(A) = Z Q. k-
k=0

We introduce the following definition.

Definition 8. Let A, B € TC(E,,) and € > 0. The ¢ —trace set of bounded linear
operator pencil A — AB is denoted by tr-(A, B) and is defined as

tro(A,B) = {\ € K: |Tr(A — AB)| < ¢).

Remark 4. Let X be a free Banach space over K, let A, B € TC(X), the Definition
8, is valid.

We start with the following statements.
Theorem 5. Let A, B € TC(E,,) and € > 0. Then,
(i) If 0 < g1 < &9, tre, (A, B) C tre,(A, B)
(ii) If « € K and g € K\{0}, then tr.(BA+ aB,B) = Btrﬁ(A,B) + a,
(iii) For all \,a € K, and Tr(A) # 0, we have

tr.(aB, B) = {)\ cK:|\—al< m}.

Proof. (i) It is clear from the definition of € —trace set of linear operator pencils
having trace.
(ii) Let o € K and g € K\{0}, then
tro(3A+aB,B) = {)\ €K : |[Tr(BA+aB — AB)| < g}
A-a)

{)\GK:WHTT(A— B)|§5}

_ {)\eK: Tr(A - Q;O‘)B)y < ﬁ}
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Hence \ € tr.(BA + aB, B) if, and only if, >‘_TO‘ S trﬁ(A,B) ie A €
,BTrﬁ(A,B) + a.
(iii) Let o, A € K, then
|Tr(aA —AXA)| = |A—a|tr(A4)| <e.
Thus -
O
Example 6. Let K = Q,, and a,b € Q, such that |a|, < 1 and |b], < 1, and
suppose for all s € N, |ws| = 1. Let A = (a;;) and B = (b;;) two linear operators
are defined on E,, respectively by

a;; = lifi<j
= difi=j
= 0ifi>j.

And

bi,j = lifi<j
= bVifi=j
= 0ifi>].

It is easy to see that

Tr(A=AB) = Y arp =AY brk
k=0 k=0

B 1 1

T 1-a “1-0

_1=b=-A1-a)
- (1-a-b)

Then,
tr:(A,B) = {A€Q,:|Tr(A—AB)|, <¢}
= {AeQy:[1-b—-A1-a)|l, <e}

1-0
= {Ae@zﬁp‘_l p < e}

—a

We finish with the following theorems.
Theorem 6. Let A, B € TC(E,) and € > 0. Then

tT(;(A, B) +Bf(0, - t?“fy(A,B),

T B
Tr(B)]
where v = max{d,e}. If § < e, we have

trs(A, B) + B;(0, C tr.(A, B).

Tr(B)]
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Proof. Let A,B € TC(E,) and € > 0. Let A € tr5(A, B) + By(0, ﬁ), then

|Tr
there exists \g € trs(A, B) and A\ € B¢(0, such that A = A\p + A1. Then

By
|TT’(A — )\03)| S 5,

and
IMTr(B)| <e.

Thus

|Tr(A — AB)| [ Tr(A—XoB — A\ B)|
< max{|T7“(A— AoB)l, |)\1HT7“(B)|}

< max{é, 5}.
Setting, v = max {5, 5}. Hence,

trs(A, B) +Bf(0, - t’l“,y(A, B).

Tr(B))

If 6 < g, then v = . Consequently,

Trs(A, B) + By(0, ) C Tr.(A,B).

_c
Tr(B)]
O

C(E,) denote the set of all completely continuous operators on E,. We have
the following theorem.

Theorem 7. [2] Suppose A, B € C(E,), then Tr(AB) = Tr(BA).

Theorem 8. Let A, B,C € TC(E,) and e > 0. We have the following statements:
(i) If A, B € C(E,), then tr.(AB,C) = tr.(BA, C),
(ii) tr-(A,C) +tro(B,C) C tre(A+ B,C).

Proof.

(i) Let A € tro(AB,C). Since A, B € C(E,), by Theorem 7, we have Tr(AB) =
Tr(BA), hence:

Thus, A € Tr.(BA,C). Then, Tr.(AB,C) C Tr.(BA,C). Similarly, we obtain
Tr.(BA,C) CTr.(AB,C). Hence, Tr.(AB,C) = Tr.(BA,C).
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(ii) Let A € Tr.(A,C) + Tr.(B,C), then there exists \g € Tr.(A,C) and \; €
Tr.(B,C) such that A = A\g + A1. Then

|Tr(A— XC)| <eand |Tr(B— X \C)| <e.
Thus,

ITr(A+B—\C)| = [Tr(A+ B —XC — \O)|
= |T7"(A — )\()C) + T?“(B - )\10)|
max{]Tr(A — 2oO)|, |Tr(B - /\10)\}

E.

AN

IN

Consequently, A\ € Tr.(A+ B, C). Hence,

Tre(A,C)+Tr.(B,C) CTr.(A+ B,C).
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