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SOME GEOMETRIC PROPERTIES OF CERTAIN FAMILIES
OF ¢-BESSEL FUNCTIONS

ibrahim AKTAS*! and Muhey U DIN?

Abstract

In this paper, we are mainly interested in finding sufficient conditions
for the g-close-to-convexity of certain families of ¢-Bessel functions with re-
spect to certain functions in the open unit disk. The strong convexity and
strong starlikeness of the same functions are also the part of our investigation.
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1 Introduction

Let A denote the class of functions f of the form
f(2) :z—l—Zanz”, (1)
n=2

analytic in the open unit disk U = {z:|z] <1} and 8 denote the class of all
functions in A which are univalent in U. Let 8* (), C(a), X (), 8* () and

~

C () denote the classes of starlike, convex, close-to-convex, strongly starlike and
strongly convex functions of order «, respectively, and are defined as:

s*(a):{f;feﬂandm<zf($)> > a, zeu,aE[O,l)},
G(a)z{f:féﬂand%(%) >a,z€u,a€[0,1)},
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K(a):{f:feﬂandé)‘%(zg,(g))>a, zeu,ae[o,l),gES*(O):ES*},
SN*(a):{f:feAand arg(sz,(g)>‘<o;r, zEU,aE(O,l]}
and
E(a):{f:feﬂand arg(1+2]{,”((z'§)>‘<a2”, zeu,ae(O,l]}.

It is clear that
8* (1) =8"(0) = 8%, E(l) =C(0)=Cand X (0) =X,

where 8%, € and X are the classes of starlike, convex and close-to-convex functions,
respectively. If f and g are two analytic functions, then the function f is said to
be subordinate to g, written as f(z) < g(z), if there exists a Schwarz function w
with w(0) = 0 and |w| < 1 such that f(z) = g(w(z)). Furthermore, if the function
g is univalent in U, then we have the following equivalent relation:

f(2) < g(2) = f(0) = ¢(0) and f(U) C g(W).

The g-analogue of the normalized starlike functions was first introduced by Ismail
et al. [7) with the help of g-difference operator D,. The operator D, applying on
the analytic functions is defined by

(Dyf) (2)—{ f(zl%q) z€U\{0}, ¢ € (0,1),

1/(0), z=0,q€(0,1). @)

We can easily observe from the definition of (2) that
lim {(Dyf)(2)} = f'(2), =z€l.
q—1

By using g-difference operator D, given by (2) the classes of g-starlike functions
and g-close-to-convex functions are defined as follows:
A function f € A is said to be in the class g-starlike functions 8 if

1
< — zeU, qe (0,1). (3)

1
STy

z

—~ (D,f) (z) - ——
P
It is observed that, when ¢ — 17, the function class 8} defined by (3) reduces to
the normalized starlike functions class 8*.

A function f € A is said to be in the class g-close-to-convex functions X, if
there exists a function A € 8* such that
‘ z 1

1
h(z) (Dqf) (2) = 1—4 < 1—¢ z€U, q€(0,1). (4)
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It is observed that when ¢ — 17, the function class K, defined by (4) reduces to
the normalized close-to-convex functions class K.

o
For functions f,g € A given by (1) and g(z) = z + > b,z", respectively, the

n—
Hadamard product (or convolution) of these functions is defined by

(fxg)( _z+Zanbz zeU.

After the solution of famous Bieberbach conjecture with the help of hyperge-
ometric functions, some special functions have become very attractive for many
mathematicians. The basic ¢g-hypergeometric function was first introduced by Sri-
vastava [14]. In the last three decades, some different geometric properties like
univalence, starlikeness, convexity and close-to-convexity of many special func-
tions were discussed by many authors. These geometric properties of different
special functions can be found in the papers [2, 3, 4, 8, 11, 15, 12] and references
therein. Also, for comprehensive informations about g-calculus we refer [5, 13].

Our main objective in the present paper is to investigate g-close-to-convexity
of certain family of ¢g-Bessel functions. Moreover, we deal with strong starlikeness
and strong convexity of the mentioned functions. The motivation of this paper is
due to the work of Srivastava and Bansal [16] and Raza and Din [10].

This paper is organized as follows: in the rest of this section we remember
the definitions of Jackson’s ¢-Bessel functions and define some families of g-Bessel
functions by using Hadamard product. Also, we give the set of lemmas which will
be needed in the proofs. In subsection 2.1 we deal with the g-close-to-convexity
of some families of ¢g-Bessel functions with respect to certain functions. In subsec-
tion 2.2 we investigate strong convexity and strong starlikeness of the mentioned
functions.

The Jackson’s second and third ¢-Bessel functions are defined by [1]

(2) (v+1’q)oo ( )2”+U n(n+v)
T (=) = s Z ORI, (5)
and ( o ) - ,
(3) ' B qv i q - (_1)712 n-+uv 1 ( +1)
Rz ) = (¢59) e Z(q,q) (q”+1;Q)nq2m ’ (6)

where ¢ € (0,1), v > —1, z € C with conditions

(b59)g =1, (b59), = ﬁ (1 - bqk*l) , (bq) = ﬁ (1 - bq’H) .
k=1

k=1
The functions defined by (5) and (6) do not belong to the class A. We consider the
following normalized forms of the Jackson’s second and third ¢-Bessel functions.

o0

2 . Y (2)
0P (219) = 2°cu(@)z' 2 IP (V2 q) = Z4nq

n=0

1 qn(nJrv)

(:9), (@15 9),

zn—i—l (7)
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and
(~1)rgan(+D)

Zn+1
(), (@q), ®)

e (z0) = co(@)z 2 TP (Vag) = )

n=0

where ¢, (¢) = %. As a result of the normalizations defined by (7) and (8),

these functions belong to the class A.
To discuss the g-close-to-convexity of certain families of g-Bessel functions

with respect to the functions and —=, we consider the following Hadamard
products:

z
1-—2 1—227
Py q(n—l)(n—l—i—v)

9 . _ 2 . — "
HP (239) = 1+zw”g)(z’Q)_Z+Z4’H(Q'(J) @),
n=2 Tne T

and (n—1)
H (259 Zi*%(f)’) zq) =2+ L 2%
(=0 =173 (z9) nz_:? (@ @)1 (@75 0)

where 35 = > ((—1)"z"

The following lemmas will be used in order to prove our main results.

Lemma 1. [16] Let (A;,) be a sequence of real numbers such that

A, (1 —qg"
By = A=) N e (01).
l—g¢q
Let
1>B;>By>B3>..>B,>..>0
or
1<Bi<By<B3<..<B,<..<2.
Then

f(z) = z+ZAnz" € X,

n=2

z
—z"

with respect to g(z) = 1
Lemma 2. [9] Let (A,) be a sequence of real numbers such that

An(1—q")

Bn:ﬁ, VnEN,qG(O,l)
Let
1>B3>B5>Bs>...>2 By 12>...20
or
1<B3<Bs;<Bs<..<Bgy1<..<2
Then
o
) =24 Ap 12 €K,
n=2

with respect to h(z) = =5
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Lemma 3. [6] Let M(z) be convexr and univalent in the open unit disk with
condition M(0) = 1. Let F(z) be analytic in the open unit disk with condition
F(0) =1 and F < M in the open unit disk. Then ¥ n € NU {0}, we obtain

z z

(n4 1)z 1" / PR dt < (n+ 1)z 1" / "M (t)dt.
0 0

2 Main results

In this section we present our main results. This section is divided into two
subsections.

2.1 ¢-Close-to-convexity of the functions 5{1(,2)(2; q) and 9{1(,3)(7:; q)

In this part, we present some sufficient conditions for the g-close-to-convexity
of the functions 3{1(,2) (z;q) and 5{1(,3)(2'; q).
Theorem 1. Letv >0 andn € N={1,2,...}.
a. If q € ((), %] and

4(1 o qn)Q(l _ qv-‘rn) > (1 _ qn+1)q2n+v—1’ (9)

then the function z — 9{1(,2)(2;q) 1s q-close-to-convex in the open unit disk with

respect to p(z) = 1=.

b. Ifqe (0, %] and

(1=¢")?(1—¢""™) > (1= ¢"")g", (10)
then the function z — 9’(53)(2;q) 1s q-close-to-convex in the open unit disk with

respect to p(z) = 7.

Proof.

a. Consider the function z — %1(,2)(2; q) as follows:

o
HP (z:0) = 2+ ) HaZ",
n=2
(n—1)(n—1+v)
_ q
Where Hn — 4n71(q;q)n_l(qu+l;Q)n—l

function (z;q) can be process. If we take n = 1 in the inequality (9), we have

. By using Lemma 1, the g-close-to-convexity of

A1 —-q)(1—g") = (1 +q)g" . (11)
Now, we construct
1—q" 1
B,= 1"y vneNge (0, } .
1—gq 2
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It is easily observed that B; = 1 and all the values of B,, are positive for n € N.
On the other hand, it is easily seen that

(14 )"
4(1—q)(1—qvth)

By =

and from the inequality (11) we have By < 1. Now, we would like to show that
Bp+1 < By, for all n > 2. For this purpose, consider

qn(n+v)
(1iqn+l) qn(n+v) L ok n otk
14 1—q 1—q
Bny1 ¢ (g9, @ Lo,  1—q¢7 A1 0= I )
Bn - (17qn) q(nfl)(n71+v) - 1— qn q(nfl)(n71+v)
1— gqn—1 ; v+l; n—1 n—1
q (60)n—1(@"TH0),,_4 T (1) T (1—qv+%)
k=1 k=1
_ 1)\ 2 -1
1— qn+1 q2n+v 1 (1 _ qn+ ) q n+v

1—g® 4(1—g")(1—qvtm)  4(1—q")%(1 —gvtn)’

Bn+1

The inequality (9) implies that < 1, so the proof is completed.

(3)(

b. In order to prove the g-close-to-convexity of function Hy "’ (z;¢), consider the

function z — Hf,3)(z; q) as follows:

HO (2;q) = 2 + Z Kn2",
qn(n271)
where Ky, = (@0)—1(a"F50) 1
By making use of the Lemma 1, the g-close-to-convexity of the function :HS}”) (z;9)
can be shown. By taking n =1 in the inequality (10), we get
1= =g > (1+4q)g (12)

Now, we construct

_(1=q") 3
By == Kn ¥neNge (045

It is easily seen that B; = 1 and all the values of B,, are positive for n € N. On
the other hand, it is easily obtained that

(1+4q)q

b= ya- ¢

and from the inequality (12) we have By < 1. Now, we would like to show that
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Bpy1 < By, for all n > 2. For this purpose, consider

n(n+1)
1 n(n+1) g >
(1—¢g™*t") 2 T (1—ak) TT (1—qvtk
Bo1 _ TTa @o,@ e, 1 — g1 J1{=a") 11 (1-""%)
Bn (17(1”) qn(n—l) 1 _ qn qn(n—l)
1-q¢ (4:9),,-1(¢""150),, 1 n-1 R
n n 1— k 1— v+k
kl;ll( q )kl;ll( qvtk)
1— qn+1 qn B (1 _ anrl) qn

L—g" (L—g")(1—g"t")  (1-¢")*1—q"t)
The inequality (10) implies that Bg—zl < 1, which is desired. O
Theorem 2. Letv>0andn e N={1,2,...}.

a. Ifq € ((), %] and

16(1 — ¢*")(1 — ¢"+ 2" 1) (1 — ¢"F27) (1 — 2" 1)% > (1 — g2ty on

then the function z — f]-fq(?)(z;q) 18 q-close-to-convex in the open unit disk with
respect to k(z) = —=

1-22°

b. Ifqe (0, %] and
(1 _ an—l)Q(l _ q2n)(1 _ qv+2n—1)(1 _ qv+2n) > (1 _ q2n-l—1)an—17 (14)

then the function z — }Cz(,?’)(z;q) 18 g-close-to-convex in the open unit disk with
respect to k(z) = =

1—22"

Proof.

a. By using Lemma 2 the g-close-to-convexity of the function U{S,Z)(z; q) with re-

spect to k(z) = 7%z can be proven. If we take n = 1 in the inequality (13) we
have

16(1 - ¢)*(1+q)(1 — ¢" ™) (1 — ¢""?) > (1 + g + ¢*)¢* 2. (15)

If we consider
(1-4¢")

B, —

3
H,, VneNqge <0,5},

then it is easily observed that B; = 1 and all the values of B, are positive for
n € N. On the other hand, it is easily seen that

U1+ g+ )

B = A = A= ) (1= )
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and from the inequality (15) we have B3 < 1. Now, we would like to show that
Bop 1 < Bap—1 for all n > 2. For this purpose, consider

q2n(2n+v)
(17q2n+1) q2n(2n+'u) 2n & 2n s
2n+1 16 ] (1—¢*) [T (1—qv*k)

Bony1 1-¢  4%"(¢;9)2, (4" T159)a, _l—gq nr kgl kgl

B2n—1 - (1—g27—1) ] 2?(271)72)(27(172:11;)) - 1— q2n_1 q(2n—2)(2n—2+v)

1*(] 42n— q;q _o(qv iq B 2n—2 2n—2
2n—2 2n—2 H (lqu) H (1,qv+k)

k=1 k=1

1— q2n+1 q2v+8n—4

1— q2n—1 16(1 _ q2n)(1 _ qv+2n—1)(1 _ qv+2n) (1 _ q2n—1)
(1 _ q2n+1) q2v+8n74

16(1 — ¢27)(1 — qv+2n=1)(1 — qv+27) (1 — q2n—1)2‘

The inequality (13) implies that % < 1, so the proof is completed.

b. With the help of Lemma 2 we show that the function 9{1(,3)(2; q) is g-close-to-
convex in the open unit disk with respect to k(z) = ;7. If we take n = 1 in the
inequality (13), we have

1-0*1+q)(1 -1 -¢"") 2 (1 +aq+¢)d (16)
Now, we construct

(1-4")

B, —

2

It is easily observed that B; = 1 and all the values of B,, are positive for n € N.
On the other hand, it is easily seen that

(14+q+¢*)¢
(1—=9)?(1+q)(1 —¢°t)(1 — ¢*+2)

and from the inequality (16) we have B3 < 1. Now, we would like to show that
Bop+1 < Bay,—q for all n > 2. For this purpose, consider

B3 =

qn(2n+1)
(17q2"+1) qn(2n+1) 2n ok 2n otk
y 2n+1 1—q 1—q
B2n+1 B 1—q (6:90) 2, (@ T159) 5, . 1—g¢q nt 1}31( )kl;ll( )
B2n—1 - (171(12”—1) q<n71)(2f171) - 1— q2n—1 g(n—1(2n-1)
— N v K 2n—2 2n—2
9 (6D2n—2(@"TH0)2, o g T (1)
k=1 k=1
1— q2n+1 q5n—1

1— q2n—1 (1 _ an)(l — qv+2n—1)(1 _ qv+2n) (1 _ q2n—1)
(1 _ q2n+1) q5n—1
(1= @2)(1 = qut2nm1)(1 — grt2n) (1 — ¢2n1)?

2ntl < 1 which is desired. O

The inequality (14) implies that % <
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2.2 Strong convexity and strong starlikeness of the functions ﬂ-fqu)(z; q)
and J—Cq(}?’)(z; q)

In this section, we are mainly interested in finding some sufficient conditions

for the functions H{” (z;9) and 9{1(,3)(2;(]) to belong to the function classes of

strongly convex functions of order o and strongly starlike functions of order «,
respectively.

Theorem 3. Let v > —1 and ¢ € (0,1).
a. If (1 —q)(1—¢q") —2¢" > 0, then the function z 3{1(,2) (z;9) € é(a) , where

2 2
azarcsin(% 1—Z+Z\/1—%2> and » = g
T

(1-q¢)(1—-q") —q"

v

b. If 2{(1_q)(‘fv_qv)_qv} < 1, then the function z 9{52)(2; q) € 8" (o), where

v

2 Y2y _ q
C”—W“%m<¢ 14:+2vaﬁ R eI Dy

Proof.

a. By using the well-known triangle inequality
|2:1 + ZQ’ < |2’1‘ + ’22| , (21,2’2 S (C) (17)
with the inequalities
(n+1)2 <4, " <g™ (1-9)" < (@9),, 1—-¢)"<(¢"4q), .
for n € N, we obtain
/ s n(n+v) 1)2
(3 a) 1 < 3 Lot

n=1

_ g .
“U90-¢) ¢ (18)

From (18), we concluded that

(ZJ-C;(Q)(Z; q))/ <1+xz =

!/
arg (zﬂ{;@)(z; q)) ‘ < arcsin s. (19)

/
With the help of Lemma 3, take n = 0 with F(z) = (25{2(2)(2; q)) and M(z) =
14 sz, we get
(2) (.
CUCTITE
z 2



10 Ibrahim Aktas and Muhey U Din

This implies that

H P (z9) <1+ gz.

As a result
>

‘arg HP(z; q)‘ < arcsin 3 (20)

By using (19) and (20), we obtain
!/
(ZJ{:}(Q) (z; q))

arg | ——— || =

@, v _ (2
O arg( v (z,Q)> arg (9%

N
=
=
N
L
N—

< |arg (23{2(2)(2; q)>/’ + ‘arg (J{;(Q)(z; Q))‘

. .
< arcsin 5 + arcsin »

2
:arcsin(% 1—2—{—;\/1—%2),

which implies that H? € € (a) for a = 2 arcsin <%w /1— %2 +3V1— %2> .
b. By using the well-known triangle inequality given by (17) with the inequalities
20n+1) <4, ") < g™ (1-9)" < (), 1—¢")" < (¢"q),,

for n € N, we can write that

n(n+v) (n + 1)2
9{;(2) z;q) — 1| < 4
(=4) ’ - nz:l 4" (g;q), (¢"154),

1 q° - q° et
= 2(1—q)(1-¢") 2 ((1—q)(1—q”)>

n=1
q'U
A0 " .
From (21), we concluded that
H D (z9) <1+9z = |arg (f}f;(?)(z; q))) < arcsin . (22)

With the help of Lemma 3, take n = 0 with F(z) = U—CL(Q)(Z; q) and M(z) = 14z,
we get

<14+ =z

HP (2;q) Y
z 2
@), ..
arg (%; (z,q)>
z

As a result

< arcsin % (23)
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By using (22) and (23), we obtain

210 (2:9)
arg PO
j_(:v (27Q)

< arcsin % + arcsin ¢

= arcsin <1/1\/1—+¢\/1—¢2>

which implies that 3{1()2) € 8* (o) for a = = arcsm <w 1-— %\/ w2> O

Theorem 4. Letv > —1, ¢ € (0,1).
a. If(1—q)(1—¢" )—8q2 > 0, then 9{(3)( )Ea(a), where

2
a = — arcsin (n 1-—— + \/ 1-— KJ2> (24)

™

1
4q2
—
(1-q)(1—q¥)—4q2

b. If(1—q)(1—4q") — 4q7 > 0, then ﬂﬂ(,g)(z; q) € 8* (o), where
—arcsm (u\/1—+\/1—1/11> (25)
1
2q2

(1—q)(1—q*)—2¢2

and Kk =

and p =

Proof.
a. By using the well-known triangle inequality given by (17) with the inequalities

n(n+1) n

(n+1)?<4", ¢ 2 <q2, 1-9"<(g:0),, (1—-¢")"<(¢" q),,

for n € N, we obtain

(z%’(3>(z;q))/—1' i PrA (n +‘1))

= = K. (26)
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From (18), we concluded that

/ /
(29{;(3)(2; q)) <1+ Kz = |arg (29{;(3)(,2; q)) < arcsin k. (27)

!/
With the help of Lemma 3, take n = 0 with F'(z) = (zﬂ'f( )( )) and M(z) =
1+ Kz, we get

K
<14+ —=z.
+2,z

230 (2q)
z
This implies that
H(z9) <1+ gz.
As a result

arg H'G) (z; )‘ < arcsing. (28)

By using (27) and (28), we obtain

(zﬂf;(?’) (% q)>/
3 (2:q)

arg

arg (2%2(3)(2; q))/ — arg (f}%(?’) (2 Q)> ‘

< |arg (zﬂf;(g)(ZSQ)>/ + |arg (J—(;(?’)(z;q))‘

. R .
< arcsin 5 + arcsin K

—&TCSIH(E 1——+ \/1—n2>

which implies that #® e E(a) for o = 2 arcsin <m /1— %2 +5V1— /@2> .

b. By using the well-known triangle inequality given by (17) with the inequalities

(n+1)<2", ¢ 2 <gq2, 1-9"<(q),, 1-¢)"<(¢"q),,

for n € N, we obtain

OO n(n+1)

HO)(2;q) —1‘ <

= = l. (29)
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From (29) we conclude that

HO (2¢) <1+ pz =

arg (9{;(3)(7:; q)) ‘ < arcsin p. (30)

With the help of Lemma 3, take n = 0 with F'(z) = 9{;(3)(2; q) and M(z) = 1+ puz,
we get

ng)(% ) <1+ =

2
3)/..
arg (iHv (Z,q)>
z

By using (30) and (31), we obtain

21 (2 ¢)
arg 7(3)
Ho'(2:9)

As a result

< arcsin % (31)

(i) )
< arg< (3)ZZ q) +‘arg )( ))‘

< arcsm - + arcsin p
1-— ,u2>

= arcsin (M/ 1——+4+

which implies that H® € 8* (a) for a = 2 arcsin (,u\/li

=

M\t

ViZit). D

References

[1] Annaby, M.H. and Mansour, Z.S., ¢-fractional calculus and equations,
Springer-Verlag, Heidelberg, 2012.

[2] Baricz, A., Geometric properties of generalized Bessel functions, Publ. Math.
Debrecen 73 (2008), 155-178.

[3] Dziok, J. and Srivastava, H.M., Certain subclasses of analytic functions as-
sociated with the generalized hypergeometric function, Integr. Transf. Spec.
F. 14 (2003), no. 1, 7-18.

[4] Dziok, J. and Srivastava, H.M., Classes of analytic functions associated with
the generalized hypergeometric function, Appl. Math. Comput. 103 (1999),
no. 1, 1-13.

[5] Gasper, G. and Rahman, M., Basic Hypergeometric series (Encyclopedia of
Mathematics and its Applications), Cambridge University Press, Cambridge,
2004.



14

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Ibrahim Aktas and Muhey U Din

Hallenbeck, D.J. and Ruscheweyh, S., Subordination by conver functions,
Proc. Amer. Math. Soc., 52 (1975), 191-195.

Ismail, M.E.H., Merkes, E., and Styer, D., A generalization of starlike func-
tions, Complex Var. Elliptic., 14 (1990), no. 1-4, 77-84.

Owa, S. and Srivastava, H.M., Univalent and starlike generalized hypergeo-
metric functions, Canad. J. Math., 39 (1987), no. 5, 1057-1077.

Raghavendar, K. and Swaminathan, A., Close-to-convexity properties of basic
hypergeometric functions using their Taylor coefficients, J. Math. Appl. 35
(2012), 53-67.

Raza, M. and Din, M.U., Close-to-convexity of q-Mittag-Leffler functions, C.
R. Acad. Bulgare. Sci., 71 (2018), no. 12, 1581-1591.

Raza,M., Din, M.U., and Malik, S.N., Certain geometric properties of nor-
malized Wright functions, J. Funct. Spaces, Volume 2016, Article ID 1896154.

Sharma, S.K. and Jain, R., On Some properties of generalized q-Mittag Leffler
function, Mathematica Aeterna, 4 (2014), no. 6, 613-619.

Srivastava, H.M. and Karlsson, P.W., Multiple Gaussian hypergeometric se-
ries, Ellis Horwood, 1985.

Srivastava, H.M., Univalent functions, fractional calculus, and their applica-
tions, Ellis Horwood, 1989.

Srivastava, H.M., Some Fox- Wright generalized hypergeometric functions and
associated families of convolution operators, Appl. Anal. Discrete Math., 1
(2007), no. 1, 56-71.

Srivastava, H.M. and Bansal, D., Close-to-convexity of a certain family of
q-Mittag-Leffler functions, J. Nonlinear Var. Anal., 1 (2017), no. 1, 61-69.



