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ON THE EXISTENCE OF POSITIVE WEAK SOLUTIONS
FOR A CLASS OF CHEMICALLY REACTING SYSTEMS
WITH SIGN-CHANGING WEIGHTS

S. H. RASOULI*! and B. SALEHI?

Abstract
We study the existence of positive weak solutions for a class of nonlinear

systems

—Apu = da(zx) (f(v) - u%), x €,

—Agv = A\b(x) (g(u) - #), x €,

u=v=0, x € 09,
where Agz = div(|z|*72Vz2), s > 1, A is a positive parameter and ) is a
bounded domain with smooth boundary, a 8 € (0,1). Here a(z) and b(z) are
C'" sign-changing functions that maybe negative near the boundary and f, g
are C'! nondecreasing functions such that f, g : (0,00) — (0,00); f(s) > 0,

F(Mg(s)aT)

prEs: = 0. We discuss the existence of

g(s) > 0 for s > 0 and limg_,
positive weak solutions when f,g , a(z) and b(x) satisfy certain additional

conditions. We use the method of sub-supersolution to establish our results.
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1 Introduction

In this paper, we consider the existence of positive solutions for the non-
linear system
—Apu = Aa(z) (f(v) - #), x €,

—Agv = \b(x) (g(u) - v%), x €, (1)
u=uv=0, x € 011,
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where Az = div(|z|°72V2), s > 1, X is a positive parameter and €2 is a bounded
domain with smooth boundary, a 8 € (0,1). Here a(x) and b(z) are C! sign-
changing functions that maybe negative near the boundary and f, g are C' non-
decreasing functions such that f, g : (0,00) — (0,00); f(s) > 0 ,g(s) > 0 for s > 0.

Systems of singular equations like (1) are the stationary counterpart of general

evolutionary problems of the form

Uy :nApu+>\(f(v)— u%), x € Q,
v = 5Aqv+)\<g(u) — v%), x €,
u=v=0, x € 09,

where 17 and § are positive parameters. This system is motivated by an interesting
application in chemically reacting systems, where u represents the density of an
activator chemical substance and v is an inhibitor. The slow diffusion of u and the

fast diffusion of v is translated into the fact that n is small and ¢ is large ( see [1] ).

Also, systems of the form (1) arise in several context in biology and engineer-
ing. It provides a simple model to describe, for instance, the interaction of two
diffusing biological species. u,v represent the densities of two species. See [6] for

more results on the physical models involving more general elliptic problems.

Recently, such infinite problems have been studied in [3, 4, 5]. Also in [5], the
authors have studied the existence results for system (1) in the case a =1, b = 1.
Here we focus on further extending the study in [4] to system (1). In fact, we
study the existence of positive solution to the system (1) with sign-changing weight
functions a(z), b(x). Due to these weight functions, the extensions are challenging

and nontrivial. Our approach is based on the method of sub-super solutions (see

[7])-

To precisely state our existence result we consider the eigenvalue problem

(2)

_AT’¢ = >‘ ’¢‘T_2 ¢) WS Q7
¢ =0, x € 0f.

Let ¢1, be the eigenfunction corresponding to the first eigenvalue Aq , of (2) such
that ¢1,(z) > 0in Q, and ||¢1,|lec = 1 for 7 = p,q ( see [2].) Let m,pu,0 > 0 be
such that

p< 1, <1, x€Q—Qs, (3)
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1-—r

r—14s

for r = p,q, and s = «, 3, where Qs := {x € Q|d(z,00) < §}. This is possible

since |V¢1 | # 0 on 09 while ¢1, = 0 on 0 for r = p,q. We will also consider
the unique solution e, € W&’T(Q) (for r = p, q) of the boundary value problem

—Aye, =1, z €,
er =0, x € 01,

)|v¢l,r‘|r Z m, T € 97(57 (4)

to discuss our existence result, it is known that e, > 0 in £ and % < 0 on 092.

Here we assume that the weight functions a(x) and b(x) take negative values
in Qg , but require a(z) and b(z) be strictly positive in Q — ;5. To be precise we
assume that there exist positive constants ag , a; , bp and by such that a(x) > —ay,
b(z) > —bg on Qs and a(x) > ay, b(z) > by on Q — Q.

2 Existence result

In this section, we shall establish our existence result by constructing a
positive weak subsolution (¢1,12) € WP(Q)NC(Q) x WH(Q)NC(Q) and a
supersolution (z1, 29) € WP(Q) (N C(Q)x WH4(Q) N C(Q) of (1) such that 1; < 2;
for i = 1,2. That is, 1)y, 2; satisfies (¢1,12) = (0,0) = (21, 22) on 0f2, and

b

e

/ VoI 2|V Veds < A / b()lg(th) — - Jéde,
Q —Ja WP

2

/ VP2V Vede < A / o) f (42) — —Jedr,
Q Q

/ V21 |P72V 2 VEdz > )\/ a(x)[f(22) — ia]gdx,
Q 9) 21

/ V20|02V 2 Veda > A / b()lg (1) — ~5¢de,
Q Q z

forall £ € W:={( € C5°(Q2) : ( >0 in Q} . Then the following result holds :

Lemma 2.1 (see [7]) Suppose there exist sub and super-solutions (1, 12) and
(21, 2z2) respectively of (1) such that (¢1,%2) < (z1,22). Then (1) has solution
(u,v) such that (u,v) € [(¢1,v2), (21, 22)]-

To state our results precisely we introduce the following hypotheses:

(H1) f,g : [0,00) — [0,00) are C' nondecreasing functions such that f(s),
g(s) > 0 for s > 0, and lims_,o, g(s) = 00.
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1
(H2) limy_oo L9970 — o for all M > 0.

sp—1
(H3) Suppose that there exists e > 0 such that :
(i) f(#(q—l-ﬁ-ﬂ)eq%l) > ( N )a7
q =

(p—1+a)

(ii) g(weﬁ) > (#)5’

(q—1+ﬂ)ueﬁ

ey 1 L . ™ Nay boq? Mby
1) = f(ee-1) < min = , , ) >
( ) mf( )_ {Epl(l’lJra)a)\l,p a0A.p aoeq%(Q—l-ﬁ-ﬂ)ﬁ)\Lq ao)\l,q}
. 1 % . qB Naq agp®™ Mby
1v) —g(er-1) < min , , — R ,
) sl = {eqfl(41+5)ﬁ>\1,q P0ALE T hoeP=T (p—1+a) 1 g bo/\l’q}
where .
— 1 (7
(R (Y
4 (p— 1+ a)per-t
and 1 5
[— 1
M:g(u(p +a)€ﬁ)_( q L) _
p (g —1+ B)pea?

We are now ready to give our existence result .

Theorem 2.2. Let (H1)-(H3) hold. Then there exists a positive solution of
(1) for every X € [A«(€), \*(€)], where

. me me
A* = min —, - } ,
{aof(ﬁq‘l) bog(er—1)

1 p—1l+a
Lp(%)ae P A pe ALl A1 g€

a 7]\76L17 bo ’Mbl

and

—1+8
7q_1+ﬁ )ﬁeq q—1
q

Ax = max

Remark 2.3. Note that (H3) implies A, < A*.

Example 2.4. Let f(s) = e, g(s) = e*. Here f(s) , g(s) > 0 for s > 0,
f , g are non-decreasing functions and

1

Ma(s)a—1
i FMg&TT) _
s—00 sp—1
for all M > 0, and lims_, g(s) = oco. We can choose ¢ > 0 so small that f,g

satisfy (H3).
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Proof. of Theorem 2.2 We shall verify that

p—14+a 1 —L— qg—-1+ 1
() = (E L g fie LD g )

is a sub-solution of (1). Let w € W. Then a calculation shows that

—a

Vi = er- 1V¢1pq§p ””‘,

and we have

/ Vi1 P2V - Vwde = e / by T |V plP 2V b1, Veoda

_ . /Q |v¢1,p|f’2v¢1,p{v<¢i;ﬁ+aw) —wV(gbi;p—aﬁa)}dx

- { /Q D 6l 71 !wl,prp-?wl,pvwifﬁ“ﬂwdw}
PV

= € {/Q P\l,p ¢17pp - |v¢1,p|p (1 ﬁ

> (@
= ol Dy - ol (- e |

)¢1 - Ha]wdw}

Similarly

e e R B S

First we consider the case when x € Q5. We have

1- — >
(1= — T )IVor I 2 m.
Then
a «
—e(1— —14+a v ¢17p|p¢1 p-ira < —me.
Since A < A\* then
me
AL ——.
aof(erT)
Hence
ap

—e(1— Vo1 pPor 77 < —Aagf(e7T)

-1+«
< daof(LT P gty ()
q b

= —Aao f(2).
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Also since A, < A, then

Therefore

ALy

).
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p—l4+a

(p—1+oc)a € I

P <\
ap

ap
p— 1+a p—1l+ta
)‘1,p¢1p 6<)‘1p€¢1

)\ao
S e L T (6)
(P ’ €p—1 d)f; +a )a
_ao
Ui
Combining (5) and (6) we see that
P——1ra ap —ar_
Apdy,” " = (1- TN G1plPdy )7
_ ap a ap
= )\lp(ﬁfp” Tree — e(1— T”V(Zﬁl p|p¢1 b
Aag (7)
< W — Aag f(12)
1
< Aa(z)[f(¢2) — @]
On the other hand on Q— Qs we have u < qﬁf;*“ <1, for p > 0, and therefore
for A > A\, we have ]\}pe < \. Hence

eA1p ¢11);p_1+a — [Vor,p[P (1 - m)% ;]

< 6)\1,p qb};;%

< 6)\1,p

S /\N(ll ( )
8

-1 1
= [p(PT D) ey P
q (p—1+a)per
< Aanlf () — 7;11
< Aa(2)[f () - ;11

Combining (7) and (8) on €, for A € [A.(€), \*(¢)], we see that

p——5
eAipdy,”

= [Vorp[” (1 -

1

m) ¢>1 - 1+a] < Aa(z)[f(¢p2) — TJ-
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Similarly for A € [A,, A*] we get

Drag 61,707 — [Vl (1 — — P4y 6 ) <\ o) — S
4 P1,q Y| g—1+58 1,9 - g
Hence
L 1
/ |V |P~* Vi Vwdz < )\/ a(x)[f(¥2) — —wdx
0 0 (0
and

_ 1
/Q Vil Vs Veode < A /Q blotn) — o

2

i.e., (11,12) is a sub-solution of (1) for A € [\, \*].

Now we construct a supersolution (z1,22) > (¢¥1,%2). We will prove there
exists ¢ > 1 such that

(21,22) = (cep(@) , \Blloog(cllepllon)] 7T eq()),

is a supersolution of (1). A calculation shows that

/|Vzl\p_2V21dex = cp_l/ Ve, [P~ Ve, Vw dz
Q Q

= cp_l/wdm,
Q

1 F(lblogtelierlo) T lleqlloc)

by (H2) we know that, for ¢ > 1,

Allallos Pt
Hence .

@ > lalloof (NIBllscg (el loc) 7 gl
> Mlalloe £ (Nbll g ellep oe)) = ey )
= Aa(z) f(z2)
> Na(@)[f (=) ~ ]

1
Therefore

/ V21 |P2V 2, Vwdz > )\/ a(x)[f(z2) — ia]wd:c.
Q Q
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Also

i.e.,

S.H. Rasouli and B. Salehi

/]Vz2|q_2V22dex:)\HbHoog(cHepHoo)/wdx
Q Q

> )\/Qb(x)g(cep(z:))wdx
)\/Qb(a:)g(zl)wdx
3 [ olgter) - e,

22

AV

(21, 22) is a supersolution of (1) with z; > 4; for ¢ large, i = 1,2. ( This is

possible since |Ve,| # 0;09Q for r = p,q). Thus, there exists a positive solution
(u,v) of (1) such that (t1,12) < (u,v) < (21, 22) and Theorem 2.2 is proven. []
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