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Abstract

In this paper we develop the distinguished Riemannian differential ge-
ometry (in the sense of d-connections, d-torsions, d-curvatures and the ge-
ometrical Maxwell-like and Einstein-like equations) for the time-dependent
Hamiltonian of momenta which governs the electrodynamics phenomena.
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1 Time-dependent Hamiltonian models of electrody-
namics

An extension of classical mechanics for a non-relativistic particle with a fixed
mass m in the presence of the external non-autonomous electromagnetic field
A;(t, x') is physically studied by Landau and Lifshitz in [5]. In the same direction,
in the classical Lagrange geometry developed on the tangent bundle T'M, the
Lagrangian L : TM — R that governs the electrodynamics phenomena is given
by (see Miron [6])

9 .
L(z,y) = mey;(z)y'y’ + EAi(w)yl +Ul(z),
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where v;;(x) is a pseudo-Riemannian metric tensor on M representing the grav-
itational potentials, A;(x) is a covector field on M representing electromagnetic
potentials, U(x) is a function and m # 0, ¢ and e are well-known constants of the
physics as the mass, speed of light or electric charge. In this way, we recall that
a jet extension of the Lagrangian function of electrodynamics L : J'(R, M) — R
is set by (see Neagu [10])

L(t, 2%, yf) = meh' ()i (2)yiy] +

3¥
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where hi1(t) (respectively ¢;;(x)) is a pseudo-Riemannian metric on the time

manifold R (respectively spatial manifold M), Ag;))(t, x) is a distinguished tensor

on J(R, M) and P(t, ) is a smooth function on the product manifold R x M.
Via the Legendre transformation, the jet time-dependent Lagrangian function

of electrodynamics (1) leads us to the Hamiltonian function of momenta (see [1]
and [11])

b

2
.. [ .. 1) 1 (& 2
h ij, 1,1 h ] ( ! R —P 2
T e pipg = —- gV A + - [JAIT =P, (2)

H(tvxkvpllc) - (j

where H : J*(R,M) — R, and HAHQ(t,@") = hugoijAg))A&). In other words,
we have p} = OL/0yt and H = plyi — L. The pair EDH" = (J¥(R, M), H),
where H is given by (2), is called the autonomous time-dependent Hamilton space
of electrodynamics. Now, using as a pattern the Miron’s geometrical ideas from
the works [8] on T'M and [7], [9] on T*M, which were extended on 1-jet spaces
and their duals in the works [10] and [1], the distinguished Riemannian geometry
for the particular momentum Hamiltonian function (2) (which governs the time-
dependent momentum electrodynamics) can be constructed on the dual 1-jet space
J¥ (R, M) (see the paper [11]).

2 The time-dependent Hamilton space of
electrodynamics EDH"

To start our Hamiltonian geometrical development for time-dependent elec-
trodynamics, let us consider the dual 1-jet space E* = J'*(R, M) the fundamental
vertical metrical d-tensor

oG _ 1 PH & ik
M) — Qapilapjl =h11(t)p" (27),

g
where hi1(t) = (4me) "t - hiy(t). Let Hi(t) = (h'1/2)(dhyy/dt) (respectively
’yfj (x)) be the Christoffel symbols of the metric hiq(t) (respectively ¢;j(z)). Ob-
viously, if H 1, is the Christoffel symbol of the pseudo-Riemannian metric %11(t),

then we have Hll1 = Hlll. In this context, by direct computations, we find (see
general formulas from papers [11] and [1])
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Theorem 1. The pair of local functions N = (]}78))1, ]gfgl.l))j) on the dual 1-jet

space E*, which are given by
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represents a nonlinear connection on E*. This nonlinear connection is called the
canonical nonlinear connection of the time-dependent Hamilton space
of electrodynamics EDH™.

Now, let {6/dt, 6/6z', 8/0p;} C X (E*) and {dt,da’,é6p} } C X* (E*) be the
adapted bases produced by the nonlinear connection (3), where
0 0 (1 0 0 0 1y 0
= = N —— — =— Nz
st ot 1Moplt s gzt 2 Migpl

opi = dp; + J}T(ﬂ))ldt + N(())d

(4)

Using the above adapted bases, by direct local computations, we can determine
the adapted components of the Cartan canonical connection of the space EDH™,
together with its local d-torsions and d-curvatures (see the general formulas from
papers [11], [13] and [3]).

Theorem 2. (i) The canonical Cartan connection of the autonomous time-
dependent Hamilton space of electrodynamics EDH™ is defined by the adapted
components

CI'(N) = (Hlll = Hy;, A} =0, Hj, = i, nglg = 0) .

(ii) The torsion T of the canonical Cartan connection of the space EDH™ is
determined by two effective adapted components:
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where i)%’jl]( x) are the local curvature tensors of the pseudo-Riemannian met-
ric wij(x), and 717 and 7.7 represent the following generalized Levi-

Civita covariant derivatives:

o the R-generalized Levi-Civita covariant derivative:
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e the M-generalized Levi-Civita covariant derivative:

oTHO-
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(i) The curvature R of the Cartan connection of the space EDH™ is given by

wmo Rl %l

two adapted components: R(i)(l)jk ik = Rijk-

2.1 The electromagnetic-like geometrical model

To expose our geometrical electromagnetic-like theory on the time-dependent
Hamilton space of electrodynamics EDH™, we emphasize that, by simple direct
calculations, we obtain

Proposition 1. The metrical deflection d-tensors of the space EDH™ are
given by the formulas:
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where 7,17, 7;
canonical connection CT( ).

77‘ ) 2

and () are the local covariant derivatives induced by the Cartan

Moreover, following some general formulas from [11] and [2], we introduce

Definition 1. The distinguished 2-form on the 1-jet space E*, locally defined by
F = 8 Spl A da +f 5pz A 6pl,

where
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is called the momentum electromagnetic field associated with the au-
tonomous time-dependent Hamilton space of electrodynamics EDH™.

Particularizing on the space EDH™ the geometrical Maxwell-like equations
of the momentum electromagnetic field that governs a general time-dependent
Hamilton space H™ (see [11] and [1]), we get:
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Theorem 3. The momentum electromagnetic components (7) of the autonomous
time-dependent Hamilton space of electrodynamics EDH"™ are governed by the
following geometrical Mazxwell-like equations:
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where Ay; jy represents an alternate sum and Z{ij K} Tepresents a cyclic sum.

2.2 The gravitational-like geometrical model

To describe our geometrical Hamiltonian momentum gravitational theory on
the autonomous time-dependent Hamilton space of electrodynamics EDH"™, we
recall that the metrical d-tensor 98))((31)) = h11(t)¢¥ () and the canonical nonlinear

connection (3) produce a momentum gravitational ﬁ—potential G on the 1-jet space
E*, locally defined by

G = Elldt ® dt + gOl]dSCZ X da? + Engoij&p} &® 5pjl

To analyze the corresponding local geometrical Einstein-like equations
(together with their momentum conservation laws) in the adapted basis

{Xa} ={o/dt, /02", 9/0p; },

let CT'(N) = (H%l,O,V;k,O) be the Cartan canonical connection of the space
EDH™. Taking into account the expressions of its adapted curvature d-tensors on
the space EDH", we find

Theorem 4. The Ricci tensor Ric(CT(N)) of the space EDH™ is characterized
only by one effective local adapted Ricci d-tensor: R;j = Ry,

The scalar curvature Sc(CT'(INV)) of the Cartan connection of the space EDH™
is given by Sc(CT(N)) = R, where R = ¢¥UR;; is the scalar curvature of the
pseudo-Riemannian metric ¢;;(x). Particularizing on the space EDH™ the geo-
metrical Einstein-like equations and the momentum conservation laws that govern
an arbitrary time-dependent Hamilton space H™ (see [11] and [1]), we get:
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Theorem 5. The local geometrical Einstein-like equations, that govern the
momentum gravitational potential of the space EDH™, have the form

il
SRz’j 5901] - JCTija
0=Ty, 0=T;y, 0= Tg?)l, —Rhy; = 8me - KTy, (8)
I C) N ¢) B i (1))
0=T,, 0=T., 0=T0, -Rhne? =8mec KT,

where Tap, A, B € {1,@', E?)}, are the adapted components of the momentum

stress-energy d-tensor of matter T, and K is the Finstein constant.

As a consequence, setting R = ¢"*NRg;j, then the momentum conservation
laws of the geometrical Einstein-like equations (8) take the form (see the papers
[11] and [1])

T m T

Open problem. From a physical point of view, an open problem is to describe
the properties of such mechanical models which correspond to the momenta-
depending geometrical objects introduced above.
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