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A CERTAIN CLASS OF ANALYTIC FUNCTIONS
ASSOCIATED WITH A DIFFERENTIAL OPERATOR
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Abstract

For 0 ≤ µ ≤ λ, 0 ≤ α < 1, −π/2 < β < π/2 and m ∈ N ∪ {0}, a new
class Rm(λ, µ, α, β) of analytic functions defined by means of the differential
operator Dm

λµ is introduced. Basic properties of the class Rm(λ, µ, α, β) are
investigated. Connections with previous known results are also pointed out.
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1 Introduction

Let H be the class of analytic functions in the unit disk U = {z ∈ C : |z| < 1}.
Denote by A the class of functions f in H of the form

f(z) = z +
∞∑
n=2

anz
n z ∈ U. (1)

Let R denote the family of functions f ∈ A which satisfy the condition

<(f ′(z) + zf ′′(z)) > 0, z ∈ U. (2)

The class R was introduced and investigated by P. N. Chichra [4] and R. Sing
and S. Sing [12].

Later, H. Silverman [11] investigated the class R(α) (0 ≤ α < 1) of all functions
f ∈ A which satisfy the inequality

<(f ′(z) + zf ′′(z)) > α, z ∈ U. (3)

In [4], [11] and [12] lower bounds for <f ′(z) and <f(z)

z
were obtained for

functions belonging to the classes R and R(α) respectively.
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Let Pα,β be the class of functions p ∈ H with p(0) = 1 such that

<(eiβp(z)) > α cosβ, z ∈ U. (4)

Here and through the rest of the paper we suppose that α, β are real numbers

with 0 ≤ α < 1 and |β| < π

2
.

Note that for α = β = 0 the class Pα,β reduces to the well known Carathéodory
class of functions

P = {p ∈ H, p(0) = 1 and <p(z) > 0} .

It is easy to see that a function p ∈ H belongs to the class Pα,β if and only if

eiβp(z)− (α cosβ + i sinβ)

(1− α) cosβ
∈ P. (5)

The function

pα,β(z) =
1 + e−iβ(e−iβ − 2α cosβ)z

1− z
, z ∈ U. (6)

maps the open unit disk onto the half-plane Hα,β =
{
z ∈ C : <(eiβz) > α cosβ)

}
.

If

pα,β(z) = 1 +
∞∑
n=1

pnz
n (7)

then
pn = 2e−iβ(1− α) cosβ, n ≥ 1. (8)

Herglotz’ representation formula for the class P (see [6]) together with (5)
shows that a function p ∈ H belongs to the class Pα,β if and only if there exists a
Borel probability measure µ on the unit circle T = {x ∈ C : |x| = 1} such that

p(z) =

∫
|x|=1

1 + e−iβ(e−iβ − 2α cosβ)xz

1− xz
dµ(x), z ∈ U. (9)

If f ∈ A is given by (1.1) and g ∈ A is given by

g(z) = z +
∞∑
n=2

bnz
n

then the Hadamard product (or convolution) of the functions f and g is defined
by

(f ∗ g)(z) = z +
∞∑
n=2

anbnz
n = (g ∗ f)(z), z ∈ U.

For a function f ∈ A we consider the following differential operator introduced
by Răducanu and Orhan in [8]:
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D0
λµf(z) = f(z)

D1
λµf(z) = Dλµf(z) = λµz2f ′′(z) + (λ− µ)zf ′(z) + (1− λ+ µ)f(z)

Dm
λµf(z) = Dλµ

(
Dm−1
λµ f(z)

)
(10)

where 0 ≤ µ ≤ λ and m ∈ N := {1, 2, . . .}.
Note that, if f ∈ A is given by (1), then

Dm
λµf(z) = z +

∞∑
n=2

An(λ, µ,m)anz
n (11)

where
An(λ, µ,m) = [1 + (λµn+ λ− µ)(n− 1)]m n ≥ 2. (12)

It should be remarked that the operator Dm
λµ generalizes two other differential

operators considered earlier:

(i) Dm
10f(z) = Dmf(z), the operator introduced by Sălăgean in [10]

(ii) Dm
λ0f(z) = Dm

λ f(z), the operator studied by Al-Oboudi in [1].

In view of (11) the operator Dm
λµf(z) can be written in terms of convolution

as
Dm
λµf(z) = (f ∗ gλµ)(z), z ∈ U (13)

where

gλµ(z) = z +
∞∑
n=2

An(λ, µ,m)zn, z ∈ U. (14)

Define the function g
(−1)
λµ (z) such that(
g
(−1)
λµ ∗ gλµ

)
(z) =

z

1− z
, z ∈ U. (15)

It is easy to observe that

f(z) =
(
g
(−1)
λµ ∗Dm

λµf
)

(z), z ∈ U. (16)

Making use of the differential operator Dm
λµf , we define the following class of

functions.

Definition 1. We say that a function f ∈ A is in the class Rm(λ, µ, α, β) if
(Dm

λµf(z))′ + z(Dm
λµf(z))′′ ∈ Pα,β, that is

<
{
eiβ
[
(Dm

λµf(z))′ + z(Dm
λµf(z))′′

]}
> α cosβ (17)

for 0 ≤ α < 1, β ∈ R with |β| < π

2
, 0 ≤ µ ≤ λ and m ∈ N ∪ {0}.
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The class Rm(λ, µ, α, β) contains as particular cases the following classes of
functions:

(i) R0(λ, µ, 0, 0) = R, the class investigated by P. N. Chichra in [4] and R. Sing
and S. Sing in [12].

(ii) R0(λ, µ, α, 0) = R(α), the class studied by Silverman in [11].

In this paper we investigate some properties of the class Rm(λ, µ, α, β). In
particular, for this class, we derive inclusion results, membership characterization,
integral formula, coefficient estimates and also convolution property. Connections
with previous known results are also pointed out.

2 Inclusion results

In order to obtain our results, we shall need the following two lemmas.

Lemma 1. ([5], [9]) Let {cn}∞n=1 be a convex decreasing sequence, i.e

cn − 2cn+1 + cn+2 ≥ 0 and cn+1 − cn+2 ≥ 0, n ∈ N.

Then

<

{ ∞∑
n=1

cnz
n−1

}
>

1

2
, z ∈ U.

The next lemma follows from Herglotz’ representation formula for the class P

(see [6]).

Lemma 2. Let P (z) be analytic in U with P (0) = 1 and <P (z) >
1

2
in U. Then,

for any analytic function F in U, the function F ∗ P takes values in the convex
hull of F (U).

Theorem 1. Let λ ≥ 0 and µ ≥ 0 such that λ ≥ µ+ 1. Then

Rm+1(λ, µ, α, β) ⊂ Rm(λ, µ, α, β), m ∈ N ∪ {0} .

Proof. Let f given by (1) be in Rm+1(λ, µ, α, β). It follows that

<
{
eiβ
[
(Dm+1

λµ f(z))′ + z(Dm+1
λµ f(z))′′

]}
> α cosβ

or, making use of (11) and (12)

<

{
eiβ

[
1 +

∞∑
n=2

n2[1 + (λµn+ λ− µ)(n− 1)]m+1anz
n−1

]}
> α cosβ, z ∈ U.
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We have

(Dm
λµf(z))′ + z(Dm

λµf(z))′′ = 1 +
∞∑
n=2

n2[1 + (λµn+ λ− µ)(n− 1)]manz
n−1

=

{
1 +

∞∑
n=2

n2[1 + (λµn+ λ− µ)(n− 1)]m+1anz
n−1

}

∗

{
1 +

∞∑
n=2

zn−1

1 + (λµn+ λ− µ)(n− 1)

}
.

Let

P (z) = 1 +
∞∑
n=2

1

1 + (λµn+ λ− µ)(n− 1)
zn−1

and consider the sequence

c1 = 1 and cn =
1

1 + (λµn+ λ− µ)(n− 1)
, n ≥ 2.

After lengthy but elementary calculations, we obtain that for λ ≥ µ + 1,
the sequence {cn}∞n=1 is convex decreasing. Therefore, from Lemma 1 we have

<P (z) >
1

2
for all z ∈ U. Now, our result follows as an application of Lemma

2.

Making use of Lemma 1 and Lemma 2 we obtain the next result.

Theorem 2. Let f ∈ Rm(λ, µ, α, β). Then

(i) <
{
eiβ(Dm

λµf(z))′
}
> α cosβ, z ∈ U;

(ii) <

{
eiβ

(
Dm
λµf(z)

z

)}
> α cosβ, z ∈ U.

Proof. Let f ∈ Rm(λ, µ, α, β). It follows that

<
{
eiβ
[
(Dm

λµf(z))′ + z(Dm
λµf(z))′′

]}
> α cosβ

or equivalently

<

{
eiβ

[
1 +

∞∑
n=2

n2[1 + (λµn+ λ− µ)(n− 1)]manz
n−1

]}
> α cosβ.

(i) The sequence {cn}∞n=1 defined by c1 = 1 and cn =
1

n
, n ≥ 2 is a convex

decreasing sequence and in view of Lemma 1, we have
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<

{
1 +

∞∑
n=2

1

n
zn−1

}
>

1

2
, z ∈ U.

Writing (Dm
λµf(z))′ as

(Dm
λµf(z))′ =

{
1 +

∞∑
n=2

n2[1 + (λµn+ λ− µ)(n− 1)]manz
n−1

}
∗

{
1 +

∞∑
n=2

1

n
zn−1

}

and making use of Lemma 2, we conclude that <
{
eiβ(Dm

λµf(z))′
}
> α cosβ, z ∈

U.

(ii) We observe that the sequence {cn}∞n=1 given by c1 = 1 and cn =
1

n2
, n ≥ 2

is a convex decreasing sequence. It follows, from Lemma 1 that

<

{
1 +

∞∑
n=2

1

n2
zn−1

}
>

1

2
, z ∈ U.

Since

Dm
λµf(z)

z
=

{
1 +

∞∑
n=2

n2[1 + (λµn+ λ− µ)(n− 1)]manz
n−1

}
∗

{
1 +

∞∑
n=2

1

n2
zn−1

}
,

we obtain our result as an application of Lemma 2.

Letting m = 0 and α = β = 0 in Theorem 2 (i), we have the next result due
to Chichra [4].

Corollary 1. If <{f ′(z) + zf ′′(z)} > 0, z ∈ U, then <f ′(z) > 0, z ∈ U and
thus, the function f is univalent in U.

Letting m = 0 in Theorem 2, we obtain the following result.

Corollary 2. If <
{
eiβ(f ′(z) + zf ′′(z))

}
> α cosβ, z ∈ U, then

(i) <eiβf ′(z) > α cosβ, z ∈ U;

(ii) <
{
eiβ
[
f(z)

z

]}
> α cosβ, z ∈ U.
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3 Membership characterization

A necessary and sufficient condition for a function f ∈ A to be in the class
Rm(λ, µ, α, β), in terms of convolution, is given in the following theorem.

Theorem 3. Let 0 ≤ α < 1, |β| < π

2
and 0 ≤ µ ≤ λ,m ∈ N. Then, f ∈ A belongs

to the class Rm(λ, µ, α, β) if and only if (f ∗Hλµθ)(z)/z 6= 0 in U, where

Hλµθ(z) = (hλµ ∗ hθ)(z) (18)

with hλµ(z) and hθ(z) defined by

hλµ(z) = z +

∞∑
n=2

n2An(λ, µ,m)zn (19)

and

hθ(z) =
z

1− z

{
1− 1 + e−iβ(e−iβ − 2α cosβ)eiθ

eiθ[1 + e−iβ(e−iβ − 2α cosβ)]
z

}
, 0 < θ < 2π, z ∈ U. (20)

Proof. Let p(z) = (Dm
λµf(z))′ + z(Dm

λµf(z))′′ = [z(Dm
λµf(z))′]′. Since p ∈ Pα, β if

and only if p ≺ pα,β and noting that the function pα,β given by (6) is univalent,
we have that p(z) ∈ Pα,β if and only if

p(z) 6= 1 + e−iβ(e−iβ − 2α cosβ)eiθ

1− eiθ
, 0 < θ < 2π, z ∈ U

or

(1− eiθ)p(z)−
{

1 + e−iβ(e−iβ − 2α cosβ)eiθ
}
6= 0, 0 < θ < 2π, z ∈ U.

Further, using the convolution, we obtain

(1− eiθ)p(z)−
{

1 + e−iβ(e−iβ − 2α cosβ)eiθ
}

= (1− eiθ)
[

1

1− z
∗ p(z)

]
−
{

1 + e−iβ(e−iβ − 2α cosβ)eiθ
}
∗ p(z)

=

{
1− eiθ

1− z
−
[
1 + e−iβ(e−iβ − 2α cosβ)eiθ

]}
∗ p(z) 6= 0.

Consider the function qθ(z) defined by

qθ(z) =

1− eiθ

1− z
−
[
1 + e−iβ(e−iβ − 2α cosβ)eiθ

]
−eiθ [1 + e−iβ(e−iβ − 2α cosβ)]

or

qθ(z) =
1

1− z

{
1− 1 + e−iβ(e−iβ − 2α cosβ)eiθ

eiθ [1 + e−iβ(e−iβ − 2α cosβ)]
z

}
, 0 < θ < 2π, z ∈ U. (21)
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It follows that p(z) ∈ Pα,β if and only if (qθ ∗ p)(z) 6= 0. Since

zp(z) = z[z(Dm
λµf(z))′]′ = (f ∗ hλµ)(z)

and zqθ(z) = hθ(z), we obtain that p(z) ∈ Pα,β if and only if (f∗hλµ∗hθ)(z)/z 6= 0.
Consequently, we have that f ∈ Rm(λ, µ, α, β) if and only if (f∗Hλµθ)(z)/z 6= 0

in U, where Hλµθ is given by (18).

Theorem 4. The coefficients Hn of the function Hλµθ(z) defined by (3.1) satisfy
the inequality

|Hn| ≤
n2An(λ, µ,m)

(1− α) cosβ
, n ≥ 2

where An(λ, µ,m) is given by (12).

Proof. In view of (18), (19) and (20) we have

Hλµθ(z) = z +

∞∑
n=2

eiθ − 1

[1 + e−iβ(e−iβ − 2α cosβ)]eiθ
n2An(λ, µ,m)zn

or

Hλµθ(z) = z +
∞∑
n=2

Hnz
n

where

Hn =
eiθ − 1

2ei(θ−β)(1− α) cosβ
n2An(λ, µ,m) , n ≥ 2.

It is easy to check that

|Hn| ≤
n2An(λ, µ,m)

(1− α) cosβ
, n ≥ 2

and thus, our theorem is proved.

Theorem 4 enables us to show that the function class Rm(λ, µ, α, β) is non-
empty.

Corollary 3. Let f(z) = z + azn. If

|a| ≤ (1− α) cosβ

n2An(λ, µ,m)

then, f ∈ Rm(λ, µ, α, β).

Proof. Since∣∣∣∣(f ∗Hλµθ)(z)

z

∣∣∣∣ = |1 + aHnz
n−1| ≥ 1− |a||Hn||z| ≥ 1− |z| > 0 , z ∈ U

it follows that f ∈ Rm(λ, µ, α, β).
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4 Integral representation

Making use of the integral representation of the functions in Pα,β, given by
(9), we obtain an integral representation for the class Rm(λ, µ, α, β).

Theorem 5. A function f ∈ A is in the class Rm(λ, µ, α, β) if and only if it can
be expressed as

f(z) = g
(−1)
αβ (z) ∗

∫
|x|=1

[
z + 2(1− α)e−iβ cosβx̄

∞∑
n=2

(xz)n

n2

]
dµ(x) (22)

where µ(x) is a Borel probability measure on T = {x ∈ C : |x| = 1} and g
(−1)
αβ (z)

is given by (15).

Proof. In view of the definition of the class Rm(λ, µ, α, β), we have that f ∈
Rm(λ, µ, α, β) if and only if

(Dm
λµf(z))′ + z(Dm

λµf(z))′′ ∈ Pα,β.

Making use of (9), we obtain

(Dm
λµf(z))′ + z(Dm

λµf(z))′′ =

∫
|x|=1

1 + e−iβ(e−iβ − 2α cosβ)xz

1− xz
dµ(x)

or [
z(Dm

λ,µf(z))′
]′

=

∫
|x|=1

1 + e−iβ(e−iβ − 2α cosβ)xz

1− xz
dµ(x).

Integrating the above equality, we have

z(Dm
λ,µf(z))′ =

∫
|x|=1

[∫ z

0

1 + e−iβ(e−iβ − 2α cosβ)xζ

1− xζ
dζ

]
dµ(x)

which is equivalent to

(Dm
λ,µf(z))′ =

∫
|x|=1

[
1 + 2(1− α)e−iβ cosβ

∞∑
n=1

(xz)n

n+ 1

]
dµ(x).

Integrating again this equality, we obtain

Dm
λ,µf(z) =

∫
|x|=1

[
z + 2(1− α)e−iβ cosβx̄

∞∑
n=2

(xz)n

n2

]
dµ(x). (23)

Equality (22) follows easily from (16) and (23).

Since this deductive process can be converse, we have proved our theorem.
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5 Coefficient estimates

The first result on coefficient estimates for the class Rm(λ, µ, α, β) is the fol-
lowing.

Theorem 6. If f ∈ Rm(λ, µ, α, β) is given by (1), then

|an| ≤
2(1− α) cosβ

n2An(λ, µ,m)
, n ≥ 2 (24)

where An(λ, µ,m) is given by (12).

Proof. Let f ∈ Rm(λ, µ, α, β). Then

p(z) = (Dm
λµf(z))′ + z(Dm

λµf(z))′′ ∈ Pα,β.

Since

p(z) = 1 +

∞∑
n=2

n2An(λ, µ,m)anz
n−1,

in view of (8), we have

|n2An(λ, µ,m)an| ≤ 2(1− α) cosβ, n ≥ 2,

that is

|an| ≤
2(1− α) cosβ

n2An(λ, µ,m)
, n ≥ 2.

In order to obtain our next result on coefficient estimates, we need the following
lemma.

Lemma 3. ([7]) Let w(z) = c1z+c2z
2+. . . be an analytic function with |w(z)| < 1

in U. Then, for any complex number ν

|c2 − νc21| ≤ max {1, |ν|} . (25)

The equality is attained for w(z) = z2 and w(z) = z.

Theorem 7. Let f ∈ Rm(λ, µ, α, β) be given by (1) and let δ be a complex number.
Then

|a3 − δa22| ≤
2(1− α) cosβ

9A3(λ, µ,m)
max {1, |ν|} , (26)

where

ν =
9(1− α)e−iβ cosβA3(λ, µ,m)δ − 8A2(λ, µ,m)2

8A2(λ, µ,m)2

and

A2(λ, µ,m) = (2λµ+ λ− µ+ 1)m , A3(λ, µ,m) = (6λµ+ 2(λ− µ) + 1)m.

The result is sharp.
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Proof. Suppose f ∈ Rm(λ, µ, α, β). Then (Dm
λµf(z))′ + z(Dm

λµf(z))′′ ∈ Pα,β. It

follows from (6), that there exists an analytic function w(z) =
∞∑
n=1

cnz
n, with

|w(z)| < 1 in U such that

(Dm
λµf(z))′ + z(Dm

λµf(z))′′ =
1 + e−iβ(e−iβ − 2α cosβ)w(z)

1− w(z)

which is equivalent to

(1− w(z))
[
(Dm

λµf(z))′ + z(Dm
λµf(z))′′

]
= 1 + e−iβ(e−iβ − 2α cosβ)w(z). (27)

Equating the coefficients of z and z2 on both sides of (27), we obtain

a2 =
(1− α)e−iβ cosβ

2A2(λ, µ,m)
c1 (28)

and

a3 =
2(1− α)e−iβ cosβ

9A3(λ, µ,m)
(c2 + c21). (29)

From (28) and (29), it follows that

a3 − δa22 =
2(1− α)e−iβ cosβ

9A3(λ, µ,m)
[c2 − νc21]

where

ν =
9(1− α)e−iβ cosβA3(λ, µ,m)δ − 8A2(λ, µ,m)2

8A2(λ, µ,m)2
.

Applying Lemma 3, we get

|a3 − δa22| =
2(1− α) cosβ

9A3(λ, µ,m)
|c2 − νc21|

≤ 2(1− α) cosβ

9A3(λ, µ,m)
max {1, |ν|} .

The sharpness of (26) follows from the sharpness of inequality (25).

6 Convolution property

Making use of Lemma 2, we obtain a convolution property for the class
Rm(λ, µ, α, β).

Theorem 8. The class Rm(λ, µ, α, β) is closed under the convolution with a
convex function. That is, if f ∈ Rm(λ, µ, α, β) and g is convex in U, then
f ∗ g ∈ Rm(λ, µ, α, β).
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Proof. It is known that, if g is a convex function in U, then

<g(z)

z
>

1

2
. (30)

Suppose f ∈ Rm(λ, µ, α, β). Making use of the convolution properties, we have

z[Dm
λµ(f ∗ g)(z)]′ = z(Dm

λµf(z))′ ∗ g(z)

and thus

(Dm
λµ(f ∗ g)(z))′ + z(Dm

λµ(f ∗ g)(z))′′

=
[
(Dm

λµf(z))′ + z(Dm
λµf(z))′′

]
∗ g(z)

z
. (31)

Since

<
{
eiβ[(Dm

λµf(z))′ + z(Dm
λµf(z))′′]

}
> α cosβ,

the desired result follows immediately from (30), (31) and Lemma 2.

Corollary 4. The class Rm(λ, µ, α, β) is invariant under Bernardi integral oper-
ator (see [3]) defined by

Fc(f)(z) =
1 + c

zc

∫ z

0
tc−1f(t)dt , <c > 0

that is, if f ∈ Rm(λ, µ, α, β), then Fc(f) ∈ Rm(λ, µ, α, β).

Proof. Assume f ∈ Rm(λ, µ, α, β). It is easy to check that Fc(f)(z) = (f ∗ g)(z),
where

g(z) =

∞∑
n=1

1 + c

n+ c
zn.

Since the function g is convex (see [2]), by applying Theorem 8, the result follows.
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